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Preface 


This book is intended to introduce advanced undergraduates and beginnning 
graduate students to topology, with an emphasis on its geometric aspects. There 
are a variety of influences on its content and structure. The book consists of two 
parts. Part I, which consists of the first three chapters, attempts to provide a 
balanced view of topology with a geometric emphasis to the student who will 
study topology for only one semester. In particular, this material can provide 
undergraduates who are not continuing with graduate work a capstone exper- 
ience for their mathematics major. Included in this experience is a research 
experience through projects and exercise sets motivated by the prominence of 
the Research Experience for Undergraduate (REU) programs that have become 
important parts of the undergraduate experience for the best students in the 
US as well as VIGRE programs. The book builds upon previous work in real 
analysis where a rigorous treatment of calculus has been given as well as ideas 
in geometry and algebra. Prior exposure to linear algebra is used as a motiv- 
ation for affine linear maps and related geometric constructions in introducing 
homeomorphisms. In Chapter 3, which introduces the fundamental group, some 
group theory is developed as needed. This is intended to be sufficient for students 
without a prior group theory course for most of Chapter 3. A prior advanced 
undergraduate level exposure to group theory is useful for the discussion of the 
Seifert-van Kampen theorem at the end of Chapter 3 and for Part II. 

Part I provides enough material for a one-semester or two-quarter course. In 
these chapters, material is presented in three related ways. The core of these 
chapters presents basic material from point set topology, the classification of 
surfaces, and the fundamental group and its applications with many details left 
as exercises for the student to verify. These exercises include steps in proofs 
as well as application of the theory to related examples. This style fosters the 
highly involved approach to learning through discussion and student presenta- 
tion which the author favors, but also allows instructors who prefer a lecture 
approach to include some of these details in their presentation and to assign 
others. The second method of presentation comes from chapter-end exercise sets. 
Here the core material of the chapter is extended significantly. These exercise 
sets include material an instructor may choose to integrate as additional topics 
for the whole class, or they may be used selectively for different types of students 
to individualize the course. The author has used them to give graduate students 
and undergraduates in the same course different types of assignments to assure 
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that undergraduates get a well-balanced exposure to topology within a semester 
while graduate students get exposure to the required material for their PhD 
written examinations. Finally, these chapters end with a project, which provides 
a research experience that draws upon the ideas presented in the chapter. The 
author has used these projects as group projects which lead to the students 
involved writing a paper and giving a class presentation on their project. 

Part II, which consists of Chapters 4-6, extends the material in a way to 
make the book useful as well for a full-year course for first-year graduate students 
with no prior exposure to topology. These chapters are written in a very different 
style, which is motivated in part by the ideal of the Moore method of teaching 
topology combined with ideas of VIGRE programs in the US which advocate 
earlier introduction of seminar and research activities in the advanced under- 
graduate and graduate curricula. In some sense, they are a cross between the 
chapter-end exercises and the projects that occur in Part I. These last chapters 
cover material from covering spaces, CW complexes, and algebraic topology 
through carefully selected exercise sets. What is very different from a pure Moore 
method approach is that these exercises come with copious hints and suggested 
approaches which are designed to help students master this material while at 
the same time improving their abilities in understanding the structure of the 
subject as well as in constructing proofs. Instructors may use them with a teach- 
ing style which ranges from a pure lecture-problem format, where they supply 
key proofs, to a seminar—discussion format, where the students do most of the 
work in groups or individually. Class presentations and expository papers by 
students, in groups or individually, can also be a component here. The goal is to 
lay out the basic structure of the material in carefully developed problem sets 
in a way that maximizes the flexiblity of the instructor in utilizing this material 
and encourages strong involvement of students in learning it. 

We briefly outline what is covered in the text. Chapter 1 gives a basic intro- 
duction to the point set topology used in the rest of the book, with emphasis 
on developing a geometric feel for the concepts. Quotient space constructions of 
spaces built from simpler pieces such as disks and rectangles is stressed as it is 
applied frequently in studying surfaces. Chapter 2 gives the classification of sur- 
faces using the viewpoint of handle decompositions. It provides an application 
of the ideas in the first chapter to surface classification, which is an important 
example for the whole field of manifold theory and geometric topology. Chapter 3 
introduces the fundamental group and applies it to many geometric problems, 
including the final step in the classification of surfaces of using it to distin- 
guish nonhomeomorphic surfaces. In Chapter 3, certain basic ideas of covering 
spaces (particularly that of exponential covering of the reals over the circle) are 
used, and Chapter 4 is concerned with developing these further into the beauti- 
ful relationship between covering spaces and the fundamental group. Chapter 5 
discusses CW complexes, including simplicial complexes and A-complexes. CW 
complexes are motivated by earlier work from handle decompositions and used 
later in studying homology. Chapter 6 gives a selective approach to homology the- 
ory with emphasis on its application to low-dimensional examples. In particular, 
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it gives the proof (through exercise sets) of key results such as invariance of 
domain and the Jordan curve theorem which were used earlier. It also gives a 
more advanced approach to the concept of orientation, which plays a key role in 
Chapter 2. 

The coverage in the text differs substantially in content, order, and type 
from texts at a similar level. The emphasis on geometry and the desire to have a 
balanced one-semester introduction leads to less point set topology but a more 
thorough application of it through the handlebody approach to surface classific- 
ation. We also move quickly enough to allow a significant exposure to algebraic 
topology through the fundamental group within the first semester. The extens- 
ive exercise sets, which form the core of developing the more advanced material 
in the text, also foster more flexibility in how the text can be used. When indi- 
vidual parts are counted, there are more than a thousand exercises in the text. In 
particular, it should serve well as a resource for independent study and projects 
outside of the standard course structure as well as allow many different types of 
courses. 

There is an emphasis on understanding the topology of low-dimensional 
spaces which exist in three-space, as well as more complicated spaces formed 
from planar pieces. This particularly occurs in understanding basic homotopy 
theory and the fundamental group. Because of this emphasis, illustrations play 
a key role in the text. These have been prepared with LaTeX tools pstricks 
and xypic as well as using figures constructed using Mathematica, Matlab, and 
Adobe Illustrator. 

The material here is intentionally selective, with the dual goals of first giv- 
ing a good one-semester introduction within the first three chapters and then 
extending this to provide a problem-oriented approach to the remainder of a 
year course. We wish to comment on additional sources which we recommend 
for material not covered here, or different approaches to our material where there 
is overlap. For a more thorough treatment of point set topology, we recommend 
Munkres [24]. For algebraic topology, we recommend Hatcher [13] and Bredon [5]. 
All of these books are written at a more advanced level than this one. We have 
used these books in teaching topology at the first- and second-year graduate 
levels and they influenced our approach to many topics. For some schools with 
strong graduate students, it may be most appropriate to use just the first three 
chapters of our text for undergraduates and to prepare less prepared graduate 
students for the graduate course on the level of one of the three books mentioned. 
In that situation, some of the projects or selected exercises from Chapters 4-6 
could be used as enhancements for the graduate course. 

The book contains as an appendix some selected solutions to exercises to 
assist students in learning the material. These solutions are limited in number in 
order to maximize the flexibility of instructors in using the exercise sets. Instruct- 
ors who are adopting this book for use in a course can obtain an Instructor 
Solutions Manual with solutions to the exercises in the book in terms of a PDF 
file through Oxford University Press (OUP). The LaTeX files for these solutions 
are also available through OUP for those instructors who wish to use them in 
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preparation of materials for their class. Please write to the following address, 
and include your postal and e-mail addresses and full course details including 
student numbers: 


Marketing Manager 

Mathematics and Statistics 

Academic and Professional Publishing 
Oxford University Press 

Great Clarendon Street 

Oxford OX2 6DP, UK 
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Part I 


A Geometric Introduction 
to Topology 


1 


Basic point set topology 


1.1 Topology in R” 


Topology is the branch of geometry that studies “geometrical objects” under 
the equivalence relation of homeomorphism. A homeomorphism is a function 
f:X — Y which is a bijection (so it has an inverse f~-':Y — X) with both 
f and f~! being continuous. One of the prime aims of this chapter will be 
to enhance our understanding of the concept of continuity and the equivalence 
relation of homeomorphism. We will also discuss more precisely the “geometrical 
objects” in which we are interested (called topological spaces), but our viewpoint 
will primarily be to understand more familiar spaces better (such as surfaces) 
rather than to explore the full generalities of topological spaces. In fact, all of the 
spaces we will be interested in exist as subspaces of some Euclidean space R”. 
Thus our first priority will be to understand continuity and homeomorphism for 
maps f:X — Y, where X C R” and Y C R”™. We will use bold face x to denote 
points in R*. 

One of the methods of mathematics is to abstract central ideas from many 
examples and then study the abstract concept by itself. Although it often seems 
to the student that such an abstraction is hard to relate to in that we are fre- 
quently disregarding important information of the particular examples we have 
in mind, the technique has been very successful in mathematics. Frequently, the 
success is rooted in the following idea: knowing less about something limits the 
avenues of approach available in studying it and this makes it easier to prove 
theorems (if they are true). Of course, the measure of the success of the abstrac- 
ted idea and the definitions it suggests is frequently whether the facts we can 
prove are useful back in the specific situations which led us to abstract the idea 
in the first place. Some of the most important contributions to mathematics have 
been made by those who have figured out good definitions. This is difficult for 
the student to appreciate since definitions are usually presented as if they came 
from some supreme being. It is more likely that they have evolved through many 
wrong guesses and that what is presented is what has survived the test of time. 


3 
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It is also quite possible that definitions and concepts which seem so right now 
(or at least after a lot of study) will end up being modified at a later stage. 

We now recall from calculus the definition of continuity for a function f:X — 
Y, where X and Y are subsets of Euclidean spaces. 


Definition 1.1.1. f is continuous at x € X if, given € > 0, there is a 6 > 0 so 
that d(x, y) < 6 implies that d(f(a), f(y)) < ¢. Here d indicates the Euclidean 
distance function d((a1,.--, 2k); (Y1,-++,Yk)) = ((ti—y)? ++ + (ae —yp)?))/?. 
We say that f is continuous if it is continuous at x for all a € X. 


It will be convenient to have a slight reformulation of this definition. For 
z € R*, we define the ball of radius r about z to be the set B(z,r) = {y € 
R* :d(z,y) < r} If C is a subset of R* and z € C, then we will frequently be 
interested in the intersection CN B(z,r), which just consists of those points of C 
which are within distance r of z. We denote by Bo(a,r) =CN B(a,r) = {y € 
C:d(y,x) <r}. Our reformulation is given in the following definition. 


Definition 1.1.2. f:X — Y is continuous at x € X if given € > 0, there is a 
6 >0so that Bx(x,6) c f~'(By(f(x),€)). f is continuous if it is continuous 
at x for alla ec X. 


Exercise 1.1.1. Show that the reformulation Definition 1.1.2 is equivalent to 
the original Definition 1.1.1. This requires showing that, if f is continuous in 
Definition 1.1.1, then it is also continuous in Definition 1.1.2, and vice versa. 


We reformulate in words what Definition 1.1.2 requires. It says that a function 
is continuous at x if, when we look at the set of points in X that are sent to a 
ball of radius € about f(a), no matter what € > 0 is given to us, then this set 
always contains the intersection of a ball of some radius 6 > 0 about x with X. 
This definition leads naturally to the concept of an open set. 


Definition 1.1.3. A set U C R* is open if given any y € U, then there is a 
number r > 0 so that B(y,r) C U. If X is a subset of R* and U C X, then we 
say that U is open in X if given y € U, then there is a number r > 0 so that 
Bx(y,r) CU. 


In other words, U is an open set in X if it contains all of the points in X that 
are close enough to any one of its points. What our second definition is saying 
in terms of open sets is that f~'(By(y, €)) satisfies the definition of an open set 
in X containing x; that is, all of the points in X close enough to a are in it. 
Before we reformulate the definition of continuity entirely in terms of open sets, 
we look at a few examples of open sets. 


Example 1.1.1. R” is an open set in R”. Here there is little to check, for given 
z € R”, we just note that B(x,r) C R”, no matter what r > 0 is. 


Example 1.1.2. Note that a ball B(a,r) C R” is open in R”. If y € B(a,r), 
then if r’ = r—d(y,x), then B(y,r’) C B(a,r). To see this, we use the triangle 
inequality for the distance function: d(z, y) <r’ implies that 


d(z,@) < d(z,y) +d(y,x) <r’ +d(y,a) =r. 
Figure 1.1 illustrates this for the plane. 


1.1. Topology in R” 5 


Figure 1.1. Balls are open. 


Figure 1.2. Open and closed rectangles. 


Example 1.1.3. The inside of a rectangle R C R?, given by a < x < b,c < 
y <d, is open. Suppose (2, y) is a point inside of R. Then let r = min(b— x, x — 
a,d—y,y —c). Then if (u,v) € B((z,y),r), we have ju — 2] <r, |u-—y| <r, 
which implies that a < u <b, c< u < d, so (u,v) € R. However, if the perimeter 
is included, the rectangle with perimeter is no longer open. For if we take any 
point on the perimeter, then any ball about the point will contain some point 
outside the rectangle. We illustrate this in Figure 1.2. 


Example 1.1.4. The right half plane, consisting of those points in the plane 
with first coordinate positive, is open. For given such a point (x,y) with x > 0, 
then if r = a, the ball of radius r about (x, y) is still contained in the right half 
plane. For any (u,v) € B((z,y),r) satisfies |u —2| <r and so x —u < 2, which 
implies u > 0. 


Example 1.1.5. An interval (a,b) in the line, considered as a subset of the 
plane (lying on the z-axis), is not open. Any ball about a point in it would have 
to contain some point with positive y-coordinate, so it would not be contained 
in (a,b). Note, however, that it is open in the line, because, if x € (a,b) and 
r = min(b— x,x —a), then the intersection of the ball of radius r about « with 
the line is contained in (a,b). Of course, the line itself is not open in the plane. 
Thus we have to be careful in dealing with the concept of being open in X, where 
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X is some subset of a Euclidean space, since a set which is open in X need not 
be open in the whole space. 


Exercise 1.1.2. Determine whether the following subsets of the plane are open. 
Justify your answers. 


(a) A= {(a,y):2 > 0}, 

(b) B={(2,y):2 = 0}, 

(c) C= {(a,y):u >0 and y < 5}, 

(d) D= {(x,y): ry < land x > 0}, 

(ec) B={(a,y):0<a4 <5}. 

Note that all of these sets are contained in A. Which ones are open in A? 
We now give another reformulation for what it means for a function to be 


continuous in terms of the concept of an open set. This is the definition that has 
proved to be most useful to topology. 


Definition 1.1.4. f : X — Y is continuous if the inverse image of an open set 
in Y is an open set in X. Symbolically, if U is an open set in Y, then f~'(U) is 
an open set in X. 


Note that this definition is not local (i.e. it is not defining continuity at one 
point) but is global (defining continuity of the whole function). We verify that 
this definition is equivalent to Definition 1.1.2. Suppose f is continuous under 
Definition 1.1.2 and U is an open set in Y. We have to show that f~1(U) is open 
in X. Let x be a point in f~!(U). We need to find a ball about x so that the 
intersection of this ball with X is contained in f~'(U). Now x € f~+(U) implies 
that f(a) € U, and U open in Y means that there is a number € > 0 so that 
By(f(a),¢) C U. But Definition 1.1.2 implies that there is a number 6 > 0 so 
that By (x,6) c f~'(By(f(a),e)) c f-1(U), which means that f~'(U) is open 
in X; hence f is continuous using Definition 1.1.4. 

Suppose that f is continuous under Definition 1.1.4 and a € X. Let « > 0 be 
given. We noted above that a ball is open in R* and the same proof shows that 
the intersection of a ball with Y is open in Y. Since By(f(a),€) is open in Y, 
Definition 1.1.4 implies that f~!(By (f(a), €)) is open in X. But the definition of 
an open set then implies that there is 6 > 0 so that Bx (a, 6) Cc f~!(By (f(a), €)); 
hence f is continuous by Definition 1.1.2. 

Before continuing with our development of continuity, we recall from calculus 
some functions which were proved to be continuous there. It is shown in calcu- 
lus that any differentiable function is continuous. This includes polynomials, 
various trigonometric and exponential functions, and rational functions. Certain 
constructions with continuous functions, such as taking sums, products, and 
quotients (where defined), are shown to give back continuous functions. Other 
important examples are inclusions of one Euclidean space in another and pro- 
jections onto Euclidean spaces (e.g. P(x,y,z) = (x, z)). Also, compositions of 
continuous functions are shown to be continuous. We re-prove this latter fact 
with the open-set definition. 
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Suppose f:X — Y and g:Y — Z are continuous. We want to show that the 
composition gf:X — Z is continuous. Let U be an open set in Z. Since g is 
continuous, g~'(U) is open in Y; since f is continuous, f~!(g~!(U)) is open in 
X. But f-'(g-!(U)) = (gf)~!(U), so we have shown that gf is continuous. Note 
that in this proof we have not really used that X,Y,Z are contained in some 
Euclidean spaces and that we have our particular definition of what it means for 
a subset of Euclidean space to be open. All we really are using in the proof is 
that in each of X,Y, Z, there is some notion of an open set and the continuous 
functions are those that have inverse images of open sets being open. Thus the 
proof would show that even in much more general circumstances, compositions 
of continuous functions are continuous. We pursue this in the next section. 


1.2 Open sets and topological spaces 


The notion of an open set plays a basic role in topology. We investigate the 
properties of open sets in X, where X is a subset of some R”. First note that 
the empty set is open since there is nothing to prove, there being no points in it 
around which we have to have balls. Also, note that X itself is open in X since 
given any point in X and any ball about it, then the intersection of the ball with 
X is contained in X. This says nothing about whether X is open in R”. 

Next suppose that {U;} is a collection of open sets in X, where i belongs to 
some indexing set J. Then we claim that the union of all of the U; is open in X. 
For suppose 2 is a point in the union, then there must be some 2 with x € Uj. 
Since U; is open in X, there is a ball about a with the intersection of this ball 
with X contained in U;, hence contained in the union of all of the U;. 

We now consider intersections of open sets. It is not the case that arbitrary 
intersections of open sets have to be open. For example, if we take our sets to be 
balls of decreasing radii about a point 2, where the radii approach 0, then the 
intersection would just be {a} and this point is not an open set in X. However, 
if we only take the intersection of a finite number of open sets in X, then we 
claim that this finite intersection is open in X. Let U,,...,U, be open sets in 
X, and suppose = is in their intersection. Then for each 7, i= 1,...,p, there is 
a radius r; > 0 so that the intersection of X with the ball of radius r; about x 
is contained in U;. Let r be the minimum of the r; (we are using the finiteness 
of the indexing set to know that there is a minimum). Then the ball of radius r 
is contained in each of the balls of radius r;, and so its intersection with X is 
contained in the intersection of the U;. Hence the intersection is open. 

The properties that we just verified about the open sets in X turn out to be 
the crucial ones when studying the concept of continuity in Euclidean space, and 
so the natural thing mathematicians do in such a situation is to abstract these 
important properties and then study them alone. This leads to the definition of 
a topological space. 


Definition 1.2.1. Let X be a set, and let T = {U;: i € I} be a collection of 
subsets of X. Then T is called a topology on X, and the sets U; are called the 
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open sets in the topology, if they satisfy the following three properties: 
(1) the empty set and X are open sets; 


(2) the union of any collection of open sets is open; 


(3) the intersection of any finite number of open sets is open. 


If T is a topology on X, then (X,T), or just X itself if T is made clear by 
the context, is called a topological space. 


Our discussion above shows that if X is contained in R” and we define the 
open sets as we have, then X with this collection of open sets is a topological 
space. This will be referred to as the “standard” or “usual” topology on subsets 
of R” and is the one intended if no topology is explicitly mentioned. Note that 
Definition 1.1.4 makes sense in any topological space. We use it to define the 
notion of continuity in a general topological space. Our proof above that the 
composition of continuous functions is continuous goes through in this more 
general framework. As we said before, the spaces that we are primarily interested 
in are those that get their topology from being subsets of some Euclidean space. 
Nevertheless, it is frequently useful to use the notation of a general topological 
space and to give more general proofs even though we are dealing with a very 
special case. We will also use quotient space descriptions of subsets of R”, which 
will require us to use topologies more generally defined than those of R” and its 
subsets. 

One of the important properties of R” and its subsets as topological spaces 
is that the topology is defined in terms of the Euclidean distance function. A 
special class of topological spaces are the metric spaces, where the open sets are 
defined in terms of a distance function. 


Definition 1.2.2. Let X be aset and d: X — R a function. d is called a metric 
on X if it satisfies the following properties: 


(1) d(x, y) = O and =O0iffx= Y; 
(2) d(x, y) = dy, x); 
(3) d(a,z) < d(x, y) + d(y, z) (triangle inequality). 


The metric d then determines a topology on X, which we denote by Tq, by 
saying a set U is open if given x € U, there is a ball Ba(z,r) = {y € X:d(az,y) < 
r} contained in U. (X,7q) (or more simply denoted (X, d)) is then called a metric 
space. 


To verify that the definition of a topology on a metric space does indeed 
satisfy the three requirements for a topology is left as an exercise. The proof is 
essentially our proof that Euclidean space satisfied those conditions. Also, it is 
easy to verify that the usual distance function in R” satisfies the conditions of a 
metric. 

From the point of view of some forms of geometry, the particular distance 
function used is very important. From the point of view of topology, the import- 
ant idea is not the distance function itself, but rather the open sets that it 
determines. Different metrics on a set can determine the same open sets. For 
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Figure 1.3. Comparing balls. 


an example of this, let us consider the plane. Let d denote the usual Euclidean 
metric in the plane and let d’((z, y), (u,v)) = |a — ul + |y — v|. We will leave it 
as an exercise to verify that d’ is a metric. We will use a subscript to indicate 
the metric being used when determining balls and open sets. As illustrated in 
Figure 1.3, balls in the metric d’ look like diamonds. We show that these two 
metrics determine the same open sets. Since the open sets are determined by 
the balls and each type of ball is open, it is enough to show that if Ba(z,r) 
is a ball about z, then there is a number 1’ so that Ba (z,r’) C Ba(z,r), and 
conversely, that each ball Bi (z,r’) contains a ball By(z,r). First suppose that 
we are given a radius r for a ball Ba(z,r). We need to find a radius r’ so that 
Bu(z,r’) C Ba(z,r). Note that we want |x — wi] + |v2 — ue| < 7’ to imply 
that (x1 — ui)? + (x2 — ue)? < r?. But if r’ = r, then this will be true as 
can be seen by squaring the first inequality. For the other way, given a ball 
Ba (z,r’), we need to find a ball Ba(z,r) within it. Here r = r’/2 will work: 
(21 — ur)? + (29 — ue)? < (r’)?/4 implies that |z1 — w1| < r’/2, |z2 — ug| < r'/2, 
and so d/(z,u) <r’. As Figure 1.3 suggests, we could actually take r = r’/V2. 
This figure shows the inclusions By(z,r/V2) C Ba(z,r) C Ba(z,r). 

From the topological point of view, the best value of r given r’ is not really 
of much importance; it is just the existence of an appropriate r. The existence 
can be seen geometrically. 


Exercise 1.2.1. Verify that the definition of an open set for a metric space 
satisfies the requirements for a topology. 


Exercise 1.2.2. Verify that d’ is a metric. 


We give two examples of a metric space besides the usual topology on a subset 
of R”. For the first example, we take as a set X = R”, but define a metric d by 
d(x,y) =1lifa zy, and d(z,x) = 0. It is straightforward to check that this 
satisfies the conditions for a metric. Then a ball B (a; 3) = {x}, so one point 
sets are open. Hence every set, being a union of one-point sets, will be open. The 
topology on a set X where all sets are open is called the discrete topology. 
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The next example is of no special importance to us here, but similar construc- 
tions are very important in analysis. The points in our space will be continuous 
functions defined on the interval [0,1]. We can then define the distance between 
two such functions to be d(f,g) = fo | f(x) — g(x)| da. We leave it as an exercise 
to check that this satisfies the definition of a metric. 


Exercise 1.2.3. Show that the above definition of the distance between two 
functions does satisfy the three properties required of a metric. This depends 
on the fact, which you may assume in your argument, that the integral of a 
nonnegative continuous function is positive unless the function is identically 0. 


We give an example of a topological space which is not a metric space. To 
define a topology on a set, we have to give a collection of subsets of the set (which 
we will call open sets) and then verify that they satisfy the three properties 
required of open sets in a topology. The simplest example of a nonmetric space 
is to take any set X with more than one point and define the open sets by saying 
that the only open sets are ¢ and X. This topology is called the indiscrete 
topology on X. For a slightly more complicated example, we will take our set to 
be the set with three points {a, b,c} and then define the following sets to be open: 
¢, {a, b}, {a, b,c}. We may verify that this collection of open sets does satisfy the 
three required properties: the empty set and the whole space are open, unions of 
open sets are open, and finite intersections of open sets are open. Of course, this 
is just one of many possible topologies on the three-point set. In order to get a 
better feeling for the requirements of a topology, we will leave it as an exercise 
to find some more topologies on this set. 


Exercise 1.2.4. 


(a) Find five different topologies for the set {a, b, c}. 
(b) Find all the possible topologies on the set {a, b, c}. 


How do we know that the topology that we put on {a,b,c} does not arise 
from some metric? The answer lies in a separation property that any metric 
space possesses and our topology does not. Given any two distinct points x,y in 
a metric space, there is some distance r = d(x, y) between them. Then the ball 
of radius r/2 about x does not intersect the ball of radius r/2 about y and vice 
versa. Hence there are two disjoint open sets, one of which contains x and the 
other y. But this is not true for the points a and b in the topology given above, 
since every open set which contains b also contains a. The same argument shows 
that the indiscrete topology on any set X with at least two points does not come 
from a metric. A topological space X is called Hausdorff if given x,y € X there 
are disjoint open sets U,,U, with « € Uz, y € Uy. The argument above says a 
metric space is Hausdorff, and our examples are shown not to arise from a metric 
since they are not Hausdorff. 

We look at some specific examples of continuous functions. The inclusion of 
a subset B of A into A will always be continuous, where A C R”. For if BC 
A,i:B — A is the inclusion, and if U is an open set in A, then i 1(U) = BNU. 
We need to see why BNU is open in B if U is open in A. Let x € BNU. 
Then U open in A means that there is a ball B(x,r) with B(a,r)N A CU. 
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Since B(z,r) 1B C BNU, BNU is open in B. Note that this proof would 
work equally as well in any metric space as long as we use the same metric for 
the subset. In a general topological space, we have to specify how we get the 
topology on the subset from the topology on the original set. 


Definition 1.2.3. Suppose A is a topological space and B C A. A set V C Bis 
open in the subspace topology on B iff V is the intersection of B with an open set 
in the whole space A; that is, V is open in B iff V = UNB, where U is open in A. 


It is straightforward to show that an inclusion map is continuous when the 
subset has the subspace topology. From now on, we will assume that a subset is 
given the subspace topology unless otherwise stated. The topology on a subset of 
R” coming from using the usual metric is a special case of the subspace topology. 


Exercise 1.2.5. For X C R”, show that the usual topology on X is the same 
as the subspace topology. 


Here is another useful construction for continuous functions. Suppose that 
f:A-— B is continuous and C is a subset of B which contains the image of f. 
Then we may regard f as a function from A to C. This function, which we denote 
by fc, is still continuous when C is given the subspace topology. For if we take 
an open set V of C, it will have the form V = UMC, where U is open in B. 
Then fav) = f~!(U) is open since U is open and f is continuous. 

Putting these last two constructions together and using the fact that com- 
positions of continuous functions are continuous shows that if we start with a 
function f from R” to R™ which we already know is continuous, such as a poly- 
nomial, and then restrict the function to a subset A and restrict the range to 
a subset B which contains f(A), then this new function with restricted domain 
and range will be continuous. 

For many constructions involving continuous functions, it is more convenient 
to work with the concept of closed sets rather than open sets. 


Definition 1.2.4. A set C C X is said to be closed if its complement X\C 
is open. 

From their definition, the closed sets are completely determined by the open 
sets and vice versa. From the three properties that the open sets satisfy, we can 
deduce three properties that the closed sets must satisfy: 

(1) the empty set and X are closed sets; 

(2) the intersection of any collection of closed sets is closed; 

(3) the union of any finite number of closed sets is closed. 

Critical for verifying these properties from the properties of open sets are 
DeMorgan’s laws regarding complements: 

(2) X\N; A; = U;(X\Aj). 

First, the empty set and the whole space X will be closed since their comple- 
ments (X and the empty set) are open. Second, any intersection of closed sets 
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will be closed since the complement of the intersection will be the union of the 
individual complements, and thus will be open since the union of open sets is 
open. Finally, any finite union of closed sets will be closed since the complement 
of the finite union will be the intersection of the individual complements and so 
will be open since the finite intersection of open sets is open. It is possible to 
define a topology in terms of the concept of closed sets and work with closed 
sets instead of open sets. The most familiar example of a closed set is the closed 
interval [a, b]. We leave it as an exercise to show that it is closed. 


Exercise 1.2.6. Show that [a,b] is a closed set in R. Show that a rectangle 
(including the perimeter) is a closed set in R?. 


Exercise 1.2.7. Show that [a,b) is neither open nor closed in R. 


We now prove a couple of useful propositions involving the concept of closed 
sets. Each proposition follows from corresponding statements involving open sets 
by taking complements. 


Proposition 1.2.1. f:A — B is continuous iff the inverse images of closed 
sets are closed. 


Proof. Suppose f is continuous and C is a closed subset in B. Then B\C is 
open and f~!(C) = A\f~'(B\C) is closed since it is the complement of an open 
set in A. The converse follows similarly and is left as an exercise. 


Exercise 1.2.8. Complete the proof above by proving the converse. 


Proposition 1.2.2. If A C X has the subspace topology, then D C A is closed 
in A iff D= ANE, where E is closed in X. 


Proof. By the definition of the subspace topology, the open sets in A are the 
intersections of A with the open sets in X. What we are trying to prove here is 
a similar statement for closed sets. Suppose D is closed in A. Then D = A\F, 
where F' is open in A. Then F = AMG, where G is open in X. Hence, if 
E = X\G, then EF is closed in X and 


D= A\F = A\(ANG) = AN(X\G) =ANE. 


The converse is left as an exercise. 


Exercise 1.2.9. Complete the proof above by proving the converse. 


Exercise 1.2.10. Suppose A is a closed subset of X. Then D C A is closed in 
A (with the subspace topology) iff D is closed in X. 


Definition 1.2.5. The closure of a set A C X, denoted A, is the intersection of 
all closed sets containing A. The interior of A, denoted int A, is the union of all 
open sets contained in A. A point in int A is called an interior point of A. The 
boundary of A, denoted Bd A, is AN X\A. A point in Bd A is called a boundary 
point of A. 


Exercise 1.2.11. Show that A is closed and int A is open. 


1.2. Open sets and topological spaces 13 


To find A in examples, it is useful to have another characterization. Note 
that a point x is not in A exactly when there is a closed set C’ containing A 
which does not contain x. But this means that X\C is an open set containing 
x which is disjoint from A, or, equivalently, is contained in int(X\A). Thus A 
consists of points of A and points not in A that have the property that every 
open set about them intersects A. Since points of A also have that property, 
points of A can be characterized in that every open set about them intersects 
A nontrivially. The description of X\A above can also be rephrased as saying 
X\A = int(X\A). Using the definition of Bd A and the reformulation of A, we 
can characterize points of Bd A as those points where every open set intersects 
both A and X\A. 

As an example, we determine A, int A, and Bd A for A = {(x,y): « > y > O}. 
First note that this set is open since it is the intersection of the two open sets, 
A; = {(x,y): e—y > 0} and Ag = {(x,y): y > 0}. The sets A; and Ag are 
open since they are the inverse images of (0,00) under the continuous functions 
x —y and y, respectively. Thus int A = A. The closure is found from A by 
adding the rays « = y and y = 0 within the first quadrant. These points are 
in the closure since every open ball about a point in them will intersect A. The 
set B = {(x,y): x > y = 0} is closed since it is the intersection of two closed 
sets, By} = {x,y): c—y > 0} and By = {(z,y): y => O}. These sets are closed 
since they are the inverse images of [0,00) under the continuous functions 2 — y 
and y, respectively. Thus A = B. The set X\A is closed since its complement 
is open. Thus X\A = X\A. Hence BAA = AN X\A = {(2,y): 2 >0,2 = 
yf U{(a,y): « 2 0,y = O}. 


Exercise 1.2.12. Find A, int A, and Bd A for the following sets A in R? : 
(a) {(x,y): © 20, y £0}; 
(b) {(x,y):@ €Q, y > 0}; 
(c) {(@,y): 2? +y? < 1}. 

Exercise 1.2.13. Show that A = Int AU BdA and ntAn BdA= 9. 


We will now prove a piecing lemma, which is very useful in verifying that 
certain functions which are constructed by piecing together continuous functions 
are themselves continuous. 


Lemma 1.2.3 (Piecing lemma). Suppose X = AUB, where A and B are 
closed subsets of X. Let f:X — Y be a function so that the restrictions of f 
to A and B (given the subspace topology) are each continuous (another way of 
saying this is that the compositions of f with the inclusions of A and B into X 
give continuous functions). Then f is continuous. 


Proof. Let C C Y be closed. Our hypothesis then says that AN f~!(C) is closed 
in A and BN f~1(C) is closed in B. But Exercise 1.2.10 then says that these 
two sets are in fact closed in X since A and B are assumed to be closed subsets 
of X. Then f~!'(C) = (AN f-1(C))U(BN f-1(C)) is closed since it is the union 
of two closed sets. 
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Exercise 1.2.14. Prove the analog of Lemma 1.2.3 where the word closed is 
replaced by the word open. Give an example to show that the conclusion that f 
is continuous is not true without some hypothesis on the sets A, B. 


We will give many examples of continuous functions in the next section con- 
structed by piecing together continuous functions defined on closed subsets. We 
state the definition of a homeomorphism and give the relevant version of the 
piecing lemma for homeomorphisms. 


Definition 1.2.6. A homeomorphism is a bijection (1-1 and onto) between 
topological spaces so that the map and its inverse are both continuous. If f:X — 
Y is a homeomorphism, then we will say X is homeomorphic to Y, denoted 
XY. 


Homeomorphism gives an equivalence relation on topological spaces, as it 
satisfies the three conditions of an equivalence relation: (1) reflexivity—the iden- 
tity 1x: X — X has continuous inverse 1x; (2) symmetry—if f:X — Y has 
continuous inverse g : Y — X, then g has f as its continuous inverse; (3) 
transitivity—if f:X — Y has continuous inverse f~!, and g:Y — Z has 
continuous inverse g~!, then gf:X — Z has continuous inverse f~!g7!. A 
topologist looks at homeomorphic spaces as being essentially the same. One 
of the fundamental problems of topology is to decide when two topological 
spaces are homeomorphic. One technique for solving this problem (more suc- 
cessful in showing that spaces are not homeomorphic than in showing that 
they are homeomorphic) is to find properties of spaces which are preserved by 
homeomorphisms. We will study two such properties in this chapter, compact- 
ness and connectedness. Later we will study an invariant that is associated to 
any topological space called the fundamental group of the space. It has the 
property that homeomorphic topological spaces have isomorphic fundamental 
groups, and thus it may be used to distinguish between topological spaces up to 
homeomorphism. 

We state our lemma for piecing together homeomorphisms. It follows from 
the piecing lemma in a straightforward manner, and we leave the proof as an 
exercise. 


Lemma 1.2.4 (Piecing lemma for homeomorphisms). Suppose that X = 
AUB,Y =CUD, where A,B are closed in X, and C,D are closed in Y. Let 
f:A—-C and g:B— D be homeomorphisms, and suppose that the restrictions 
of f and g to the intersection AN B agree as maps into Y. Define h: X — Y 
by h|A = f and h|B = g (or we could start with h and define f and g just by 
restricting them to A and B). If h is a bijection (this just requires that the only 
points that are in the image of both f and g are the points in the image of ANB), 
then h is a homeomorphism. 


Exercise 1.2.15. Prove the piecing lemma for homeomorphisms. 
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1.3. Geometric constructions of 
planar homeomorphisms 


We now look at some geometric constructions which give continuous functions 
and homeomorphisms. For simplicity, we will restrict our domain space to the 
plane, although these constructions have analogues for other R”. 

Our first example is a rotation. If a point in the plane is given by r(cos 6, sin 6), 
then a rotation by an angle ¢ sends this to r(cos(@ + ¢),sin(@ + ¢)). One way 
of seeing that this is continuous is to note that distances between points are 
unchanged by this map. A map between metric spaces which leaves the distance 
between any two points unchanged is continuous; we leave this as an exercise. 


Exercise 1.3.1. 


(a) Show that any map from R? to R? which leaves distances between points 
unchanged (i.e. d( f(x), f(y)) = d(x, y)) is continuous. 


(b) Generalize this to show that f:(X,d) — (Y,d’) with d’(f(zx), f(y)) < 
Kd(a,y), K > 0, is continuous. 


That a rotation does in fact preserve distances can be checked using trigo- 
nometric formulas and the distance formula in the plane. Another way of seeing 
that a rotation by ¢ is continuous is to note that it is given by a linear map, 
a — Ag, where x represents a point in the plane as a column vector and A is 


the 2 x 2 matrix 
cos@ —sing 
sing cosd }~ 


For a rotation, A is an orthogonal matrix, which means that it preserves the 
Euclidean inner product between vectors, and hence preserves distances between 
points. Multiplication by any matrix can be shown to give a continuous map. This 
is usually shown indirectly in advanced calculus courses by noting that a linear 
map is differentiable (it gives its own derivative) and that differentiable maps 
are continuous. It could also be shown directly using part (b) of Exercise 1.3.1 
and the inequality |Aa — Ay| < ||Al| |a — y| shown in linear algebra. Note that a 
rotation is reversible; after rotating a point by an angle 6, we can get back to our 
original point by rotating by an angle —@. From the matrix point of view, the 
matrix A is invertible. Either way may be used to show that rotation represents 
a homeomorphism from the plane to itself. 

Another familiar geometric operation which gives a continuous map (and 
a homeomorphism) is a translation, T,(a) = «+ v. This is seen to be con- 
tinuous either directly from the definition or by the fact that it preserves 
distances between points. Its inverse is translation by —v, and so it gives a 
homeomorphism. 

Of course, we could rotate about some other point besides the origin. This 
also preserves distances and so can be shown to give a homeomorphism. Note that 
a rotation by angle ¢ about the point x is the composition of a translation by —x 
to send a to the origin, then a rotation of angle ¢ about the origin, and finally a 
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translation by x to send the origin back to a. A composition of homeomorphisms 
will give a homeomorphism, since a composition of continuous maps is continuous 
and the inverse of gf, given that g and f have inverses, is f~'g7!. 

Another geometric construction which gives a homeomorphism is a reflection 
through a line. That this gives a homeomorphism follows from the fact that it is 
its own inverse and that it preserves distances between points. Alternatively, 
reflections through lines passing through the origin are given by multiplica- 
tion by orthogonal matrices, and other reflections are conjugate to these using 
translations which move the line to one passing through the origin. 

We may reinterpret the equivalence relation of congruence of triangles fre- 
quently studied in high school in terms of these three types of homeomorphisms: 
translations, rotations, and reflections. Suppose two triangles T), 7) are congru- 
ent. Then they have corresponding sides A;,.B,,C, and Ag, Bo,C2, which are 
of the same length, and the angles between corresponding sides are the same. 
Let v; be the vertex between A; and B, and v2 the vertex between Ag and Bo. 
First translate the plane so that the vertex v2 is sent to v;. Now rotate about 
v1 so that the side Ag lies along the side A;. Now either the two triangles will 
agree or we can get from shifted triangle T> to T, by reflecting through the line 
going through side A;. Thus two triangles are congruent if we can get from one 
to the other by a composition of translations, rotations, and reflections. Note 
that each type of map used above preserves distances between points. A map 
from the plane to itself which preserves distances between points is called a rigid 
motion or an isometry. In general, the term isometry is used for a map between 
metric spaces which preserves distance between points and their images. 

It can be shown that any rigid motion of the plane is just a composition 
of translations, rotations, and reflections. We outline this argument. Starting 
with a rigid motion f, we get a new rigid motion g from f by translating by 
—f(0):g =T_ so) f. Then g(0) = 0. Now we use the relation of the dot product 
with the distance function (a — y,a — y) = d(a,y)? to show that g(0) = 0 
and d(g(x), 9(y)) = d(x, y) implies that (g(x), g(y)) = (x,y). Thus g will send 
unit vectors to unit vectors and orthogonal vectors to orthogonal vectors. In 
particular, gq; = g(e1),@o = g(e2) are orthogonal unit vectors. If Q denotes 
multiplication by the orthogonal matrix (qa 2) with column vectors q,, qo, then 
Q is a rotation or reflection, and h = Q7'g is a rigid motion which preserves 
0,e€1,e€2. Then h can be shown to be the identity by using the relation v = 
(v,e1)€1 + (U2, €2)e2. 


Exercise 1.3.2. Fill in the details of the argument sketched above to show 
that a rigid motion in the plane is the composition of rotations, reflections, and 
translations. 


Another familiar geometric relation is the similarity of triangles. If two tri- 
angles are similar, their angles will correspond exactly, but corresponding side 
lengths need not be equal but only have to have some common ratio k. If T; and 
Ty are similar, we may use a rigid motion to align them so that sides A, and 
Ag» lie on the same line, as do the sides B,; and By. Then the shifted T> will be 
sent to T; by a map that takes a line through v,; and sends the line to itself by 
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Translate B 


Tx VAN 


Figure 1.4. Similarity transformation. 


shrinking or expanding along the line by a factor of k (in terms of the distance 
to v,). This last map may be described as a composition of a translation of v1 
to the origin, multiplication of a vector by k, and then a translation of the origin 
back to v;. The multiplication by k gives a continuous map, and its inverse is 
given by multiplication by 1/k, so it gives a homeomorphism. We illustrate the 
first three steps in a similarity in the Figure 1.4. In this figure, no reflection was 
necessary as part of the rigid motion. 

We have seen that congruences and similarities are both examples of homeo- 
morphisms. In geometry, a triangle and a rectangle are distinguished from one 
another by the number of sides, and two triangles, although possibly not similar, 
still are seen to have the same “shape”. We will see below that the inside of a 
triangle and the inside of a rectangle are in fact homeomorphic. Thus what is 
meant when one says that two triangles have the same shape and a triangle and 
a rectangle do not? It means that we are looking at the triangle and rectangle 
through “affine linear eyes”. 

There is a standard triangle A(eéo,e1,e2) with vertices eg = 0, e1, eo. 
Each point in it can be expressed as (Aq, Az) = A1€1 + A2€2, with Az, A2 > 0 
and 0 < Ay + Ag < 1. We define Ay = 1 — Ay — Ao, and then we can write 
(4, d2) = Ao€o tA1€1 +A2€2, where Xo, Ai, AQ = 0 and Ao+A1 +22 = 1. Now sup- 
pose we have another triangle with vertices €9,v1,V2, where v1, V2 are linearly 
independent. If V = (v1 v2), then multiplication by V is a linear transforma- 
tion which gives a homeomorphism between A(eo, e1,€2) and A(eo, v1, v2). If 
three points @9,a@,, a2 satisfy the property that vj = a; — ao, v2 = @2 — ao 
are linearly independent, then we say that ao,@,, a2 are affinely independent. 
This is equivalent to Ay@9 + Aya, + Azag = 0, Ao + AL + A2 = O implying 
Ao = Ay = Ao = 0. If ao, a1, @2 are affinely independent, then there is a triangle 
A(@o, @1, @2) with vertices ag, @1, a2. Translation by @p gives a homeomorphism 
between A(€o,v1,U2) and A(ao,a1,@2), where v1 = @| — ao, V2 = a2 — Qo. 
The composition of multiplication by V and the translation then gives a map, 
called an affine linear map, which is a homeomorphism between the stand- 
ard triangle A(eo,e1,€2) and A(ao, a1, a2). This affine linear map A has the 
property that Apeg + A,e1 + Az2e2 is sent to Agao + A1a, + AzaQg. In partic- 
ular, this means that the triangle A(ao,a1,@2) is characterized as the points 
Ao ao + Aa, + Aa where NG > 0, Xo + v1 + 2 =1.If A(bo, bi, bz) is another 
triangle with affinely independent vertices bp, 6,, b2, then there is an affine lin- 
ear map B sending the standard triangle to it. Then C = BA™! gives an affine 
linear map sending A(ao, a), a2) to A(bo, bi, bz). Thus any two triangles in the 
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plane are homeomorphic via a canonical affine linear map, and the image of a 
triangle under an affine linear map will be another triangle. In particular, there 
is no affine linear map sending a triangle to a rectangle. Affine linear maps from 
one triangle A(a@y, a1, a2) to another triangle A(bg, b1, bz) are determined com- 
pletely by the map on the vertices a; — 6; and the affine linearity condition 


SS Aja; = > Aja}. 
Exercise 1.3.3. 


(a) Show that a, — ao, a2 — Qo are linearly independent iff Apao + A1a@1 + 
AQa@2 = 0, Ao t+A1 + Ag = 0 implies Ap = Ay = Ao = 0. 

(b) Show that if ao,@i,a@2 are affinely independent, then A;a9 + A1a1 + 
A2a2 = [1a0 + 1a, + [22 with DG = Dy Hl =1 implies Mi= rit — 
0, 1,2. 

(c) Show that any finite composition of translations and linear maps in the 
plane can be written as a single composition T'L, where T is a translation 
and L is a linear map. 


(d) Show that any composition M of translations and linear maps satisfies 
M(x, Aas) = 08, ALM (ai) when S0*_, A; = 1. Conversely, show 
that if M satisfies this condition for any three affinely independent points, 
then M is a composition of a translation and a linear map, so is an affine 
linear map. 

(e) Show that an affine linear map sending a; to b; will always send a line 
segment @@q to the line segment bob; via (1 — t)ap + tai — (1 —t)bo 4 
tbh, O<t<1. 


Triangles and rectangles are not equivalent under invertible affine linear maps. 
A triangle and a rectangle are homeomorphic, however. Moreover, the homeo- 
morphism may be taken to be “piecewise linear”. If a@g,a,,a3 are the vertices 
of the triangle and bo, 6), b2,b3 are the vertices of the rectangle, then we can 
divide the rectangle into two triangles B, = A(bo, bi, b2), By = A(bo, b2, bs) by 
introducing the edge bob2 (see Figure 1.5). We can also introduce a vertex a2 in 
the triangle at the midpoint of @j@3 and then an edge @oa@q. Now the triangle 
is divided into two triangles, A; = A(ao,@1,a@2) and Ag = A(ao, a2, a3). The 


bg be 


a3 


Figure 1.5. PL homeomorphism between a triangle and a rectangle. 
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map sending a; to b; can be extended affine linearly on triangles to give maps 
sending A; to B;. Figure 1.5 shows how the triangle and square are subdivided. 
This defines a homeomorphism between the triangle and the rectangle. That 
it is a homeomorphism follows from the piecing lemma for homeomorphisms. 
Note that on the triangles A,, A2, the map is affine linear ($7, Aja; — 90, Aibi). 
Our homeomorphism is an example of a piecewise linear (PL) homeomorphism 
of planar regions—the domain and range are divided into triangles, and the 
homeomorphism is an affine linear homeomorphism on each triangle. 

We can generalize the argument above to show that any two convex polygonal 
regions in the plane are homeomorphic. By a polygonal region R, we mean 
a region that is bounded by a closed polygonal path; that is, f([0,n]), where 
f:(0,n] — R? with f affine linear on [i,i +1], f(i) =a;, vo = 2p and f(a) = 
f(b) implies a = b or {a,b} = {0,n}. The region R is called convex if R lies on 
one side of each line %;%;47 or, equivalently, line segments joining two points of R 
are in R. The region R bounded by P is then given by the union of line segments 
joining points in P. The idea of the proof that two convex polygonal regions are 
homeomorphic is to divide each region into the same number of triangles and 
then send the triangles to each other consistently. Our argument above with a 
triangle and a rectangle is the simplest case of this procedure. 


Exercise 1.3.4. 


(a) Construct a PL homeomorphism between a square and a hexagon. 


(b) Show that any two convex polygonal regions are homeomorphic via a PL 
homeomorphism. 


So far all of our examples of homeomorphisms have been piecewise linear. 
Here is an example of one that is not. The unit disk D? = {(x,y): a? + y? < 1} 
is homeomorphic to the square S = {(x,y): |z| <1, |y| < 1} (hence to any con- 
vex polygonal region). The homeomorphism may be described geometrically as 
follows. Each ray from the origin intersects D? and S in a line segment. The 
intersection with D? is sent linearly to the intersection with S. 

We can verify that this is a homeomorphism by deriving a formula for it. This 
is somewhat tedious, however, so we will give a geometrical explanation, leaving 
the verification based on this as an exercise. We describe some corresponding 
open sets from our construction. Given a point x inside the disk which is not 
the center, we get f(a) by first forming the circle about the center on which x 
lies, then forming the square which circumscribes this circle, and then sending x 
to the the point f(a) on the intersection of the perimeter of this square and the 
ray through a. The region between two circles is then sent to the region between 
the corresponding squares. The basic open sets inside the circle are given by the 
region between two circles, which lie between two lines of angles 0 = 01, 0 = 62, 
as well as disks about the center. For the inside of a square, the basic open sets 
are given by regions between two smaller squares, again limited by the same 
two radial lines, as well as small squares about the center. Our map gives a 
correspondence between these basic open sets about x and f(x) as pictured in 
Figure 1.6. At the center, a small disk about the center corresponds to a small 
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Figure 1.6. Basic open sets for disk and square. 


rectangle about the center. From these facts, we can verify that the map is a 
homeomorphism. 


Exercise 1.3.5. Use the geometrical facts cited above to verify that our con- 
struction gives a homeomorphism. You will need to use the fact that any open 
set about a point contains one of the basic open sets as described above. 


Note that this homeomorphism sends the boundary circle to the perimeter 
of the square. In fact, if the homeomorphism of the circle to the perimeter of the 
square is given by x — f(x), then our homeomorphism is just ta — tf(x), 0 < 
t <1. We are using the convexity of each region to realize the region as the 
“cone” on its boundary and extending the homeomorphisms of boundaries by 
“coning” . 

This same idea could be used to give a homeomorphism between the unit 
disk and the inside of an ellipse, for example. 


Exercise 1.3.6. Write down a formula for a homeomorphism between the 
unit disk D? and the ellipse E = {(x,y): 2? + y?/4 <1}, and check whether 
it satisfies f(ta,ty) =tf(a,y), O<t< 1. 


In the exercise above and the preceding example, there is a common idea. 
We take two subspaces in the plane A,B and points p ¢ A, q ¢ B. Then 
we form spaces pA,qB from taking the line segments joining p to points of A 
and line segments joining g to points of B. The set A is chosen so that each 
point in pA lies on a unique line segment from p to a unique point of A (and 
similarly for qgB). In the case of the inside of the circle and the inside of the 
square, A is the circle and B is the square. For the disk and the inside of 
the ellipse, A is the circle and B is the ellipse. In both cases, p = q = O. 
Then we take a homeomorphism f:A — B, and then get a homeomorphism 
F:pA — qB by sending (1 — t)p+ ta to (1 —t)q¢+tf(a). That F turns out 
to be a homeomorphism depends on pA,qB having the appropriate types of 
corresponding basic open sets. This can be rephrased in terms of the notion of 
a quotient topology, which we will study in Section 1.7. The construction of F’ 
from f is called coning. 
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We have seen many examples of different regions in the plane that turn out 
to be homeomorphic. Each of the regions so far has been homeomorphic to a 
disk. An important problem of topology is to characterize all regions in the plane 
that are homeomorphic to the disk. The homeomorphism would send the circle 
to a homeomorphic image—this is called a simple closed curve. Thus, a region R 
homeomorphic to a disk would have to be “bounded” by a simple closed curve. 

The Jordan curve theorem and the Sch6nflies theorem combine to say that, 
if C is a simple closed curve in the plane, then it “bounds” a region R, and 
the homeomorphism f :S' — C extends to a homeomorphism between the unit 
disk D and R. The Jordan curve theorem says that the complement of the 
curve separates into two open connected pieces, one of which is bounded and the 
other of which is unbounded. It says the curve is the boundary of each piece. 
The Schonflies theorem then says that the bounded piece is homeomorphic to a 
disk and the unbounded piece is homeomorphic to the complement of a closed 
disk. We discuss connectedness in Section 1.6 and have a project to prove both 
theorems in the polygonal case in Section 1.8. A full proof of the Jordan curve 
theorem and it’s generalization, the Jordan separation theorem, is given in terms 
of homology in Section 6.14 (see Theorems 6.14.2 and 6.14.6). The full proof of 
the Sch6nflies theorem can be found in [22]. A proof of the generalization of the 
Schonflies theorem to higher dimensions for locally flat embeddings is given in 
[5] based on the proof by Morton Brown [6]. 

A natural question would be to ask for examples of regions in the plane that 
are not homeomorphic to a disk. A simple example would be an annulus (see 
Figure 1.7), which is the region enclosed between two circles. There are two 
ways of seeing that this is not homeomorphic to a disk. One way is to compare 
their boundaries. The annulus has two circles as boundary and the disk has 
one. Of course, we have to understand why one circle is not homeomorphic to 
two circles (this can be based on the concept of connectedness, which we will 
study later) and why a homeomorphism between the annulus and the disk must 
restrict to a homeomorphism between their boundaries. A justification of the last 
fact actually leads us to the other reason that they are not homeomorphic. This 
involves the ideas surrounding the fundamental group of a space. Intuitively 
speaking, there is a circle (the middle circle) in the annulus which cannot be 
deformed continuously to a point, but every circle in the disk may be deformed 


Figure 1.7. Annulus. 
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to a point (just contract the whole disk to its center and see what happens to the 
circle). This idea is responsible for a large number of applications and is pursued 
in Chapter 3. The classification of regions in the plane up to homeomorphism is 
a special case of the classification of surfaces with boundary. This latter topic is 
pursued in Chapter 2. 


1.4 Compactness 


We now discuss the property of compactness. We will discuss this in the context 
of a general topological space, but will specialize to metric spaces or subspaces 
of R” on occasion. 


Definition 1.4.1. Let X be a topological space. A subset A C X is said to be 
compact if whenever A is contained in a union of open sets U; (called an open 
cover of A), then A is contained in the union of a finite subcollection of these 
open sets (called a finite subcover). 


This can be rephrased in terms of the open sets of A in the subspace topology 
by saying that whenever A is written as the union of a collection of open sets in 
A, then it may be written as the union of a finite number of these open sets. 

One of the prime reasons that compactness is important as a topological 
concept is that it is preserved by continuous maps. 


Proposition 1.4.1. Let f:X — Y be continuous and X compact. Then the 
image set f(X) is compact. 


Proof. Let Y = {V;} be an open cover of f(X). Then U = {U;} = {f-1(V))} is 


an open cover of X. Since X is compact, there is a finite subcover Uj(1),-.. , Vicx) 
of X. Then the corresponding open sets Vj(1),..-,Vicx) give a finite subcover 
of f(X). 


In particular, this implies that if two sets are homeomorphic, then either both 
are compact or both are not compact. A property that is invariant under homeo- 
morphisms is called a topological invariant. Thus compactness is a topological 
invariant. 

Let us look at some examples. 


Example 1.4.1. The real line R is not compact since it can be written as the 
union of intervals U;, = (—k, k) where k ranges over the integers, and it cannot be 
written as a union of a finite subcollection of these open sets. The same idea will 
show that, for a subset of R to be compact, it must be bounded (i.e. contained 
in a large interval). For if it is not, then we can use the collection {(—k, k)} to 
cover the subset, and it cannot be contained in any finite subcollection of these. 
We leave it as an exercise to generalize this to subsets of metric spaces. 


Exercise 1.4.1. A set A of a metric space is said to be bounded if it is contained 
in some ball B(x, 1). Show that a subset of a metric space which is compact must 
be bounded. 
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Example 1.4.2. A finite set A = {a1,...,a,} C X is compact. For if it is 
contained in a union of open sets U;, then there must be some set Uj(;) in the 
collection which contains a;. Thus Uj(1),-..,Ui(x) gives a finite subcover of A. 


Exercise 1.4.2. Show that a finite union of compact sets is compact. 


Exercise 1.4.3. Decide whether or not the following subsets of R are 
compact: 

(a) A= {1/n:n EN}; 

(b) B= {0} UA; 

(c) (0,1). 

We have seen that R is not compact, but R is closed as a subset of itself. Thus 
a closed set does not have to be compact. A compact set does not have to be 
closed in a general topological space, either. For example, the two-point space, 
where the only open sets are the empty set and the space itself, has either of its 
points as a compact subset, but that point is not a closed set with this topology. 
However, if we are dealing with subsets of Euclidean space and the standard 


topology, then compact sets are closed. We will give a proof in the more general 
situation of a metric space. 


Proposition 1.4.2. In a metric space, compact sets are closed. 


Proof. Let X be a metric space and A a compact subset of X. To show that A 
is closed, we have to show that its complement is open. Let 2 € X\A; we need 
to find a ball about x that does not intersect A. Let y be a point of A. Then 
we can find disjoint balls B(y, r(y)) and B(«,r(x)) . The union of the B(y, r(y)) 
over all y in A will contain A; since A is compact, there is a finite subcollection 
of these balls which covers A. Then the intersection of the corresponding balls 
about x will be an open set about x which does not intersect the union of the 
subcollection, and hence does not intersect A. 


The crucial property of a metric space X which we used here was that a 
metric space is Hausdorff. 


Definition 1.4.2. X is called Hausdorff if given x,y € X then there are disjoint 
open sets U,,Uy with x € Uz, y € Uy. 


Exercise 1.4.4. Show that in a Hausdorff space, compact sets are closed. (Hint: 
In a general topological space, a set U will be open if given « € U, then there 
is an open set U(x) with « € U(x) C U; for then we can write U as the union 
of the sets U(x) as x ranges over the points of U, and the union of open sets is 
open. With this criterion for a set to be open, the proof in the metric case can 
be modified to prove the result.) 


The next proposition allows us to deduce that certain sets are compact by 
knowing that they are closed subsets of a compact set. 


Proposition 1.4.3. Let X be compact and let A be closed in X. Then A is 
compact. 
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Proof. Suppose that U = {U;} is a collection of open sets of X whose union 
contains A. Then the U; together with X\A is a collection of open sets whose 
union is X, and so some finite subcollection will contain X. Since no points of 
A are contained in X\A, then the U; in this subcollection will contain A. 


We combine the propositions connecting compact and closed sets to prove 
the following very useful proposition that certain bijections between sets are 
homeomorphisms. 


Proposition 1.4.4. Let f:X — Y be a bijection (i.e. 1-1 and onto). Sup- 
pose that f is continuous, X is compact, and Y is Hausdorff. Then f is a 
homeomorphism. 


Proof. Since f is a bijection, it has an inverse f~':Y — X. To see that f 
is a homeomorphism, we need to see that f—! is continuous. We use here the 
characterization of a continuous function as one which has the inverse image of 
a closed set being closed. Let C' be a closed set in X. Then X compact implies 
that C is compact. But (f~')~1(C) = f(C) is the image of a compact set, and 
so is compact. In a Hausdorff space, a compact set is closed, so f(C) is closed 
as required. 


In the proof above, we showed that if f: X — Y is continuous, X is compact, 
and Y is Hausdorff, then f sends closed sets to closed sets. A map which sends 
closed sets to closed sets is called a closed map. When f is invertible, then f~! 
being continuous is the same thing as f being a closed map. 

This proposition would no longer be true if we removed the hypothesis that 
X is compact. For example, consider the function f :[0,1) — $1 given by f(r) = 
(cos 27a, sin 27a). 


Exercise 1.4.5. Show that the function f defined above is a bijection that is 
continuous but is not a homeomorphism. (Hint: Consider the open set (0, 5) Cc 
(0, 1) and its image.) 


We begin studying some basic compact sets in the reals. We first show that 
a closed interval [a,b] is compact in the usual topology of the line. This proof 
is based on the least upper bound property of the real numbers, which we now 
review. A subset A C R is said to have an upper bound u if a < u for alla € A. 
u is called the least upper bound of A if it is a upper bound and it is less than 
or equal to any other upper bound. The least upper bound property of the real 
numbers asserts that any nonempty subset of the reals with an upper bound has 
a least upper bound. This property does not hold for the rationals; for example, 
the set of rational numbers with square less than 2 has an upper bound, but does 
not have a least upper bound. As a subset of the reals, the least upper bound 
would be 2. We can think of the reals as being formed from the rationals by 
adding to the rationals all the least upper bounds of subsets of the rationals that 
are not already in the rationals. 


Theorem 1.4.5. The closed interval [a,b] is compact. 
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Proof. Suppose that we have an open cover U = {U;} of [a,b]. Consider the set 
A = {x € [a,b]: [a,x] has a finite subcover}. We intend to show that A = [a, b]. 
First note that A is not empty since some U; contains a, and thus must contain 
some interval [a, b;], for b} > a. Since b is an upper bound for A, the set A must 
have a least upper bound, which we will call u. We want to show that u = b and 
that b € A. Suppose first that u < b. Since u € [a,b], there must be some element 
of the cover, which we will call Uj), which contains u. Now Uj,,) contains some 
interval [u1, u2], where a < uy <u < Ug < b. Since u is the least upper bound for 
A, there must be an element a; € A with uz < a, < u (if not, then wu; would be 
a smaller upper bound, contradicting the choice of u as the least upper bound). 
But then [a, a] is covered by a finite number of the U; and thus so is [a, ua] (just 
use those that cover [a, ai] together with Uj(,)). But this contradicts u being an 
upper bound for A, since now u2 € A. Thus the least upper bound must be b. 
Now choose an element Uj») of the cover which contains b, and choose u; with 
[u,b] C Uj). Then 6 being the least upper bound for A implies that there is 
an element a; € A with wu, < a; < b. But [a, a\] is covered by a finite number of 
the U; and [a1, 6] is contained in Uj»), so [a, 6] is contained in a finite number of 
the elements of the cover, showing that it is compact. 


As a corollary, we can now characterize the compact sets in the line. 


Corollary 1.4.6. A Cc R is compact iff it is closed and bounded. 


Proof. If it is compact, then it must be bounded by Exercise 1.4.1 and closed 
by Proposition 1.4.2. Conversely, suppose that it is closed and bounded. Since 
it is bounded, it is contained in some closed interval [a, b]. Since it is closed as a 
subset of the line, it will also be closed in [a, 6]. But this makes it a closed subset 
of a compact space, and so it is compact. 


Exercise 1.4.6. Analogous to the definition of least upper bound is that of 
greatest lower bound. Give a definition of greatest lower bound for a set AC R 
and use the least upper bound property to show that a set with a lower bound 
must have a greatest lower bound. 


Exercise 1.4.7. Give an example of a closed, bounded subset A of a metric 
space X that is not compact. (Hint: Consider the metric space X itself to be a 
bounded noncompact subset of R and A = X.) 


For R we extract an important property of a closed bounded set. 


Proposition 1.4.7. A compact subset A of R has a largest element M and a 
smallest element m; that is, m<a< M for allaé A. 


Proof. We show that it has a largest element; the proof for a smallest element is 
analogous. Since A is compact, it is bounded, and so has a least upper bound u. 
We claim that u € A, and hence u will be the largest element of A. Suppose that 
u is not in A; then we claim that A could not be closed. For every interval about 
u has to contain an element of A in order for u to be the least upper bound of A. 
But this means that the complement of A is not open; hence A is not closed. 
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Now we give an application of this to analysis. 


Proposition 1.4.8. Let f:X — R be continuous and X compact. Then f 
assumes a maximum (and minimum) on X; that is, there are x,y € X with 


f(a) < f(z) < fly) for allz EX. 


Proof. To say that f assumes a maximum just means that f(X) has a largest 
element. But X compact and f continuous means that f(X) is compact and so 
has a largest element. 


When X is a closed interval, this is the familiar theorem from calculus that 
a continuous function assumes a maximum and a minimum on a closed interval. 


1.5 The product topology and 
compactness in R” 


We wish to generalize our characterization of compact sets in R to show that a 
subset of R” is compact iff it is closed and bounded. The only missing ingredient 
from our proof above is knowing that a cube [a1, bi] x [a@2, be] x +++ x [an, bn] 
is compact. This can be proved inductively if we can show that the product 
of compact sets in a product of Euclidean spaces is compact. To do this most 
efficiently, we need to discuss the notion of a product topology on the product 
X x Y of two topological spaces. 

Suppose that X and Y are topological spaces and consider their product 
XxY ={(x,y): 4 € X, ye Y}. We will define a topology on X x Y by saying 
that a set W Cc X x Y is open if given any (x,y) € W, then there are open sets 
U in X and V in Y so that (1,y) © Ux V CW. In particular, products of open 
sets will be open, and the general open set will be a union of products of open 
sets. It is not difficult to verify that this definition of open sets does satisfy the 
three requirements for a topology, which is called the product topology. 


Exercise 1.5.1. Verify that open sets as defined above satisfy the three 
properties required of a topology. 


Now the product topology in the plane is not defined in exactly the same 
way as the usual metric topology, but it does give the same topology; that is, 
it gives the same collection of open sets. To see this, first note that if a set W 
is open in the plane in the usual metric topology, and (2,y) is a point of A, 
then there is a small ball about (x,y) that is contained in W. But inside this 
ball we can find a rectangle that is a product of intervals which contains (2, y). 
Hence W is open in the product topology. Conversely, suppose W is open in 
the product topology, and (x,y) € W. Then there is a product U x V of open 
sets (which we may choose to be intervals) with (x,y) ¢ U x V Cc W. Then the 
rectangle U x V is contained in W. But then we can find a ball contained in 
the rectangle and containing (x,y), so W is open in the metric topology (see 
Figure 1.3). Inductively, a similar argument shows that the metric topology on 
IR” arises as the inductive product of n copies of R using the product topology. 
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Thus to show that a product of closed intervals is compact in R”, it suffices to 
show that the product of compact sets is compact in the product topology. We 
first need a preliminary lemma on product spaces. 


Proposition 1.5.1. Suppose X and Y are topological spaces and let X x Y 
have the product topology. Then the inclusions i,:Y — X x Y,iz(y) = (2,y), 
ly: X + Xx Y, iy(x) = (x,y), are continuous. Moreover, each projection 
px: X xY > xX, px(a,y)=2, py: X x Y OY, py(x,y) =y, ts continuous. 
In particular, the map X — X x {y} given from i, by restricting the range, 
and Y — {x} x Y given from i, similarly, are homeomorphisms, where X x {y} 
and {x} x Y are given the subspace topology. 


Proof. We first show that 7, is continuous; the proof is analogous for i,. Let 
W be an open set in the product topology on X x Y, and let y € i,1(W). 
Then (2, y) € W, so there are open sets U,V with (x,y) € U x V C W. Then 
y €V ci,1(W), so i;'(W) is open (using the hint in Exercise 1.4.4). We now 
show that px is continuous; the proof for py is analogous. Let U be an open set in 
X. Then py (U ) =U xY, which is an open set in the product topology. Finally, 
note that 7, and py are inverses to one another (when properly restricted) and 
so give homeomorphisms between Y and {x} x Y; similarly, 7, and px give 
homeomorphisms between X and X x {y}. 


We now show that the product of compact spaces is compact. 


Theorem 1.5.2 (Tychanoff). Suppose X andY are compact. Then the product 
X XY is compact. 


Proof. Let W = {W;} be an open cover of the product. Fix « € X and consider 
the set {x} x Y. It is homeomorphic to Y, so it is compact. Thus there are a 
finite number of the W;, which we will denote by W;,,,...,Wi,.,, which cover 
{z} x Y. Let W, = Wi,,, U--- UW;,,,,. Then for each y € Y, select an open set 


U,.x Y 


Figure 1.8. A tube U, x Y C Wy. 
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U, x Vy with (x,y) € Uy x Vy C Wz. Then this gives an open cover of {a} x Y, 
and so there is a finite subcover Uy, x Vy,,...,Uy, X Vy,. Let Uz = a Uy;- 
Note that {x} x Y C U, x Y C W,. The set U; x Y is sometimes called a tube 
about {x}xY inside W,. This is illustrated in Figure 1.8. As a varies over X, the 
sets U, give an open cover of X and so there is a finite subcover Uz(1),.--, Uz(r)- 
Then Uz(1) X Y,.-.,;U2(r) x Y will cover X x Y, and so will the corresponding 
W,(i)- But each W,,;) is the union of a finite number of sets in our original cover, 


and so we will get a covering by a finite number of sets in our original cover. 


The Tychanoff theorem holds for infinite products as well, and it is closely 
related to the axiom of choice. See [24] for a discussion and proof in this context. 
Now we are ready to characterize the compact sets in R”. 


Theorem 1.5.3 (Heine—Borel). A subset of R” is compact iff it is closed and 
bounded. 


Proof. We showed that compact implies closed and bounded in a metric space. 
Suppose A is closed and bounded. Then A will be a closed subset of some large 
cube (which is compact) and hence will be compact. 


We now wish to introduce another form of compactness, sequential compact- 
ness, and show that it is equivalent to compactness in a metric space. In general, 
these concepts are not equivalent but counterexamples are rather sophisticated. 
In the course of doing so, we will also introduce the concept of the Lebesgue num- 
ber of a cover, and show that compact metric spaces have Lebesgue numbers, a 
fact which will be very useful to us in Chapter 3. 


Definition 1.5.1. A sequence in X is a function s:N — X, where N denotes 
the natural numbers. We usually denote s(n) by sy, and the sequence by {s,,}. A 
subsequence s’ of a sequence s is a sequence formed by taking the composition 
s’ = sj, where 7:N — N is order preserving (a < b implies j(a) < j(b)). It is 
usually denoted by s,, where n; = j(t). A sequence is said to converge to x if 
given an open set U about z, there is a natural number N so that n > N implies 
Sy € U. 


Definition 1.5.2. X is called sequentially compact if every sequence in X has 
a convergent subsequence. 


We wish to give a criterion for a sequence to have a subsequence which 
converges to x. If asubsequence converges to x, then the definition of convergence 
implies that for any open set U containing x, there are an infinite number of 
values of n so that s, € U. We show the converse is true in a metric space. 


Proposition 1.5.4. Suppose X is a metric space and x € X. If {sy} is a 
sequence so that for any ball about x, the ball contains an infinite number of the 
Sn (this means that there are an infinite number of n so that s, is in the ball), 
then there is a subsequence which converges to x. 


Proof. Choose n1 so that s,, is contained in the ball of radius 1 about x. Since 
there are an infinite number of the s, in the ball of radius 5 about x, we can 
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find nz so that ng > n, and s,, € B (ai 4). Inductively, we then use the same 
idea to choose n; < nz < ng <--- so that sp, € B(x,1/). This will give us our 
convergent subsequence. We leave the details as an exercise. 


Exercise 1.5.2. Fill in the details in the proof above. 


Proposition 1.5.5. In a metric space, compactness implies sequential 
compactness. 


Proof. We prove the contrapositive. Suppose X is not sequentially compact 
and s, is a sequence with no convergent subsequence. If there are only a finite 
number of distinct values s,,, then some value must be repeated infinitely often 
and we can use this to get a constant, hence convergent, subsequence. Thus we 
may assume that there are an infinite number of distinct values s,. For each 
x € X, there is no subsequence which converges to x. By the criterion above, 
there is an open set U, about x which contains only a finite number of the sy. 
But a covering of X by these balls, one for each x, can have no finite subcover, 
since a finite subcover would have to contain only a finite number of the values 
of the sequence (which are infinite in number), and hence could not contain all 
of X. 


The proof above does not need the full strength of the metric space hypo- 
thesis, just the existence for each x of a sequence of open sets U,, with Uj+1 C U; 
about x so that any open set about x contains some U;. This property is called 
first countability and is pursued in Exercises 1.9.39-1.9.41 at the end of the 
chapter. 


Exercise 1.5.3. Show that if {s,: © N} is finite, then the sequence has a 
convergent subsequence. 


We now show that in a metric space, sequential compactness implies compact- 
ness. To prove this, we introduce the concept of the Lebesgue number of a cover. 
Let A be a subset of the metric space (X,d). Consider D4 = {d(a1, a2): a1, a2 € 
A}. If Da is bounded from above, define d4 = sup Dy. We will call d, the 
diameter of the set A. 


Definition 1.5.3. A covering U = {U;} of a metric space is said to have Lebesgue 
number 6 > 0 if every set A C X of diameter less than 6 is contained in some 
element of the covering. 


Proposition 1.5.6. Let X be a metric space which is sequentially compact. 
Then every open covering of X has a Lebesgue number. 


Proof. We prove the contrapositive: if there is an open cover with no Lebesgue 
number, then there is a sequence with no convergent subsequence. Let U/ = {U;} 
be an open cover with no Lebesgue number. Then there is a sequence of sets 
{A,} with the diameter of A, less than 1/n which are not contained in any 
element of the cover. Choose a, € Ay. Then we claim that {a,,} is a sequence 
with no convergent subsequence. Suppose there were a subsequence {ap } which 
converges to a point x, and choose an element U, of the cover containing 2. 
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Choose m large enough so that B(x,1/m) C Up, and choose ky > 2m so that if 
k > ki, Qn, € B(x,1/2m). Then if a € An,, d(a,x) < d(a,an,) + d(an,,2) < 
1/2m+1/2m =1/m. But this means A,, C Up, which is a contradiction. 


Proposition 1.5.7. In a metric space, sequential compactness implies 
compactness. 


Proof. A metric space is totally bounded if given € > 0, we can cover X by a finite 
number of balls of radius ¢. We first show that X sequentially compact implies 
that it is totally bounded. We show this by proving the contrapositive. Suppose 
X cannot be covered by a finite number of balls of radius e. Let 7; € X. Since 
B(a1,¢€) does not cover X, choose x2 ¢ B(x1,¢€). Since B(a1,¢) U B(x2,€) does 
not cover X, we may choose x2 ¢ B(a1,€) U B(x2, €). Inductively, we can choose 
a sequence {z,,} in this manner with t,41 ¢ U;_, B(xe, €). Since d(an, 2%) > € 
for k < n, any ball of diameter ¢ can contain at most one x,, so the sequence 
can have no convergent subsequence. 

Now suppose X is sequentially compact and U = {U;} is an open cover. By 
Proposition 1.5.6 we can find a Lebesgue number 6 for this cover. By the above 
argument, there is a cover of X by a finite number of balls of radius 6/3. But 
each such ball will be of diameter less than 6, so it will lie in an element of our 
original cover, B(x, 4/3) C Ux), k =1,...,n. Then Uj),..., Uicn) give a finite 
subcover of our original cover. 


Definition 1.5.4. Let (X,dx),(Y,dy) be metric spaces. Then f:X — Y is 
said to be uniformly continuous if given € > 0 there exists a 6 > 0 such that for 
21,22 € X,dx(x1,22) < 6 implies dy (f (x1), f(r2)) < €. 


Exercise 1.5.4. Show that f uniformly continuous implies f is continuous, but 
construct an example to show that the converse does not hold. 


Exercise 1.5.5. Let f:X — Y be a continuous map of the compact metric 
space (X,dx) to the metric space (Y, dy). Show that f is uniformly continuous. 
(Hint: Use the Lebesgue number of the covering {f~'(B(y, €/2)) }yey of X.) 


1.6 Connectedness 


We next want to discuss the concept of connectedness. The definition is given in 
terms of its negation, as it is easier to say what we mean by a space not being 
connected. 


Definition 1.6.1. A topological space X is called separated if it is the union of 
two disjoint, nonempty open sets. A subset A C X is separated if A is separated 
as a topological space, using the subspace topology. A set is called connected if 
it is not separated. 


Exercise 1.6.1. Show that a space X is connected iff the only subsets of X 
which are both open and closed are § and X. 
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We rephrase the conditions for a subset A C X to be separated or connected 
in terms of open sets in X. 


Proposition 1.6.1. 


(a) A C X is separated iff there are two open sets U,V Cc X so that AC 
UVUV, UNVNA=9, UNAFOVINAFDO. 

(b) A set AC X is connected iff whenever U,V are open sets in X so that 
UNVNA=¢,ACUUV, then ACU or ACV. 


Proof. We only prove (a), leaving (b) as an exercise. Suppose A is separated. 
Then there are two disjoint nonempty sets U’,V’ which are open in A so that 
A =U’UV’. Since U’,V’ are open in A, there are open sets U,V in X with 
U' =UNA, V’=VNA. Since U’ and V’ are disjoint, we hve UNVN A= 9. 
Since A = U' UV’, we have A CU UV. This proves one direction. For the other 
direction, given U,V with ACUUV, UNVNA=6,UNAFZIO, VNAFD, 
then defining U’ = UN A, V’ = VNA gives two nonempty sets U’, V’ which are 
open in A and show that A is separated. 


Exercise 1.6.2. Deduce (b) from (a). 


Example 1.6.1. We use Proposition 1.6.1 to describe some examples of sep- 
arated sets. The first example we give is the union of two points in the line 
X = {0,1}. To see that this is separated, we choose U = (—0.1,0.1),V = 
(0.9, 1.1). A similar example would be to let Y = [0,1] U [2,3]. Then we could 
choose U = (—0.1,1.1),V = (1.9,3.1). Our final example may be somewhat 
less intutive. The rationals Q in the line are separated. Here we can choose 
U = (—00, V2), V = (V2, 00). We will show that the R itself is connected, so the 
missing irrational numbers were crucial in separating the rational ones. Note that 
the openness condition in the definition is crucial. For example, you cannot get 
an interval being separated by dividing it into two pieces, say [0, 2} = [0, 1]U(1, 2]. 
The problem is that to get an open set U about [0,1] you have to include points 
greater than 1 and so it will not be disjoint with an open set about (1, 2]. 


We first investigate connectedness for subsets of the line. Consider the 
following property: 


(*) If a,y € A CR, then the interval [x,y] C A. 


Proposition 1.6.2. Any connected set in the line satisfies (*) or, equivalently, 
any set that does not satisfy (*) is separated. 


Proof. If A does not satisfy (*), then there are points x,y,z with « < y < z 
and z,z € Aand y ¢ A. But then A is separated by the two open sets (—oo, y) 
and (y, 00). 


What are the sets that satisfy (*)? The next proposition says that they are 
just the intervals, rays, and R. 


Proposition 1.6.3. A set ACR satisfies (*) aff it is an interval, a ray, or R. 
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Proof. It is straightforward to see that an interval, ray, or R satisfies (*). Sup- 
pose A satisfies (*). There are a number of cases to consider; we will only consider 
one of the cases and leave the completion of the proof as an exercise. We consider 
the case where A is bounded both from above and below. Let a be the greatest 
lower bound and b the least upper bound of A. This implies A Cc [a, b]. We will 
show that (a,b) C A. Let c be a point in (a,b). Since a is the greatest lower 
bound, there is an element e € A with a < e < c. Similarly, 6 being the least 
upper bound implies that there is an element f € A with c < f < b. But (*) 
implies that [e, f] C A and so c € A. Hence (a,b) C A. But A C [a, 8], so there 
are four possibilities for A: (a,b), [a, b), (a, b], [a,b], each of which is an interval. 
The other cases one has to consider are when A is not bounded on one side or 
the other or both. 


Exercise 1.6.3. Complete the proof of the proposition by considering the other 
cases. 


Our previous two propositions say that the only possibilities for connected 
sets in R are intervals, rays, and R. We now show that they are connected. 


Proposition 1.6.4. Any interval, ray, or R is connected. 


Proof. We will just give the proof for a closed interval [a,b], and leave the 
other cases for the reader. In Proposition 1.6.1 we re-expressed the condition of 
connectivity by saying that a set is connected if, whenever it is contained in the 
union of two open sets U,V with UNV 1A = 9, then it is entirely contained in 
one of the two sets. Suppose that [a, b] is contained in the union of two open sets 
U,V with UNV na, 6] = 0. Assume that a € U. To show that [a, b] is connected, 
we must show that [a,b] C U. Analogously to the proof that [a, }] is compact, we 
form the set A = {x € [a,}]: [a, 2] C U}. Since U is open, we see that A contains 
some x > a. Since A is bounded, it must have a least upper bound wu. We first 
claim that u € U. If not, then wu € V and so there is uy < u with [u1,u] C V 
since V is open. But u being the least upper bound of A means that there is 
c€ A with uy <c<u. But then c € UNV OA, which is a contradiction. If 
u # b, we can find an interval [u1, ug] C U, with uy < u < ug, and so [a, ug] CU, 
contradicting the choice of u as an upper bound. Thus we must have [a, }] C U, 
and so [a, }] is connected. 


Exercise 1.6.4. Show that R is connected. 
The three preceding propositions together yield the following theorem. 
Theorem 1.6.5. The connected sets in R are intervals, rays, and R. 


Here is a useful proposition about connectedness, which could be used to 
show that R is connected, knowing that [a,b] is connected. 


Proposition 1.6.6. Suppose that A; is a collection of connected subsets of a 
topological space X so that they all have at least one point a in common. Then 
the union A = U;A; 1s connected. 
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Proof. Suppose A C UUV, where UM VA = 9, and suppose further that 
a € U. Then we have to show that A Cc U. But each A; being connected will 
imply that A; CU,so ACU. 


Exercise 1.6.5. Use the proposition above to deduce that R is connected from 
the fact that a closed interval is connected. 


Unfortunately, there is no nice characterization of connected subsets of other 
Euclidean spaces as there is for compact subsets, although the above proposition 
is very useful in recognizing connected sets. 

We prove that connectedness is preserved under continuous maps, and hence 
gives another topological invariant for a space up to homeomorphism. 


Proposition 1.6.7. The continuous image of a connected space is connected. 


Proof. Suppose f: X — Y is continuous and X is connected. Suppose f(X) C 
UUV, where UNV f(X) =0@ and U,V are open. Then X c f-'(U)Uf-1(V), 
and XN f-1(U) nN f-1(V) = 0. Now f continuous implies that f~!(U) and 
f-1(V) are open, and so X connected means that X is contained in one of 
these, say f~1(U). Hence f(X) C U, and so f(X) is connected. 


Since the continuous image of a connected set is connected, so is a homeo- 
morphic image. Hence connectedness is also a topological invariant. This fact 
could be used to show, for example, that two disjoint intervals could not be 
homeomorphic to one interval. 

A somewhat more intuitive property than connectedness is path 
connectedness. 


Definition 1.6.2. A space X is called path connected if, given x,y € X, there is 
a continuous map f : [0,1] — X (called a path in X) with f(0) =a and f(1) =y. 
We say that the path connects x to y. 


There is an equivalence relation generated by this definition as follows: we 
say x ~ y if there is a path connecting x to y. The constant path at « shows 
x~a. That x ~ y implies y ~ x can be seen by composing a path connecting 
x to y with a self homeomorphism of [0,1] which is order reversing; usually one 
uses the linear map a(t) = 1 —¢, but any order reversing homeomorphism will 
work. That « ~ y,y ~ z implies x ~ z involves reparametrizing the paths and 
lying them end on end. Geometrically, we just traverse the path connecting x 
to y and then traverse the path from y to z. However, to get a parametrized 
path from the two paths involves reparametrizing them so that their domains 
fit together nicely. For example, we can compose f with a(t) = 2t, so fa(0) = 
f(0) = x, fa($) = f(1) = y. Then we could similarly reparametrize g with an 
affine linear map (3: [3 1] — [0,1] and define the path connecting x to z by 


making it fa on [0,4] and g@ on [3,1]. We leave the details as an exercise. 


Exercise 1.6.6. Show that the relation x ~ y as defined above is an equivalence 
relation. 
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The equivalence classes under this equivalence relation are called the path 
components in X. For example, if X = [0,1] U [2,3], then the intervals [0, 1] and 
[2,3] would be the path components. A set is path connected iff it has only one 
path component. 

We show that path connectedness is preserved by continuous maps, hence, 
by homeomorphisms, so is a topological invariant. 


Proposition 1.6.8. Suppose X is path connected and f: X — Y is a continuous 
map. Then f(X) is path connected. 


Proof. Let u = f(x),v = f(y) be points of f(X). Since X is path connected, 
there is a path a connecting x and y. Then fa is a path connecting u and v. 


The basic relationship between the two forms of connectivity is given by the 
following proposition. 


Proposition 1.6.9. If X is path connected, then X is connected. 


Proof. Pick a point x € X, and for each point y € X, choose a path connecting 
x to y. The images of these paths are all connected since they are images of 
connected sets under continuous maps, and each of them contains x. Their union 
(as we let y range over all of the points of X) is all of X, and so we get that X 
is connected by applying Proposition 1.6.6. 


It is not the case that a connected set has to be path connected. Here is 
an example of a set in the plane, called the topologist’s sine curve, which is 
connected but is not path connected. Our set is based on the sin1/ax curve. 
Figure 1.9 shows a global and a local view (near a point on the y-axis) of its 
graph. It is the union of two sets, A and B. Here A is just the graph of sin1/z, 
where 0 < x < 1, and B is the segment along the y-axis where the y-coordinate 
ranges from —1 to 1. To see that AU B is connected, the idea is that if it were 
contained in a union U U V of open sets with no points in both U and V, then 
since A and B are each connected (being the images of connected sets under 
continuous maps), each would have to lie entirely in one of the sets. Suppose 
that B Cc U. Then since U is open, we can show that at least one point of A 
must also lie in U. Since A is connected, then all of A must also lie in U and so 
AUB lies in U. That AUB is not path connected is based on the idea that there 
can be no path connecting a point of A to a point of B. The basic idea is to use 
the fact that a small ball about a point in B will intersect A in an infinite number 
of disjoint arcs, and to show that for AU B to be path connected, we would have 
to be able to connect points in different arcs while staying in such a ball, which 
is impossible. Verification of the details are left as Exercises 1.9.44—-1.9.46 at the 
end of the chapter. 

We now consider some examples of path connected, hence connected, sets in 
Euclidean spaces. 


Example 1.6.2. As our first example, note that R” is path connected. We can 
take a straight line path connecting any two points a, y, f(t) = (l1—t)a+ty. By 
analogous reasoning, any convex set (a set where straight lines joining any two 
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Figure 1.9. The topologist’s sine curve—two views. 


points in the set lie in the set) is path connected. This contains balls and cubes, 
for example. 


Example 1.6.3. The unit sphere S” C R"t! is path connected, n > 1. The 
best way to see this is to show that R"*1\{0} is path connected, and then show 
that there is a continuous map from R"*+!\{0} onto 9”. To see that R"*'\{0} 
is path connected, note that if z,y € R"*! and the straight line joining them 
does not pass through 0, then it may be used to give a path connecting them 
as before. If it does pass through 0, then choose a point z that is not on this 
line (here we use n > 1). Then the straight line from x to z together with the 
straight line from z to y may be used to give a path from a to y. We can get a 
continuous map from R"*!\{0} onto $” by projecting along lines through the 
origin. Precisely, this map is given by the formula, P(a) = a/|x|, where |a| 
denotes the length of a. 


36 1. Basic point set topology 


Exercise 1.6.7. Show that a union of path connected sets with a point in 
common is path connected. (Hint: Let z be the common point. Then show that 
given x,y in the union, we can find a path that joins them by using paths in 
individual path connected spaces that join x to z and join z to y.) 


Although a connected set need not be path connected, here is a situation 
where that is true. 


Proposition 1.6.10. Let A be an open subset of R”. If A is connected, then A 
is path connected. 


Proof. We show that A has only one path component, hence is path connected. 
Note that each path component P is open in A, since each point has a ball about 
it contained in A and each point of the ball can be connected to the center by 
a straight line path. If A had more than one path component, let P, be a path 
component and P» be the union of the other path components. Then P,, P2 give 
a separation of A into two disjoint, nonempty open sets, a contradiction. 


We conclude this section on connectedness by proving a version of the 
intermediate value theorem. 


Proposition 1.6.11 (Intermediate value theorem). Suppose that f:X — R 
is a continuous function and X is connected. Let c= f(x1) and d= f(x) and 
suppose that c<e<d. Then there is x3 € X with f(a3) =e. 


Exercise 1.6.8. Prove the intermediate value theorem using the fact that f(X) 
is connected and our characterization of connected sets in the line. 


This theorem is encountered in calculus when X is a closed interval [a, b]. In 
this context, it says that a continuous function must assume every value between 
f(a) and f(b). Another way of stating this is to say that the closed interval with 
end points f(a), f(b) is a subset of f([a,b]). By combining compactness and 
connectedness, we can describe completely what the image of a closed interval 
under a continuous map to the reals must be. Since it must be connected, it 
has to be an interval, a ray, or all of the reals. Since it must be compact, the 
only possible choice is a closed interval. The end points of this interval will be 
the minimal value and the maximal value of the function. We state this as a 
proposition. 

Proposition 1.6.12. If f:{a,b] — R is continuous, then f([a,b]) = [m,M] 
where m, M are the minimal and maximal values of the function. 
Exercise 1.6.9. Show that the letter T’ is not homeomorphic to the letter O. 


(Hint: Consider what happens when a point is removed from each letter and the 
corresponding connectivity properties.) 


Exercise 1.6.10. Show that S! is not homeomorphic to R by showing S1\{a} 
is not homeomorphic to R\{y}. 


Exercise 1.6.11. Show that two disjoint concentric circles in the plane are not 
homeomorphic to one circle. 
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1.7 Quotient spaces 


We discuss the notion of a quotient space, which is also called an identification 
space. We will be using quotient spaces extensively in Chapter 2 when we study 
surfaces. 


Definition 1.7.1. Suppose X, Y are topological spaces, and we have a surjective 
map gq: X — Y. Then we say Y has the quotient topology with respect to (X,q) 
if U CY is open iff q~!(U) C X is open. Y is then called a quotient space of X 
and q is called a quotient map. 


A simple example of a quotient map is the map q:R — $1 where q(t) = e?7"*. 
The arcs in the circle which provide a basis for its topology have as their inverse 
images the unions of disjoint intervals in the reals. 

Note that the map q is continuous when Y has the quotient topology. For 
whenever U C Y is open, the definition of the quotient topology requires that 


q 1(U) has to be open. 


Exercise 1.7.1. Suppose g:X — Y and Y has the quotient topology with 
respect to (X,q). Show C CY is closed iff gq-!(C) C X is closed. 


Quotient spaces often arise by starting with some known space X and then 
forming Y from X by identifying certain points of X, usually by means of an 
equivalence relation we put on points of X. The map q then sends a point 7 € X 
to the equivalence class of all points that are identified with x. In this context, 
Y is sometimes called an identification space and the quotient map gq is called an 
identification map. The equivalence class containing x is denoted by [a] and the 
map sending a point to its equivalence class is denoted by q(x) = [a]. A simple, 
but quite important, example comes from starting with X = [0,1], and then mak- 
ing 0 equivalent to 1 the only nontrivial equivalence relation. The quotient space 
then can be imagined geometrically by taking a piece of string and then joining 
the end points to get a circle up to homeomorphism for the quotient space Y. 

Suppose f:X — Z is a continuous function and Y = X/ ~ is formed from X 
by identifying points in X within the same equivalence class, g: X — Y, q(x) = 
[xz]. Then f induces a map f:Y — Z if whenever 2, is equivalent to x2 then 
f(z1) = f(x2); that is, identified points are sent to the same point by f. We 
define f by f((x]) = f(x). This is well defined because, if we choose [x1] = [:9], 
then 2 ~ a2 and f(a) = f (x2). We are defining f by fq(x) = f({z]) = f(z). 
We call f the map induced by f. The quotient topology is set up so that f con- 
tinuous implies f is continuous. For if U is an open set in Z, then to check that 
f is continuous, we verify that f—~'(U) is open in Y. To check this, we use the 
quotient map q:X — Y,q(x) = [x]. Then f~!(U) is open in Y iff q~!(f-1(U)) 
is open in X. Since fq = f, the condition is that f~!(U) is open, which is true 


since f is continuous. 
xX 
a 
q 
f 
Y 
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Figure 1.10. Saturated open sets g~!(U) about [0] for [0,1] and R. 


When a quotient space is formed by identifying points, it is difficult to picture 
the equivalence classes directly and the open sets in the quotient space. What 
we can do, however, is picture their inverse images within the space X. The sets 
q ‘(U) are open sets that are saturated with respect to the equivalence relation. 
This means that if x € q~!(U) and ~ y, then y € q~!(U). For asimple example, 
consider X = [0,1] with the only nontrivial equivalence being 0 ~ 1. Then the 
basis for the topology of X/ ~ will have inverse images being open intervals 
in (0,1) and also sets of the form [0,a) U (b,1] for 0 < a < b < 1. The last 
set is a saturated open set that contains the equivalence class {0,1}. A related 
example uses X’ = R and forms the quotient space using the equivalence relation 
x~a+n,n € Z. A typical equivalence class is {...,2—2,2—1,2,v+1,2+2,...}. 
A basic open set U about this point will have inverse image q~!(U) = Unez(x + 
n—€,x+n-+e), where e < 5. This is just an interval about x together with all 
of its translates by integers. See Figure 1.10. 

We prove some elementary propositions about quotient spaces. The first 
proposition formalizes our last observation about induced maps. 


Proposition 1.7.1. Let Y be a quotient space of X with quotient map q:X > 
Y. Let g:Y — Z be a map. Then g is continuous iff the composition gq is 
continuous. 


Proof. If g is continuous, then the composition is continuous since the compos- 
ition of continuous functions is continuous. Conversely, suppose the composition 
is continuous and U Cc Z is an open set. Look at g~!(U). To see that it is open, 
we have to show that g~!(g~1(U)) is open. But q~!(g~!(U)) = (gq)~1(U), so it 
is open since gq is continuous. 


Proposition 1.7.2. Suppose Y is a quotient space with respect to (X,q) and Y' 
is a quotient space with respect to (X',q'). Let f:X > X', f:Y — Y' be maps 
with q' f = fq. We also could express this by saying that the following diagram 
1s commutative. 


f 
xX — Xx’ 
a 
if 
YS yy 
Then f is continuous if f is continuous. 


Proof. To show f is continuous, we need to show that fa is continuous, by 
Proposition 1.7.1. But q’f = fq and f,q’ continuous imply q’f is continuous. 


Proposition 1.4.4 has a nice application for quotient spaces. 
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Proposition 1.7.3. Suppose f:X — Y is a surjective continuous map, X is 
compact and Y is Hausdorff. Define an equivalence relation on X by saying u~ v 
iff f(u) = f(v); the equivalence classes are the inverse images f—+(y). Then the 
induced map f :X/~— Y is a homeomorphism. 


Proof. Proposition 1.7.1 implies that f is continuous. It is a bijection since 
we are identifying points in X which map to the same point. Since X/~ is 
the continuous image of the compact space X by the quotient map q:X — 
X/~, we have that X/~ is compact. Then Proposition 1.4.4 implies that f is a 
homeomorphism. 


We now apply these propositions to the quotient spaces Y = [0,1]/~ and 
Y’ = R/«. Consider the map f:[0,1] — S! given by f(t) = (cos 2z7t, sin 2rt). 
This is a continuous surjection and the only nontrivial inverse image is 
f-*{(1,0)} = {0,1}. Thus if we form the quotient space Y from the inter- 
val X = [0,1] by identifying 0 with 1, then Proposition 1.7.3 implies that the 
induced map f is a homeomorphism. 

We could instead start with X’ = R and identify x with x + n,n € Z to 
form the quotient space Y’. We claim that Y’ is also homeomorphic to the 
circle. We start with the same map p, now considered as a map from the 
reals. It determines a map p:Y’ — S! by pit] = (cos 2zt, sin 27t). This is well 
defined since (cos 27(t + n), sin 27(t + n)) = (cos 2z7t, sin 27t) and is continuous, 
by Proposition 1.7.1. Note that it is onto since both q and p are. It is also 1— 
1, since p[t] = p[t’] implies (cos 27t, sin 2xt) = (cos 2zt’, sin 2rt’). But this only 
happens if t = t/ + n for some integer n; hence [t] = [t’]. To see that p is in 
fact a homeomorphism, we can no longer use Proposition 1.7.3 since R is not 
compact. We need to see that its inverse p~! is continuous. But this is equivalent 
to (p-')~!(U) = p(U) being open when U is open; that is, f sends open sets 
to open sets. Since p(U) = pq~'(U), this condition is equivalent to p sending 
saturated open sets to open sets. But p is an open map; that is, it sends open 
sets to open sets. Hence p is a homeomorphism from R/~ to $1. 

We state, for future use, the principle used in the last example. 


Proposition 1.7.4. Suppose f:X — Y is a surjective continuous map. Define 
an equivalence relation on X by saying u ~ v iff f(u) = f(v); the equivalence 
classes are the inverse images f~'(y). Then the induced map f:X/~ => Y is a 
homeomorphism exactly when f sends saturated open sets q~'(U) to open sets. 
In particular, it is a homeomorphism if f is an open map. 


Since each of Y, Y’ is homeomorphic to S', they are homeomorphic to each 
other. We now show this more directly. Let g:X — Y, q':X' — Y’ be the 
identification maps. Define 1: X — X’ by inclusion. Since [i(0)] = [0] = [1] = 
[i(1)], 7 induces a map i: Y — Y’ defined by i((x]) = [i(x)]. Thus we have a 
commutative diagram (i.e. ig = q’i) by definition. Thus 7 is continuous since 7 
is. Next note that 7 is 1-1 since ig is except for 0,1, and [0] = [1] in Y. 7 maps 
onto Y’ since any [y] € Y’ is represented by a y between 0 and 1. We leave it as 
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b 


Figure 1.11. Cylinder and torus as quotient spaces of the square. 


an exercise to construct an inverse for 7 and to prove it is continuous. 


X =(0,1] —> x'=R 


a 


¥ = re aes 


Exercise 1.7.2. Construct an inverse for i and show that it is continuous. 
(Hint: Consider the discontinuous function from X’ to X defined by sending x 
to x — [x], where [x] denotes the greatest integer in 2; i.e. the unique integer 
satisfying [a] < x < [a] +1.) 


Consider the product of the circle with itself. This space is called a torus and 
will be studied in more depth in Chapter 2. From our description of the circle as a 
quotient space, we may give a description of S$! x $1 as a quotient space. We take 
the product R x R and make the following identifications: (s,t) ~ (s +m,t+n), 
where m,n € Z. An alternate description would be to take [0,1] x [0,1] and 
identify (0,t) with (1,t) and (s,0) with (s,1). A pictorial description is given in 
Figure 1.11. It is supposed to indicate that we identify the edges labeled a and 
the edges labeled b. Geometrically, we can think of gluing the edges labeled a 
together to form a cylinder (the b edges becoming circles) and then gluing the 
two circles together to get a torus. 


Exercise 1.7.3. Describe basic open sets in the quotient space [0,1] x 
(0, 1]/(0,t) ~ (1,t), (s,0) ~ (s, 1) about each of the points [(0, 0)], [(5,0)], [(0, $)], 
and [(5,3)]. Describe the inverse image q~'(U) of each of these basic open sets. 


Exercise 1.7.4. Show that the quotient space formed from a square by 
identifying all of the points in the bottom edge of the square to each other 
is homeomorphic to a triangle. (Hint: Start with the map from the rectangle to 
the triangle preserving y-levels and sending the bottom edge of the rectangle to 
the bottom vertex of the triangle. See Figure 1.12, where the bottom line that 
is to be collapsed to a point is thickened, as is the image point.) 
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Figure 1.12. Triangle as a quotient space of the square. 


We now discuss quotient spaces that are formed from two disjoint sets by 
identifying certain points in one of the sets with points in the other by means 
of a function. Suppose A and B are disjoint topological spaces. Then the union 
of A and B can be regarded as a topological space by saying a set is open iff 
it is the union of an open set in A with an open set in B. We will denote the 
union with this topology as A|_| B, and call it the disjoint union. Frequently, we 
will perform this construction when A and B are not disjoint. In this case we 
will regard them as disjoint by distinguishing points by saying the point comes 
from A or it comes from B. This is the reason for our terminology “disjoint 
union”—we want to emphasize that we are regarding the two sets as disjoint. 
Now suppose K is a closed subset of B and f is a homeomorphism from K onto 
a closed subset f(A) of A. Then we may form the quotient space AU; B = 
(A||B)/x ~ f(x),a € K C B, formed from the disjoint union by identifying 
x € K with f(x) € f(K). 


Proposition 1.7.5. Let g: AUs B — C be a map induced from continuous 
functions ga: A —C, gp:B—C with gaf = 9p|K. That is, ifx € AC AUsB, 
then g(a) = ga(x), and if « € B, g(x) = gp(ax). Then g is continuous. 


Proof. To show g is continuous, we have to show that the composition 
gq: AL|B — Aus B = C is continuous. But the topology on the disjoint 
union is just the union of the topologies on A and B. Since the restriction of this 
composition to A, B is just ga, gp, respectively, it is continuous. 


Proposition 1.7.6. Let A; Us, B; = Ail] Bi/x ~ fila), v € Kj C B; be the 
quotient space of A; UB; coming from identifying x € K; C B; with f(x) € A; via 
a homeomorphism f,:K; > f(K;), i= 1,2. Suppose there are homeomorphisms 
Fy: Ay = Ao, Fp: By = Bo with Fp(ky) = Ko and Fafi = foFs. Then 
the map F': A, Uy, By — Avo Uf, Bo given by F(x) = Fa(a) if x € Ay and 
F(x) = Fp(a) if x € By is a homeomorphism. 


Exercise 1.7.5. Prove Proposition 1.7.6. 


Given a topological space X and closed subsets A, B with AUB = X, we can 
regard X as a quotient space of A|_|B using id: ANB Cc B > ANB Cc A, id(z) = 
x. For the inclusion maps give a map q: A|_|B — X; this induces AUjg B > X, 
which is a bijection. To see that it is a homeomorphism just requires showing X 
has the quotient topology. A set Cin X is closed iff CM A and C/N B are closed 
since C = (CM A) U(C'1 B), and A and B are assumed closed. The quotient 
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topology on X from (A|_|B,q) comes from requiring C to be closed iff g~!(C) 
is closed in AU B; that is, CM A and CM B are closed. Thus X does have the 
quotient topology and so g is a homeomorphism. 

Suppose now we have homeomorphisms h4:A — A’,hg:B — B’. Then 
Proposition 1.7.6 implies X = AUjq B ~ A’ Uy B’, where f:hp(AN B) > 
ha(An B) is f(z) = hah‘ (x). We will use this in situations where we can 
choose A’, B’ to be particularly nice spaces such as disks or rectangles. 

As an example, consider the annulus X = {(#1,@2):1 < 7?+a3 < 2}. We can 
first break X up into A= XN {(a1, 22): 22 < O} and B= XN{(x1, x2): x2 > O}. 
We will give a number of different descriptions of the annulus as a quotient space 
(see Figure 1.13). The variety of descriptions given below illustrate that a space 
may arise as a quotient space in many different ways. The simplest description 
comes from using f :[—1,1] x [1,2] — X,f(s,t) = (tcos7s,tsin7zs). The first 
coordinate s is used to wrap the interval around the circle (giving the angle 
up to a factor of 7), and the second coordinate t measures the distance from 
the origin. This map sends (—1,t) and (1,t) to the same point (—t,0) and is 
otherwise 1-1. Thus f induces a homeomorphism between the quotient space 
Q, = [-1,1] x [1,2]/(—1,t) ~ (1,t) and the annulus X. We could replace the 
interval [1,2] by the homeomorphic interval [—1,1] and thus identify Q1, and 
hence X, to the quotient space Q2 = [—1,1] x [-1,1]/(-1,t) ~ (1,t). We will 
think of this as the standard description of the annulus as a quotient of the 
square D! x D!, where we are identifying the left-hand boundary interval to the 
right hand boundary interval. We depict this identification and the corresponding 
image on the annulus by labeling the identified edges with the letter a. 

We now split the interval [—1, 1] into two intervals [—1, 0] and [0, 1] and think 
of it as a quotient of the disjoint union by identifying the two copies of 0. Using 
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Figure 1.13. Expressing the annulus as a quotient space. 
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Figure 1.14. Mobius band. 


this, the inclusion gives maps of the disjoint union [—1,0] x D'|] [0,1] x D! 
to D' x D!. This map then induces a homeomorphism between the quotient 
space Q3 = [—1,0] x D' Uf [0,1] x D! and Qo, where f(—1,t) = (1,t), f(0,t) = 
(0,t). This identification of the two copies of 0 x D! is labeled with b, as is 
its image in the annulus. Now by identifying [—1,0] and [0,1] with D! using 
the order preserving affine linear maps, we can re-express Q3 as the quotient 
Qs = D' x D'U, D! x D', where g(—1,t) = g(1,t), g(1,t) = (—1,t). As another 
description, form a quotient Q; = D! x D! U;, D! x D', where h(-1,t) = 
(—1,t),h(1,t) = (1,4); that is, h is the identity on the identified edges. The 
homeomorphism F’: Qs; — Qa, is induced from the map that sends the left-hand 
copy of D! x D! to itself via the identity, and sends the right-hand copy of 
D' x D' to itself via (s,t) — (—s,t). We use Proposition 1.7.6 to see that this 
induces a homeomorphism from Qs to Qa. 

Descriptions such as the last ones will be very useful to us in Chapter 2, 
where we study surfaces. We will decompose a surface into a number of pieces, 
each of which is homeomorphic to D? or D! x D! and then think of the surface 
as a quotient space of the disjoint union of these nice pieces. The structure of the 
surface will be contained in the pieces involved and how they are glued together. 

Here is another example. The Mobius band B is formed from a rectangular 

strip by identifying the ends after making a half twist as in Figure 1.14. More 
formally, B = D' x D!/(—1,t) ~ (1,—-t). We might also write this as a quotient 
space formed from two rectangles by splitting D' = [—1,0] U [0,1] to form Q{ = 
[—1,0] x D! Ux [0,1] x D', with k(—1,t) = (1, -t), k(0, t) = (0, t). By identifying 
[—1,0] and [0, 1] with D', we can re-express this as a quotient space D' x D' U, 
D' x D?, with p(—1,t) = (1,2), p(1, t) = (-1, —#). 
Exercise 1.7.6. Consider the space X formed from two copies of R = D! x D! 
by identifying {—1,1} x D! to itself via d with d(1,y) = (1, —-y) and d(—1,y) = 
(—1, —y); that is, X = RUg R. Construct a homeomorphism between X and the 
annulus. 


Exercise 1.7.7. Suppose X = AU, B,Y = AU, B, where g,g':K C B— 
g(K), g'(K) C A are homeomorphisms. Suppose (g’)~'g: K > K = h|K, where 
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h:B — B is a homeomorphism. Show that the identity on A and h on B piece 
together to give a homeomorphism from X to Y. 


Exercise 1.7.8. Show that the Mobius band can also be described as a quotient 
space D' x D' Uy D' x D', with f(—1,t) = (-1,4), f(1,t) = (1, -1). 


Exercise 1.7.9. Identify all points in the lower half of the circle to each other. 
Show that the resulting quotient space S'/ ~ is homeomorphic to $+. (Hint: 
Find a continuous map from the circle to the circle which sends the lower half 
of the circle to a point and is 1-1 elsewhere.) 


Exercise 1.7.10. Put an equivalence relation on the unit disk by making all 
points on the boundary circle equivalent to each other. Show that the resulting 
quotient space D? / ~ is homeomorphic to S?. (Hint: Send diameters to great 
circles with the origin going to the south pole and the boundary circle going to 
the north pole.) 


1.8 The Jordan curve theorem and 
the Schonflies theorem 


In this section we outline proofs of the Jordan curve theorem and the Schonflies 

theorem for polygonal curves. The section is essentially in the form of a project 

to fill in the details of the outline to prove these results. The proofs of these 

theorems in the polygonal case will provide us with many opportunities to apply 

the concepts from the chapter in justifying geometric steps in the argument. 
We start by carefully stating these theorems in their general versions. 


Definition 1.8.1. A simple closed curve in the plane is a function f :.S! — R? 
which is a homeomorphism onto its image. The image C = f(S') C R? is 
sometimes also called a simple closed curve when the parametrization is not 
important. Alternatively, a simple closed curve in the plane can be given as a 
map f :[a,b] — R?, with f(x) = f(y) for x # y iff {x,y} = {a,b} so that when 
the quotient space [a,b|/a ~ b is identified with $1, the induced map f is a 
homeomorphism onto its image. 


Theorem 1.8.1 (Jordan curve theorem). Let C = f(S') be a simple closed 
curve in the plane. Then R?\C is the disjoint union of two open sets A,B so 
that each is path connected. Moreover, one of these sets A is bounded and the 
other B is unbounded. Also, C' is the boundary of each of these sets. 


Theorem 1.8.2 (Schénflies theorem). Let C = f(S') be a simple closed 
curve in the plane and R?\C = AUB as given by the Jordan curve theorem, 
with A bounded. Then there is a homeomorphism of the plane to itself which 
sends the open unit disk to A and the closed unit disk to AUC. 


The Jordan curve theorem was first stated as a theorem by Camille Jordan 
(1838-1932) in his Cours d’Analyse in the late nineteenth century. His original 
proof was very complicated and was found to have gaps, which required consid- 
erable effort to fill in. Modern proofs use homology theory, where the separation 
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Figure 1.15. A polygonal simple closed curve. 


part of the theorem is expressed by saying that Ho(R?\C) is the free abelian 
group on two generators. Hj) measures the path components of a space; the two 
generators correspond to A and B. The difficulty, in general, has to do with 
the very wild nature a simple closed curve may have. If the curve is restricted 
somewhat, then the theorem becomes much easier. The Schénflies theorem was 
proved in 1908. 

In this section we will only look at the case of a polygonal simple closed curve, 
which is the image of a map p: [0,n] — R? where, on each subinterval [k, k + 1], 
the map is an affine linear map onto a line segment L;, determined by the points 
(called vertices) p(k) = v, and p(k +1) = vg4i. We assume that p(0) = p(n) 
but p(a) 4 p(b) if a ~ b unless {a,b} = {0,n}. Note that the quotient space 
[(0,n]/0 ~ n is homeomorphic to $1 and p determines a map p: S$! — R? as in 
the original definition of a simple closed curve. Figure 1.15 shows an example of 
a polygonal simple closed curve and the bounded region which it bounds. We 
will assume that adjacent segments in C' do not lie on the same line. 

We give an outline of the proofs of these theorems, giving the major steps 
with illustrations when appropriate. 

Step 1. Show that both theorems are unaffected by composing f:S! > R? 
with an affine linear homeomorphism (sends lines to lines) H: R? — R?. Use 
this to show that we can reduce the theorems to the case that no segment in the 
polygonal curve is horizontal, which we will assume from now on. 

Step 2. There are two types of points in C, edge points in p(k,k +1), and 
vertices, which are the points p(k). The vertices can be divided into two types, 
regular vertices and special vertices. The special vertices are those which are 
a local maxima or local minima for the y-coordinate on C’,, and the regular 
vertices are the others. Figure 1.16 shows neighborhoods of each type of point, 
and smaller regular neighborhoods within these which consist of nearby parallel 
line segments. Show that such neighborhoods exist for each type of point in C. 

Step 3. Consider a horizontal line at height yo. Suppose it intersects C' in k 
points (not counting any special vertices). Show that there is a number € so that 
horizontal curves at height between yo —€ and yo +e intersect C in / points besides 
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Figure 1.16. Nice neighborhoods. 


Figure 1.17. How lines intersect C. 


special vertices, where k = 1 mod 2. It is necessary to consider line segments 
in C which are missed at height yo as well as special vertices at height yo. Use 
this fact to show that the function that sends y to the number of points of C 
mod 2 that are not special vertices at height y is a continuous function from R to 
{0,1}. Show that the horizontal line at height y intersects C in an even number 
of points which are not special vertices. See Figure 1.17 for an illustration. 

Step 4. For each (x,y) ¢ C, define I(x, y) to be 0 if there are an even number 
of points of C’ (not counting special vertices) at height y to the left of (a, y), 
and equal to 1 when there are an odd number of such points. Show that I is 
continuous, and that the sets A = I~'({1}) and B = I~1({0}) are disjoint open 
sets with R?\C = AUB. 

Step 5. Figure 1.18 shows a regular neighborhood of the curve C’ consisting of 
parallel polygonal curves near C’. Show that C has such a regular neighborhood 
N(C). Show that that N(C) is homeomorphic to the annulus $' x [5,3] Cc R? 
enclosed between the circles of radii 3 and 3 with C corresponding to S' x {1}. 
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Figure 1.18. A regular neighborhood. 


Figure 1.19. Using C4 to connect x,y € A. 


In particular, show that N(C)\C consists of two sets which are path connected 
but that N(C)\C is not path connected. 

Step 6. Show that Bd N(C) = C4 U Cp, where C4 C A and Cg C B are 
parallel polygonal curves to C’. Use the curves C'4 and Cg to show that each of 
A and B are path connected. See Figure 1.19 for a motivating example of such 
a path connecting two points z,y € A that uses C4. Use N(C) to show that 
ASAWUC, B= BUC. 

Step 7. Use the fact that C is compact to show that A is compact and B is 
not compact. 

These steps then complete the proof of the polygonal version of the Jordan 
curve theorem. We now outline an approach to proving the polygonal Schénflies 
theorem. Our starting point is the setup from the polygonal Jordan curve 
theorem above. 

For our proof of the Schonflies theorem, we first need to modify C' slightly 
before we give our argument, but in a way that does not change the validity of 
the Sch6nflies theorem. 

Step 1. Show that there is a homeomorphism h:R? — R? which is the iden- 
tity outside a regular neighborhood of C' so that the special vertices all occur at 
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Figure 1.20. Moving a vertex. 


different y-values. The idea is depicted in Figure 1.20, where we push the vertex 
vertically, keep the boundary of the part of the regular neighborhood of two 
adjacent edges that come together at the vertex fixed, and extend this to a PL 
map of the regular neighborhood. This allows an extension via the identity out- 
side of the regular neighborhood to get a homeomorphism of R? which displaces 
the vertex slightly. Show that this modification does not affect the validity of 
the Schonflies theorem. Figure 1.20 shows the original piece of the curve and the 
displaced piece in a regular neighborhood. 

Step 2. Use compactness to show that there is the minimal value m assumed 
by C and the maximal value M assumed by C and the A lies between the y = m 
and y = M. Moreover, show that there is a minimal special vertex at height m 
and a maximal special vertex at height M7. Show that there are an even number 
of special vertices, half of which are local minima and half local maxima. 

Step 3. Show that if there are just two special vertices, then A is homeo- 
morphic to a triangle, and that the homeomorphism can be chosen to fix 
pointwise a small subtriangle at the bottom of A and is the identity outside 
a large rectangle containing A. Use induction on the number V of vertices, with 
starting point V = 3. Your homeomorphism should be expressible as a composi- 
tion of homeomorphisms which are the identity outside a small neighborhood of 
a triangle which is being worked on. At each step a triangle is added or removed 
from A where two of its sides are on C and the third side is not. The interior 
of the triangle will lie entirely in A or entirely in B. The argument should show 
the existence of such triangles. The requirement that there are no horizontal 
lines occurring in any intermediate steps may require working on two adjacent 
triangles in a single reduction step. As a hint, we illustrate an example of a 
complete reduction of such a region to a triangle in Figure 1.21. The dotted lines 
show intermediate triangles being used and the numbering shows new edges in 
C as it is homeomorphed to the bottom triangle. 

Step 4. The general argument is by induction on the ordered pairs (V, S$), 
where V denotes the total number of vertices and S is the number of special 
vertices. The ordering is lexicographic ordering: (V,,.51) < (V2, $2) iff (1) Vi < 
Vo, or (2) Vi = Vo and S, < So. The starting point for the induction is (3, 2) 
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Figure 1.21. Homeomorphing A to a triangle. 


and the way it works is to either keep the total number of vertices the same 
and reduce the number of special vertices by 2, or reduce the number of total 
vertices. Consider the lowest special vertex (minimal y-value) vy», which is a local 
maximum. There are a number of cases to consider. A useful concept to look at is 
the position of the first two vertices on the segments moving downward from vm 
and look for ways to homeomorph R? to simplify the image of C so that it has one 
fewer regular vertex. All of your homeomorphisms should fix a small triangle at 
the bottom of A and the region outside a large rectangle containing A. In fact, at 
each step the homeomorphism should just fix everything outside a region near a 
triangle on which you are working. Some steps may require composing a couple of 
these as well as introducing new vertices to avoid horizontal edges. Figure 1.22 
illustrates how C is deformed to a C’ with a single local maximum and local 
minimum. Intermediate triangles being used are indicated with dotted lines. 
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Definition 1.9.1. A collection B = {B;:i€ I} of subsets of X is called a 
basis and its elements are called basis elements if the following properties are 
satisfied: 


(a) every x € X is contained in some B;; 
(b) if~ € B, B;,Bi,B; € B, then there is a basis element B, with x € 
By C BEN B;. 


The topology Tg determined by the basis B is defined as follows: a set U C X 
is open if, for every x € U, there is a basis element B; with z € B; C U. 


The first six problems concern the concept of a basis and the topology which 
it determines. 


Exercise 1.9.1. Verify that Tg satisfies the three properties required of a 
topology. 


50 1. Basic point set topology 
Figure 1.22. Removing excess special vertices. 


Exercise 1.9.2. Show that the set of balls {B(z,r), « € X, r > 0} is a basis 
for the topology of a metric space X; that is, show that it is a basis and the 
topology it determines is the metric topology. 


Exercise 1.9.3. Show that any open set in Tg is a union of basis elements. 
(Hint: For x € U, choose a basis element Byz) with x € Biya) C U.) 


Exercise 1.9.4. Suppose the topology for Y is determined by a basis. Show 
that f:X — Y is continuous iff, for each basis element B of Y, f~1(B) is open. 


Exercise 1.9.5. Show that the open intervals give a basis for the topology of R. 


Exercise 1.9.6. Combine the last two exercises to show that a map to R is 
continuous iff, for each open interval J C R, we have f~+(/) is open. Formu- 
late and prove an analogous statement for maps to a metric space in terms 
of balls. 


Exercise 1.9.7. Let X be a metric space with metric d and let A be a subset of 
X. Show that the metric topology on A given by d is the same as the subspace 
topology. 

Exercise 1.9.8. Suppose A Cc B C X, and B has the subspace topology. Show 
that, if A is open in B and B is open in X, then A is open in X. 


Exercise 1.9.9. If x,y € R?, let d(x,y) = |x1 — yi|. Which of the three 
properties of a metric does d satisfy? 
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Exercise 1.9.10. On R?\{0}, write each point in polar coordinates as (r, 6), 
where 0 < 6 < 2m. Define d((r1, 01), (r2,02)) = |r1 — ra| + |@1 — 42|. Show that 
this gives a metric on R?\{0} but the topology formed is not the usual topology. 


Definition 1.9.2. A point x is called a limit point of a set A if every open set 
U containing x intersects A\{x} in a nonempty set; that is, UM (A — {x}) 40 
for U open, x € U. Denote the limit points of A by A’. 


Exercise 1.9.11. Show that a set A is closed iff it contains all of its limit points. 
Exercise 1.9.12. Find the limit points of the following subsets of 
R: (a)(0,1); (6)Q, the rationals; (c) {1/n: n € N}. 

Exercise 1.9.13. Let X be a metric space and A Cc X. Show that «x is a limit 
point of A iff every ball B(x,r) contains infinitely many points of A. 


Exercise 1.9.14. Show that, in Hausdorff space X with subset A, is a limit 
point of A iff every open set containing x contains infinitely many points of A. 


Exercise 1.9.15. 


(a) Show that if C is a closed set containing A, then AC C. 
(b) Show that if V is an open set contained in A, then V C int A. 


Exercise 1.9.16. Show that A is closed iff A = A, and A is open iff A = int A. 
Exercise 1.9.17. Show that A= AU A’. 
Exercise 1.9.18. 


(a) Show that in R” we have B(z,r) = {a : d(z,x) < r} and Bd B(z,r) = 
{x :d(z,xz) =r}. 

(b) By using the discrete topology, show that this does not hold generally in 
a metric space. 


Definition 1.9.3. A topological space X is called limit point compact if every 
infinite set has a limit point. 


Exercise 1.9.19. Show that a compact space is limit point compact. 
Exercise 1.9.20. Show that if X is a metric space, then X is limit point compact 
iff it is sequentially compact iff it is compact. 

Exercise 1.9.21. Show that if f: X — Y is continuous at x and z,, is a sequence 
converging to x, then f(z,,) converges to f(x). 


Exercise 1.9.22. Show that a map f:(X,d) — (Y,d’) between metric spaces 
is continuous at x iff for every sequence x,, which converges to x, the sequence 
f(an) converges to f(x). 

Exercise 1.9.23. Show that, in a Hausdorff space, the limit of a sequence is 


well defined; that is, if x, converges to x and to y, then x = y. 


Exercise 1.9.24. Show that, in a Hausdorff space, if x, converges to x, then 
x is the only limit point of the set of all of values {x,:n € N}. Is the converse 
true? Give a proof or counterexample. 
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Exercise 1.9.25. Show that a finite set in a Hausdorff space is closed. 


Definition 1.9.4. A Hausdorff space is called regular if, given x € X anda 
closed set C with x ¢ C, then there are disjoint open sets U and V with x € U 
and C C V. A Hausdorff space is called normal if, whenever C, D are disjoint 
closed subsets, then there are disjoint open sets U,V with CC U,D CY. 


Exercise 1.9.26. Show that a compact Hausdorff space is regular. (Hint: Use 
the fact that a closed subset of a compact space is compact. Get an open cover 
of the closed, hence compact, set C' where there is an open set V, for each point 
y € C with y € V, and an open set U, so that « € Uy with Uy NV, = 0.) 


Exercise 1.9.27. Suppose x € U C X, where X is regular and U is open. Show 
that there is an open set V with e ¢€ V C V C U. (Hint: Consider the point x 
and the disjoint closed set X\U.) 


Exercise 1.9.28. Show that a compact Hausdorff space is normal. (Hint: Apply 
the conclusion of Exercise 1.9.26 to pairs z,D, where x € C and use the 
compactness of C.) 


Exercise 1.9.29. Suppose C C U Cc X, where X is normal, C' is closed and U 
is open. Then show that there is an open set V with C CV CV CU. (Hint: C 
and X\U = D are disjoint closed sets.) 


Exercise 1.9.30. Show that a metric space is normal. (Hint: If C, D are disjoint 
closed subsets, then cover C by balls B(c,r(c)) disjoint from D and cover D by 
balls B(d,r(d)) disjoint from C. Then show that U = Ucec B(c,r(c)/2) and 
V =Usdep B(d,r(d)/2) are disjoint open sets containing C' and D.) 


Definition 1.9.5. Let C be a subset of a metric space X. For each x € X, 
define the distance from x to C by d(x,C) = inf{d(a, y): y € C}. 

Exercise 1.9.31. Show that {z: d(x,C) = 0} = C. Show that if C is closed and 
x €C, then d(z,C) > 0. 

Exercise 1.9.32. Show that C. = {y: d(y,C) < €}, where € > 0, is an open set 
containing C. 


Exercise 1.9.33. Show that the function f: X — R given by f(x) = d(x, C) is 
continuous. (Hint: Look at the inverse image of an interval.) 


Exercise 1.9.34. Suppose C,D are disjoint closed sets in a metric space X. 
Use the notion of the distance from a point to a set to define d(C, D) in terms of 
d(x, D) for x € C. Give an example to show that this distance could be 0. Show 
that if X is compact, then the distance must be positive. 


The next two exercises give versions of Urysohn’s lemma and the Tietze 
extension theorem for metric spaces. 


Exercise 1.9.35. Suppose the (X,d) is a metric space and A, B are disjoint 
closed sets. Show that the function 
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is a continuous real-valued function f:X — [-1,1] with f-!{-1} = 
A, f-'{1} = B. The existence of a function from X to [-1,1] which is —-1 
on A and 1 on B is called Urysohn’s Lemma and holds in the more general 
situation of a normal space. 


Exercise 1.9.36. Suppose X is a metric space and C' C X is a closed subset, 
with a continuous function f:C — R. This exercise leads you through a proof 
that there is a continuous extension f': X — R. This result is called the Tietze 
extension theorem and holds in the more general situation of a normal space. 


(a) Reduce to the case where f is bounded by considering the composition 
of f with a homeomorphism from R to (—1, 1). 


(b 


eS 


Because of (a), we assume from now on that f:X — [-—M,M]. 
We inductively define continuous maps from xX to [—M,M] which 
give better and better approximations to f on C. Let A, = 
f-*({-M, —M/3]), and By = f~'([M/3, M]). Show that A;, B, are dis- 
joint closed subsets of X. Apply Exercise 1.9.35 to show that there is 
a continuous map g;:X — [—M/3,M/3] with A, C g7'{—M/3}, and 
B, C gj '{M/3}. Show that | f(x) — gi(x)| < 2M/3 on C. 

Repeat the construction in (b) applied to hi = f — g; defined on C to 
construct gz: X — [-2M/9,2M/9] so that 


ms (BE) < (39). 
ns (EE) (8) 


and | f(x) — g1(@) — ga(x)| < 4M/9. 

(d) Use induction to construct a sequence of maps gn,:X — 
[-2"-1M/3", 2”-1M/3”] so that if hn(x) = f(x) — g(x) —--+ — gn(a), 
then |hn(x)| < 2"M/3” on C and |gn(x)| < 2"-1M/3". 

(e) Define g(x) = 30°, g(x). Show that g(x) converges uniformly to a 


continuous function g: X — |—M, M] which is an extension of f; that is, 
g(x) = f(x) for EC. 


— 
io) 
NO 


Exercise 1.9.37. Urysohn’s lemma states that for a normal space X with 
disjoint closed sets A,B, there is a continuous function f:X — [—1,1] with 
Ac f7l{-1} and B c f~'{1}. The Tietze extension theorem states that for 
a normal space X with a closed subset C' and a continuous function f:C — R, 
there is a continuous function g: X — R with f(x) = g(x) for x € C. Show that 
Urysohn’s lemma is equivalent to the Tietze extension theorem. (Hint: Use the 
argument in Exercise 1.9.36 to show that Urysohn’s lemma implies the Tietze 
extension theorem.) 


Definition 1.9.6. A set is countable if it can be put in 1-1 correspondence with 
the natural numbers N or is finite. For example, the rationals Q and n-tuples of 
rationals Q” = {(r1,72,---;Tn): "i € Q} are countable. A space X is called first 
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countable if, for each x € X, there is a countable basis of open sets containing 
x; that is, there is a collection {B,:n € N} of open sets containing x so that, 
if U is an open set containing x, then there is a set B, C U. This is called a 
neighborhood basis. A space X is called second countable if there is a countable 
basis for the topology of X. A space X is called countably compact if every 
countable open cover has a finite subcover. A metric space is called separable if 
there is a countable set {x,,:n € N} so that every open set contains at least one 
Ln (we say {x,} is dense in X and {x,,} is a countable dense subset). 


Exercise 1.9.38. Show that Q is dense in R, and hence R is separable. 
Exercise 1.9.39. Show that a metric space is first countable. 


Exercise 1.9.40. Show that, if X is first countable and z is a limit point of C, 
then there is a sequence x; € C which converges to x. 


Exercise 1.9.41. Show that if X is first countable, Hausdorff, and compact, 
then X is sequentially compact. (Hint: Adapt the proof given in Section 1.5 for 
metric spaces.) 


Exercise 1.9.42. Show that a metric space is separable iff it is second countable. 
(Hint: If it is separable, use balls about the countable dense subset to get a 
countable basis. A countable number of countable sets is still countable. If it is 
second countable, select a countable set by choosing one point from each basis 
element.) 


Exercise 1.9.43. Show that compactness implies countable compactness, and 
that the converse holds in a second countable space. (Hint: In a second countable 
space show that for each open covering {U;}ic; there is a covering by basis 
elements so that each basis element is contained in an element of the given 
covering {U;}.) 


Consider the space X = AUB, where A = {(z,sin1/xr):0 <a <1} and 
B= {(0,y): —1<y <1}. The space X is called the topologist’s sine curve. 
The next three problems show that X is connected but not path connected. See 
Figure 1.9. 


Exercise 1.9.44. Show that AU B = A. 


Exercise 1.9.45. Show that the closure of a connected set is connected, thus 
implying that AU B is connected. 


Exercise 1.9.46. We show here that AU B is not path connected. Suppose 
AUB were path connected. Let f:[0,1] ~ AUB be a path with f(0) = (0,0) 
and f(1) = (1,sin1). Consider the set S = {t: f([0,¢]) € B}. Let p:R? — R be 
p(x, y) = @. 
(a) Show that S is nonempty, is bounded from above, and has a least upper 
bound u < 1. 
(b) Show that ue S. 
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(c) Show that there is a neighborhood N:,) of f(u) consisting of an infinite 
number of separated arcs, and a neighborhood N,, of u with f(Nu) C 
Nf(u): 
(d) Show that there is uj > u, ui € N, with pf(ur) > 0. 
(e) Show that there are disjoint open sets U,V C Ney) with 
flu) €U, flu.) EV, and UUV = Nov); that is, N¢(,) is separated 
by U,V. 
(f) By looking at f|[u, u1], arrive at a contradiction. 
Definition 1.9.7. A topological space X is called locally path connected at x 
if for each open set V containing x, there is a path connected open set U with 
xz €U CY. It is called locally path connected if it is locally path connected at 
each x € X. It is called locally connected at x if, for each open set V containing 
x, there is a connected open set U with  € U C V. It is called locally connected 
if it is locally connected for each x € X. 


Exercise 1.9.47. Show that a locally path connected space is locally connected. 
Exercise 1.9.48. Show that the topologist’s sine curve is not locally connected. 
Exercise 1.9.49. Show that an open set in R” is locally path connected. 


Exercise 1.9.50. Show that the path components of a locally path connected 
space are open sets. 


Exercise 1.9.51. Show that if X is locally path connected and connected, then 
X is path connected. (Hint: Modify the proof that a connected open set in R” 
is path connected.) 


Exercise 1.9.52. Give an example of a path connected space which is not locally 
path connected. 


Exercise 1.9.53. Define an equivalence relation on X by x ~ y if there is a 
connected set containing both x and y. The equivalence classes are called the 
components of X. 

(a) Verify that this is an equivalence relation. 


(b) Show that each component is connected, that any two components are 
equal or disjoint, and that the union of the components is X. 


(c) Show that any connected subset of X intersects at most one component 
and is a subset of that component. 


(d) Show that each path component is contained in a component, and that 
a component is a disjoint union of path components. 


(e) Show that a component is a closed set. 
Exercise 1.9.54. 


(a) Show that a space is locally connected iff, for each open set U, each 
component of U is open in X. 
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(b) Show that a space is locally path connected iff, for each open set U, each 
path component of U is open in X. 


Exercise 1.9.55. A collection D of subsets of X is said to satisfy the finite 
intersection property (F.1.P.) if for every finite subcollection {D,,...,D,} of D, 
the intersection D,N---ND; 4 0. Show that X is compact iff for every collection 
D of closed sets satisfying the F.I.P., the intersection of all of the elements of 
D is nonempty. (Hint: If not, consider the covering of X by the complements 
{X\Dj}.) 

Exercise 1.9.56. Let (X,d) be a compact metric space, and f: X — X con- 
tinuous. x € X is called a fixed point of f if f(a) = x. f is called a contraction 
if there is a number a < 1 such that d(f(x), f(y)) < ad(z,y) for all a,y € X. 
Show that a contraction has a unique fixed point. This result is known as the 
contraction mapping principle and plays a key role in analysis. (Hint: Consider 
f"(X). where f” denotes the n-fold composition of f with itself and use the 
finite intersection property from the previous exercise.) 


Definition 1.9.8. X is called locally compact at x if there is an open set U and 
a compact set C with « € U C C. It is called locally compact if it is locally 
compact at each x € X. 


Exercise 1.9.57. Show that a compact space is locally compact. 
Exercise 1.9.58. Show that R” is locally compact. 


Exercise 1.9.59. Show that if X is Hausdorff and locally compact at x, then 
there is an open set U containing x so that U is compact. 


Exercise 1.9.60. Suppose X is a locally compact Hausdorff space. Show that 
if « ¢ U C X, U open, then there exists an open set V containing x such that 
V is compact and V C U. (Hint: Use the preceding exercise and the argument 
of Exercise 1.9.27.) 


The following exercise leads through the construction of the one-point 
compactification of a locally compact Hausdorff space. 


Exercise 1.9.61. Suppose that X is a locally compact Hausdoff space. Form 
a new space XT, called the one-point compactification of X as Xt = X U {p}, 
the disjoint union of X and an added point p. A set U C X* is called open if 
(1) U is an open set in X, or (2) p€ U and X*\U is a compact set in X. 


(a) Show that this definition of open set satisfies the three properties of a 
topology. 


(b) Show that the subspace topology on X C X* is the same as its usual 
topology. 


(c) Show that X* is a compact Hausdorff space. 


Exercise 1.9.62. Show that if X is a locally compact Hausdorff space and Y 
is a compact Hausdorff space with Y\{yo} ~ X, then Y ~ XT. 
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Exercise 1.9.63. 


(a) Show that the one-point compactification of R is homeomorphic to $?. 


(b) Show that the one-point compactification of R? is homeomorphic to 
S?. (Hint: Use projection from the point p = (0,0,1) to get a 
homeomorphism from $?\{p} to R?.) 


(c) Show that the one-point compactification of R” is homeomorphic to S”. 


Exercise 1.9.64. Show that, if X is compact, the one-point compactification 
of X is Xt = X | |{p}, where the set {p} is an open set in the disjoint union. 


Exercise 1.9.65. Consider the space R°®, which is the product of a countably 
infinite number of copies of R. This is given the product topology with basis the 
sets which are product of a finite number of intervals with a product of copies 
of the reals: 

(a1, 01) X +++ X (Qn, bn) X RX-+++ x Ree. 


Show that this space is not locally compact. (Hint: Look at basic open sets and 
show that they do not have compact closure.) 


Exercise 1.9.66. 


(a) Show that the following two subsets of R are not homeomorphic: A = 
{1/n:n € N}U {0}, BEN. 
(b) Show that Bt is homeomorphic to A. 


Exercise 1.9.67. Show that oo is not homeomorphic to O (Hint: Consider 
where the crossing point of oo could go under a homeomorphism.) 


The next four exercises concern the homeomorphism type of the letters of 
the alphabet. In each case, assume the letter is written as given below in the 
sans serif style, with no adornments: 


ABCDEFGHIJKLMNOPQRSTUVWXYZ 


Exercise 1.9.68. Show that the letter X is not homeomorphic to the letter Y, 
but that the letter Y is homeomorphic to the letter T. 


Exercise 1.9.69. Construct a homeomorphism between the letter D and the 
letter O. 


Exercise 1.9.70. Prove that the letter A is not homeomorphic to the letter B. 


Exercise 1.9.71. Group the letters of the alphabet into equivalence classes 
so that equivalent letters are homeomorphic and nonequivalent letters are not 
homeomorphic. 


Exercise 1.9.72. Prove that if an open set U C R? is path connected, then any 
two points in U can actually be connected by a polygonal path in U. 


Exercise 1.9.73. For each of the following subsets of R? indicate which of the 
following properties it possesses, namely, (i) compact; (ii) connected; (iii) path 
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connected; (iv) open; (v) closed: 


(a) A= {x1,%2):21 >0,4 < a2 < 8}; 


(b) B= {(a1, 22): 2? + 22 = 25}; 
(c) C=ANB; 

(d) D= {(a1,22):a7 +23 <1}; 
(ec) E=D. 


Exercise 1.9.74. Show that the torus is not homeomorphic to an open set in 
R?. (Hint: Use the properties of compactness and connectedness.) 


Exercise 1.9.75. Show that if A Cc S!' with A #4 S!', then A is not 
homeomorphic to S?. 


Exercise 1.9.76. Put an equivalence relation ~ on R? by saying that two points 
are equivalent if they both lie on the circle of radius r about the origin. Show 
that R?/ ~, with the quotient topology, is homeomorphic to [0, 00). 


Exercise 1.9.77. Identify all points in the lower hemisphere of the sphere $?. 
Show that the resulting quotient space S?/ ~ is homeomorphic to $?. 


Exercise 1.9.78. Identify points on the boundary circles of an annulus A 
between the circles of radius 1 and radius 2 that lie on the same ray from the 
origin. Show that the resulting quotient space A/ ~ is homeomorphic to the 
torus T?. 


Exercise 1.9.79. Identify the points on the outer circle of an annulus A to one- 
point and the points on the inner circle to a (different) point. Show that A/ ~ 
is homeomorphic to $*. Describe what space you would get if you identified the 
points on both circles to a single point. 


Exercise 1.9.80. Consider the quotient space X formed from two copies of 
D} x D? using f :{—1,1} x D! — {-1,1} x D! by f(—1,z) = (1,-2), f,y) = 
(—1,y), X = (D1 x D') Uy (D" x D'). Decide whether X is homeomorphic to 
the annulus or the Mobius band, and prove your assertion. 


Exercise 1.9.81. Show that the upper hemisphere of S? is homeomorphic to 
D? and similarly for the lower hemisphere. Use this to show S$? is homeomorphic 
to D? U, D? for g: St — S* and determine g. 


Exercise 1.9.82. Show that D? Uy D?, where f:K — K is f(x) = x, and 
K = {(x1,22) € St:a1 > 0} is homeomorphic to D?. (Hint: First choose a 
homeomorphism h from D? to D! x D' where h(K) = {(@1, 22) € D! x D!: 21 = 
1}. Use this to get a homeomorphism D? U7 D? ~ (D! x D!)U, (D! x D!), where 
g:h(K) > A(K) is g(x) = 2.) 


Exercise 1.9.83. Construct a homeomorphism between a square and a 
diamond. 


Exercise 1.9.84. Construct a homeomorphism between the two regions in 
Figure 1.23. 
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Figure 1.23. Annular regions. 


Figure 1.24. Star. 


ole: 


Figure 1.25. Two pairs of circles. 


Exercise 1.9.85. Show that any two rectangles in the plane are homeomorphic. 
Exercise 1.9.86. Construct a homeomorphism between the inside of a square 
and the star in Figure 1.24. 

Exercise 1.9.87. Show that there is no homeomorphism of the plane to itself 
which sends the unit circle to itself and sends (0,0) to (2,0). 


Exercise 1.9.88. Construct an example of a simple closed curve in the plane 
where a horizontal line intersects the curve in an infinite number of points but 
the curve contains no horizontal line segments. 


Exercise 1.9.89. Show that the complement of two disjoint polygonal simple 
closed curves in the plane consists of three disjoint open, path connected sets. 


The next three problems concern Figure 1.25. 
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Exercise 1.9.90. Show that there is a homeomorphism sending AUB to CUD. 


Exercise 1.9.91. Show that any homeomorphism sending AU B to CU D 
which sends x € A to y € C must send A homeomorphically to C and B 
homeomorphically to D. 


Exercise 1.9.92. Show that there does not exist a homeomorphism of the plane 
sending AU B to CU D. (Hint: Consider the regions bounded by A and C.) 


Exercise 1.9.93. Consider a polygonal path P that is not closed and does not 
intersect itself. Show that R?\P is path connected using a polygonal path. (Hint: 
Use induction on the number of segments in the path.) 


Exercise 1.9.94. Show directly that the triangle with vertices (0,0), (1,0), (0, 1) 
separates the plane into two nonempty disjoint open path connected sets, one of 
which is bounded and the other not. 


Exercise 1.9.95. Consider the shaded region in Figure 1.26 (which is not 
homeomorphic to a disk). Analyze how the region changes as we move upward 
past the special vertices. 


Figure 1.26. A polygonal annular region. 


Figure 1.27. A curvy disk. 
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Exercise 1.9.96. Show that the region in Figure 1.26 is homeomorphic to the 
region R enclosed between the squares [—1, 1] x [—1, 1] and [—2, 2] x [—2, 2]. Do 
this both by a direct argument and by breaking the each region into two regions 
to which we can apply the polygonal Schonflies theorem. 


Exercise 1.9.97. Describe a homeomorphism between the region in Figure 1.27 
and a disk. 


2 


The classification of surfaces 


2.1 Definitions and construction of the models 


In this chapter we discuss surfaces and classify them up to homeomorphism. A 
surface is a topological space which locally looks like a piece of the plane, such 
as a sphere or the exterior of a donut (a torus). Before specializing to surfaces, 
we begin by introducing the concept of an n-manifold, where a surface is a 
2-manifold. Manifolds constitute one of the primary areas of study in topology. 
Our study of surfaces will introduce us to many of the key ideas in manifold 
theory in a fairly concrete geometric setting. 


Definition 2.1.1. A topological space M is an n-manifold if 


(1) there is an embedding (a homeomorphism onto its image with the 
subspace topology) of M into R% for some N; 


(2) given « € M, there is a neighborhood U of x and a homeomorphism h 
from U onto an open set in R”. 


Condition (1) turns out to be equivalent (in the presence of (2)) to either 
requiring M to be a separable metric space or requiring M to be a second 
countable, Hausdorff space (see the supplementary exercises of Chapter 1 and 
(24, 5]). We will mainly concern ourselves with condition (2), regarding (1) as a 
technicality to rule out certain pathological examples. Condition (2) is sometimes 
phrased as requiring M to be locally homeomorphic to R” or, if n is clear from the 
context, requiring M to be locally Euclidean. In condition (2), we may require 
h(U) = R", and not just an open set in R”. For if h(U) is open in R”, there 
is a smaller neighborhood V of x with h(V) = B(y,r),y = h(x). But there is 
a homeomorphism g : B(y,r) — R” and so gh: V — R” is a homeomorphism. 
An n-manifold is said to be of dimension n. By a surface we mean a 2-manifold. 


Exercise 2.1.1. 
(a) Verify that g : (—1,1) —R, g(x) = x/(1—27), is a homeomorphism and 


that it restricts to a homeomorphism of [0, 1) onto [0, 00). 
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(b) Construct a homeomorphism of B(y,r) onto B(0,1), where y,O € 
R", r>0. 


(c) Construct a homeomorphism from k : B(0,1) — R”. (Hint: Use the 
analog of (a).) 


The classification problem for n-manifolds seeks a collection M;,i € I, of 
n-manifolds so that each n-manifold is homeomorphic to one of the M;, and 
M; is not homeomorphic to M; for i # j. Also, a procedure should be given 
for deciding which M; a given n-manifold is homeomorphic to. Frequently, the 
class of n-manifolds under consideration is restricted in some way. A common 
restriction is to compact, connected n-manifolds, and we will only give the classi- 
fication of compact, connected surfaces in this chapter. The problem of classifying 
compact, connected 1-manifolds turns out to be relatively simple. A proof will 
be outlined in Exercises 2.9.1—2.9.8 that any compact, connected 1-manifold is 
homeomorphic to the circle. For compact, connected 3-manifolds, the problem is 
still unsolved. For n-manifolds, n > 4, the problem has been shown to be unde- 
cidable in a precise logical sense. Nevertheless, some more restricted classification 
problems have been solved and have constituted some of the most fruitful areas 
of research in topology in the last 50 years. 

Surfaces constitute a familiar example of manifolds from advanced calculus. 
Many surfaces arise there as solution sets of some equation. For example, the 
2-sphere $? is the solution to F(a, y, 2) = 2?+y?+z?—-1 = 0. Higher-dimensional 
manifolds also arise as solution sets to equations. Besides an open set U in R”, 
the simplest n-manifold is the graph of a function f : U Cc R” > R?, T(f) = 
{(a, f(a)): « € U}. It is homeomorphic to U by projection to its first n coordin- 
ates. If F : R"+* — R* is a differentiable function so that on F~'(0) the matrix 
of partial derivatives has rank k at each point, then F~1(0) is an n-manifold. 
This is shown by using the implicit function theorem to show that a neighbor- 
hood of a € F~1(0) is the graph of a function defined on an open set in a 
hyperplane determined by n of its coordinates. 

We will also need the more refined notion of an n-manifold with bound- 
ary. First let H” = {(21,...,@) € R": 2, > 0} and OH” = {(a1,...,%) € 
Rese 0% 


Definition 2.1.2. An n-manifold with boundary is a topological space M so 
that 


(1) there is an embedding of M into R™ for some N; 


(2) given x € M, there is a neighborhood U of x and a homeomorphism h 
of U onto an open set in H”. 


Again, (1) may be replaced by requiring M to be either separable metric or 
second countable, Hausdorff, and (2) may be refined by requiring that either 
h(U) = R” or A(U) = H”. For if h(w) = y ¢ OH", then there will be a smaller 
neighborhood V with h(V) = B(y,r), and then kgh: V — R” will be a homeo- 
morphism as before. We leave it as an exercise to modify this argument in the 
case where h(x) € OH”. 
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Exercise 2.1.2. Show that if h : U — H” is a homeomorphism onto an open 
set in H” and h(x) € OH”, then there is a smaller open set V about x and a 
homeomorphism h’ : V — H”. 


Definition 2.1.3. In a manifold with boundary, those points x with h(x) ¢ 0H” 
are called interior points and those points with h(x) € H” are called boundary 
points. The collection of all interior points is called the interior of M, and is 
denoted by int M. The collection of all the boundary points is called the boundary 
of M, and is denoted by OM. int M is an n-manifold (without boundary) and 
OM is an (n — 1)-manifold (without boundary). 


We now quote some basic results related to these definitions. These will be 
proved in Chapter 6 using homology theory. First, an open set in R” is not 
homeomorphic to an open set in R™ for m 4 n. Second, if a € OH” and U is an 
open set in H” about x, then U is not homeomorphic to an open set in R” (or 
even any R™). 


Exercise 2.1.3. Assuming the two results quoted above, show that the dimen- 
sion of a manifold is well defined and that an interior point cannot be a boundary 
point as well, so the concepts of interior point and boundary point are well 
defined. 


Exercise 2.1.4. Suppose U is an open set about 0 € [0,00) = H! and V is an 
open set in R. Show that U is not homeomorphic to V. (Hint: Note that there 
is an interval [0,c) contained in U which is path connected after 0 is removed.) 


Exercise 2.1.5. Show that the boundary of an n-manifold is either empty or 
an (n — 1)-manifold. (Hint: Use the fact that a point is either an interior point 
or a boundary point but not both.) 


Exercise 2.1.6. Suppose M,N are n-manifolds with boundary. Show that if 
h:M — N is a homeomorphism, then h|OM is a homeomorphism from 0M 
to ON. 


There is a stronger statement about open sets in R” from which some of the 
above statements can be deduced. This is the invariance of domain property, 
which we will also prove in Chapter 6. 


Theorem 2.1.1 (Invariance of domain). Suppose U is an open subset of R” 
and f :U — R” is 1-1 and continuous. Then f is an open map; that is, it maps 
open sets to open sets. 


Exercise 2.1.7. Apply Theorem 2.1.1 to prove the following version for n- 
manifolds: If M”, N” are n-manifolds and f : M” — N” is 1-1 and continuous, 
then f is an open map. Show that if we also assume that M” is compact, 
connected and N” is connected, then f must be a homeomorphism. 


Exercise 2.1.8. Deduce the fact that the dimension of an n-manifold is well 
defined from the invariance of domain. 


Exercise 2.1.9. Prove that the invariance of domain holds when n = 1. 
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In order to classify compact, connected surfaces with boundary, we need to 
construct some examples which will be our basic building blocks. 

The simplest example of a surface with boundary is the closed disk D?. It is 
compact since it is closed and bounded, and path connectivity follows by using 
straight line paths. The boundary will be the circle S$‘. To see that points on 
the circle are boundary points, note first that if 2, y € S', there is a rotation 
(hence homeomorphism) of D? sending x to y (hence a neighborhood of a to a 
neighborhood of y). Thus it is sufficient to exhibit one point z on the circle with 
a neighborhood homeomorphic to an open set in H?. But there is a homeomorph- 
ism of D? onto a rectangle R which sends the circle to the perimeter of R. For a 
point on the interior of the bottom edge of the rectangle, there is a neighborhood 
homeomorphic to an open set in H”, and so all points of the boundary circle 
(and thus also on the perimeter of the rectangle) have the required neighborhood. 
Note that this implies that the corner points on the perimeter have appropriate 
neighborhoods. The following exercise asks the reader to show this directly. 


Exercise 2.1.10. Show directly that H? = {(a1, x2): 21 > 0,22 > 0} is homeo- 
morphic to H?. (Hint: Use polar coordinates to define the map.) 


In the following examples, we will frequently refer to the boundary of certain 
surfaces without verifying precisely that the points involved are boundary points. 
Frequently, a direct verification is possible using the ideas for the disk above 
together with Exercise 2.1.10, and you are encouraged to convince yourself that 
the boundary is as indicated. 

The 2-sphere $? is defined as {(@1,%2,%3) € R®: 2} +03 +23=1}. It is 
compact since it is closed and bounded in R*. Path connectivity was shown in 
Chapter 1. To see that it is locally homeomorphic to R?, we show the stronger 
fact that if p € S?, then $?\{p} is homeomorphic to R?. We first do this for 
the special points p = (0,0,1), the north pole N, and p = (0,0, —1), the south 
pole S$. Our technique is standard and is called stereographic projection (see Fig- 
ure 2.1). For each x € S?\{N}, consider the line through N and a. It intersects 
the plane R? Cc R® in some point, which we call hy(a). This gives us a map 
hn : S?\{N} — R?. We will show that this is a homeomorphism by exhibiting 
formulas for hy and lige: First note, however, that hy sends the upper hemi- 
sphere St = {(x1, 22,73) € $7: x3 > 0} to the exterior of the unit disk in R? 
and the lower hemisphere $2 = {(x1, 272,23) € S?: x3 < 0}, to the unit disk. 

To derive a formula for hy, it is useful to restrict hx to the plane determined 
by N, @, and 0. Let r? = 2? +22, x = (%1,22,23), and hn (a) = (a,b), s? = 
a? + b?. Then by similar triangles we get r/(1 — x73) = s or s/r = 1/(1— 23). 
By projection of these two triangles onto the planes xz = 0 and 2; = 0, we also 
get the equalities 21/(1 — 23) = a,v2/(1 — 23) = b. Thus hy (a) = (41/(1 — 
az3), £2/(1—23)). To get a formula for hy we solve for #1,22,23 in terms of 
a, b. Using our three equations together with x3 = 1—r?, algebraic manipulation 
yields 


2a 2b s?—1 
= Gb = OG: — 
1+ 82’ eee eer, a Ff age 


Ty 
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Figure 2.1. Stereographic projection. 


Thus hx; (a,b) = (2a/(1+s7), 2b/(1+s?), s? -1/(1+s?)). The continuity of hy 
and lig follows from the algebraic nature of their formulas in terms of rational 
functions. 

The homeomorphisms from $?\{p} to R? for other p follow similarly by 
projecting onto the plane perpendicular to the line through O and p and then 
identifying that plane with R?. A derivation similar to the one above shows that 
if we project from the south pole, we get 


iste) = ( eke ). natto.t)= ( 2a 2b —). 


1l+2#3’14+23 14+s2?1452’1+4s8? 


Note that hie sends the unit disk to the upper hemisphere and fine sends the 
unit disk to the lower hemisphere and each maps the circle to itself via the 
identity. Let D? denote a copy of the unit disk, i = 1,2. Form the quotient space 
D? Uia D3 by identifying corresponding points of the circle in the two copies of 
the disk via the identity. Then Rigs hig. fit together to give a homeomorphism 
from D? Uia D2 to S?. 

The representation of the sphere as two copies of the unit disk glued together 
along their boundary is a very useful one in topology and can be given for higher- 
dimensional spheres by an analogous construction. The identification of the two 
copies of S$! by the identity is unnecessary in the following sense. If f : S$! — $1 
is any homeomorphism, we may form D? Ur D3, where x € 93 is identified to 
f(a) € Si with the quotient topology. Now f extends to a homeomorphism 
of D? via F(tw) = tf(a), 0 < t < 1. We can construct a homeomorphism 
h: D?Us D3 — D7 Uia D3 by sending D? to D? via the identity and D3 to D} via 
F’. The piecing lemma for homeomorphisms shows that this is a homeomorphism. 

Our second model surface will be the torus, which we denote by T’. Its most 
convenient description is as a product space, T = S'x.$1. A geometric realization 
occurs in R® by taking a circle in the right x2x3-half-plane and revolving it about 
the x3-axis. That it is a surface is left as an exercise. 


Exercise 2.1.11. Show that the product of an m-manifold M and n-manifold 
N is an (m+ n)-manifold M x N. Conclude that T is a compact, connected 
surface. 
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We give a description of T analogous to our description of S? as the union 
of two disks glued along their boundaries. First note that $1 is homeomorphic 
to Dt} Uia D3} where D} denotes a copy of the interval [—1, 1]. The proof is left 
as an exercise. 


Exercise 2.1.12. Construct a homeomorphism between the quotient space 
D} Uia D3 and the circle S$. 


Thus T = $1 x S! is homeomorphic to 
(((Di x Di) Us (Dy x D3)) Ug (D3 x Dy)) Un (D3 x D3), 


where f,g,h indicate that certain points in the boundary of each product are 
identified via homeomorphisms to points in the boundary of the space preceding 
it. We now make these identifications more explicit. The boundary of D} x Dt 
is {-1} x Dt U {1} x Di U Dt x {-1} UD} x {1}. The map f identifies copies 
of D} x {-1} and D} x {1}. See Figure 2.2 to see how the first two pieces form 
an annulus within the front half of the torus. 

Note that the boundary of D{ x Di Us D} x D3 is {£1} x (D} U Dj) = 
{+1} x S1, which is the union of two circles. Now D3 x D{ has boundary {—1} x 
Di} U {1} x Di U D3 x {-1} U Dd x {1}. The map g identifies {-1} x D} U 
{1} x D} in this boundary with {—1} x Dj U {1} x D} in the boundary of 
(D} x Dt)Uz (D} x D3). The boundary of ((D} x D}) Uz (Dj x D3)) Ug (D3 x Dt) 
is D3 x {-1} U D3 x {1} U {-1} x Dj U {1} x D3, which is also the boundary 
of D3 x D3. The map h now identifies these two boundaries. See Figure 2.3 for 
views of the first two pieces and then the first three pieces within the torus. 


DixS'cT 


Figure 2.2. Decomposition of front half of the torus. 
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Figure 2.3. Views of one-half and three-fourths of the torus. 


2.2 Handle decompositions and 
more basic surfaces 


Recall that the last piece D} x Dj = [—1, 1] x [—1, 1] of the torus is homeomorphic 
to the unit disk D?. Our identifications are occurring on the boundary of D3 x Di, 
which is homeomorphic to the circle. We could also think of D} x D} as a disk 
D?. Our decomposition of S' x S* is then better expressed as 


(DP st DD" ).Uie (Dx DY), (D*  D*), (? ©"), 


where D° is a point and D* x D/ is attached to the boundary of the space 
preceding it by an embedding of 0D’ x D!. 


Definition 2.2.1. We will call D’ x D! an i-handle. We say that it has index i 
and denote it by h*, with subscripts used to distinguish different handles of 
the same index. A handle decomposition of a surface (with boundary) is a 
decomposition of the form 


0 0 1 1 2 2 
AP U+-+UWAP, Ub} Us Uh, UR? UU Ae, 


where kg > 1 and 0D* x D? is identified with a homeomorphic image in the 
boundary of the space (which is a surface with boundary) preceding it in the 
decomposition. A surface (possibly with boundary) with a handle decomposition 
is called a handlebody. 


As an alternate description, a handlebody H is built up inductively from 
a disk by attaching handles of nondecreasing index Xp C X1 C -::-Xp C 
Xpoi C Xp = H, where Xp41 = Xp U h*, with 0D’ x D/ C h' identified to 
a homeomorphic image in OX,. In the case of the 2-sphere, we have exhibited 
a handle decomposition with one 0-handle and one 2-handle. For the torus, we 
have given a handle decomposition with one 0-handle, two 1-handles, and one 
2-handle. 

Note that the above definition assumes implicitly that each X;, is a surface 
with boundary. This will be proved later in the chapter as a step in proving the 
classification theorem. Basically, the idea is that attaching a 1-handle to a surface 
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Figure 2.4. Attaching a 1-handle. 


with boundary gives a surface with boundary. This is clear geometrically if we 
know that there is a “nice neighborhood” of the part of the boundary where the 
handle is attached and the handle is attached in a “nice” manner. See Figure 2.4 
for a picture of how the boundary changes when a 1-handle is attached. Two arcs 
that were part of the boundary where the 1-handle is attached are no longer in 
the boundary, but the two complementary arcs of the boundary of the 1-handle 
become part of the boundary. 

The index of a handle indicates the way that the handles are attached in 
forming the surface inductively. The 0-handles just consist of disjoint disks. The 
1-handles are also homeomorphic to disks, but in terms of the handle decom- 
position they are best thought of as rectangles D! x D!. They are attached to 
the surface already formed by identifying {—1} x D! and {1} x D! with arcs in 
the boundary circles. The 2-handles are best thought of as disks D? and they 
are attached to the preceding surface by identifying their boundary circle with 
a circle in the boundary of the surface. Attaching a 2-handle can be regarded as 
filling in a hole in the surface. There is no choice in how a 0-handle is added to 
a surface (just as a disjoint disk) and little choice for the 2-handles (essentially 
only which boundary circle one fills in). The interesting operation in forming 
the surface is attaching the 1-handles, and the bulk of our work in classifying 
surfaces is to understand this. 

The existence of a handle decomposition on a compact surface follows from 
the existence of a triangulation or a differentiable structure on the surface. 
Examples are given in Section 2.8 to show how these structures give rise to 
handle decompositions. We will see through examples how handle decomposi- 
tions arise naturally for surfaces with boundary in 3-space that come from 
embeddings of the circle in 3-space (knots). In 1925, Radé [29] first proved 
that surfaces could be triangulated as PL manifolds, and it was later shown 
that two PL surfaces were homeomorphic iff they were PL homeomorphic [27]. 
Moreover, all surfaces arise as differentiable surfaces, and they are homeo- 
morphic iff they are diffeomorphic. These results also hold for 3-manifolds, 
but are not true in higher dimensions—understanding the distinctions between 
topological manifolds, PL manifolds, and differentiable manifolds have provided 
some of the most fascinating research problems in topology. Some of the early 
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Figure 2.5. Another handle decomposition of the sphere. 


foundational papers involving both surfaces and higher-dimensional manifolds 
include [23, 4, 8, 26, 33]. See [3, 22, 10, 25] for more expository presentations. 

Note that a surface may have many different handle decompositions. The 
ones we have exhibited so far are minimal in that they have the minimal number 
of handles of each index necessary for a handle decomposition of each surface. We 
illustrate by a picture another handle decomposition of the sphere in Figure 2.5. 
This is formed with one 0-handle, one 1-handle (starting off like a torus with 
an annulus), and then two 2-handles. The role of the first 2-handle is to close 
a hole in the annulus to get a disk. Thus the effect of the first three handles is 
to give a complicated handle decomposition of a disk. The remaining 2-handle 
then completes the disk to a sphere, as in the standard handle decomposition of 
the sphere. 

Our next two model surfaces are best described in terms of handle decomposi- 
tions. Neither of them can be embedded in R?, although one of their fundamental 
building blocks—the Mobius band—can be. The first is the projective plane, 
which we denote by P. The projective plane has a handle decomposition with 
one 0-handle, one 1-handle, and one 2-handle. The 0-handle may be regarded 
as [—1,0] x D? and the 1-handle as [0,1] x D+. The 1-handle is attached to the 
0-handle by identifying the two copies of 0 x D! via the identity and identifying 
(1,y) with (—1,—y). The space obtained so far is the Mobius band, which we 
had looked at previously in Section 1.7 as an example of a quotient space. It 
can be formed by taking a rectangular strip of paper and joining the ends after 
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[-1,0] x D? [0,1] x D' 


Figure 2.6. Handle decomposition of Mobius band. 


making a half twist (see Figure 2.6). Its boundary is one circle, which comes 
from [—1,1] x {41} by identifying (1,—1) with (—1,1) and identifying (1, 1) 
with (—1,—1). This is homeomorphic to a circle since it is the union of two 
intervals with their respective end points identified. 

The Mobius band has the interesting property that it is “one-sided”. You 
can run your finger around a path on the Mobius band to get from one “side” 
to the other without crossing the edge. Practical application of this property 
is made in conveyor belts so that they wear out evenly. Another description of 
this property, which is called nonorientability, is given by establishing near a 
point a direction of counterclockwise rotation as being a positive orientation at 
that point. Then there is a path in the Mobius band so that if we carry this 
orientation consistently along the path, we will return to the initial point with 
the opposite orientation (clockwise) from which we started. See Figure 2.7 for an 
illustration of this in the quotient space model. It is also useful to make a paper 
model of the Mobius band and confirm this property in the paper model. 

It is worthwhile to experiment with a model of the Mobius band to gain some 
intuitive feeling for the property of nonorientability. You should also construct a 
model of the cylinder by taking a rectangular strip and joining the ends without 
making a twist. For each model, try cutting it lengthwise down the middle and 
also lengthwise one-third of the way across. Try to predict what will happen 
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Figure 2.7. Orientation-reversing path. 


C, 


Figure 2.8. Decomposition of P. 


in each case before you cut it. You may find more experiments and further 
manifestations of nonorientability discussed in [2]. We will study orientability 
more thoroughly in Section 2.4. It plays a key role in the classification of surfaces. 
We will give a more advanced treatment of orientability from the viewpoint of 
homology in Chapter 6. 

Returning to the projective plane, note that the boundary of the Mobius band 
is a circle. The projective plane is formed from the Mébius band by attaching a 
2-handle D? x D° = D? to the Mobius band by identifying the boundary circle 
S? with the boundary circle of the Mébius band. The projective plane may not 
be embedded as a subspace of R® so that it is difficult to draw a picture of it as 
in the case of the 2-sphere and the torus. 

Here is a way to see how to embed P in R*. Consider the boundary circle 
C of the Mébius band. We can find an embedded disk in R? with boundary 
C as follows—first draw lines L,, 22 connecting points of C, breaking C' into 
C1, C2, C3, C4 as indicated in Figure 2.8. 


2.2. Handle decompositions and more basic surfaces 73 


Ci C4 C2 
C1 dD, Ly I R L2 Le D2 Ce 
Ci C3 C2 


Figure 2.9. Forming a disk from three disks. 


Now C, UL, bounds a disk D, and Cg UL bounds a disk D2 that lies above 
the paper (like the upper hemisphere of the 2-sphere bounding the equator). 
Then L, U C3 U Lg UC, bounds a twisted rectangular strip R. To see that 
D,, Dz, and L fit together to give a homeomorphic copy of the disk, redraw D, 
and Dz» as rectangles and put the three pieces together in the plane. What we 
get is three rectangles laid end on end, which is homeomorphic to a rectangle 
and hence to a disk (see Figure 2.9). 

Unfortunately, this disk D? intersects the Mébius band within the strip R. 
By perturbing it, we can remove this intersection in R*. Let f : D? — R°, g: 
M — R? be our embeddings into R* which agree on the boundary circles. Now 
define f : D? — R4, g: M = R! by f(x) = (f(e),1 — lel), g(x) = (g(@),0). 
Here the first entry corresponds to the first three coordinates of R*, and the 
last entry corresponds to the fourth coordinate. Now f and g are embeddings 
into R*, which intersect only along the common boundary circle, and hence fit 
together to give an embedding of P into R*. We are using the extra dimension to 
remove the intersection between the original images of f and g. This is analogous 
to removing the intersection of a figure 8 in the plane by lifting one piece of the 
8 slightly into R° near the intersection point. 

There are useful descriptions of P besides being the union of the Mobius 
band and a disk along their boundary circles. For instance, it may be described 
as a quotient space of the 2-sphere S? by identifying a = (21,272,273) with 

w% = (—%1,—£2,—23);—a@ is called the antipodal point of a. There is a nat- 
ural identification map f : S? — P and we give P the quotient topology using 
this map. This description of P is responsible for the name projective plane since 
each pair of points {a,—a} which are identified corresponds to a unique line 
through the origin. Thus P can be thought of the space of lines through the ori- 
gin in R® with the appropriate topology. Another description of P as a quotient 
space can be derived from the above by noting that only the upper hemisphere 
is necessary in finding a surjective map onto P. Using the fact that the upper 
hemisphere is homeomorphic to the disk, P may be described as the quotient 
space of the disk with opposite points (#1, #2) and (—21, —x%2) on the boundary 
circle identified. From this description we can see (as illustrated in Figure 2.10) 
why P is the union of the Mobius band and the disk. In this figure, B is easily 
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Figure 2.10. Two views of the projective plane. 
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Figure 2.11. Two homeomorphic half disks. 


identified to the Mobius band and D, and D2 (with the indicated identifications) 
together form a disk. Note that we are using the idea of Exercise 2.2.1. 


Exercise 2.2.1. Construct a homeomorphism between the lower half of the disk 
and the upper half of the disk sending the boundary as indicated in Figure 2.11. 
(Hint: Construct homeomorphisms between each half disk and the whole disk.) 


Exercise 2.2.2. 


a se the quotient map f : => o show tha is a compact, connecte 
Use th tient S? — P to show that P i t ted 
surface. 


(b) Use the handle decomposition description of P to show that P is a 
compact connected surface. 


Our final model surface is the Klein bottle, which we denote by K. It is the 
union of two Mobius bands joined along their boundary circles. We can think of 
it as being obtained from two projective planes by removing a disk from each 
and gluing along the boundaries of each disk. We will return to this idea in a 
more general context of forming connected sums. We can picture K and T at 
the same time by taking a rectangle and making certain identifications on the 
boundary. Each starts with the space D! x D!. For the torus and Klein bottle, 
we first identify D! x {-1} with D! x {1} by identifying (z,—-1) with (z, 1). 
This forms a cylinder. For the torus we then identify {1} x D! with {1} x D! by 
identifying (—1, y) with (1, y). For the Klein bottle, we identify {—1} x D! with 
{1} x D! by identifying (—1, y) with (1, —y). See Figure 2.12 for an illustration. 
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Figure 2.12. Constructing the torus and Klein bottle. 


We indicate how the Klein bottle is the union of two Mobius bands glued 
along their boundary circles in Figure 2.13. 


Exercise 2.2.3. Give a description of K as a quotient space of R? analogous to 
our description of T as a quotient space of R? in Chapter 1. Use this description 
to show that K is a surface. 


Exercise 2.2.4. Show that K is compact and connected. 


We describe two different handle decompositions of kK. Each has one 0-handle, 
two 1-handles, and one 2-handle. They differ in that in one we have a cylinder 
after the first 1-handle is attached, and in the other we have a Mobius band after 
the first 1-handle is attached. We will illustrate both decompositions in terms of 
our picture of the Klein bottle as a rectangle with identifications. 

We have illustrated in Figure 2.14 the decomposition of K as h® U hj U 
hs Uh?. But we could have added the two 1-handles in the other order and got a 
decomposition of K as h° Uh} Uh{ Uh?. Note that in the second decomposition 
h® Uhd is a cylinder and the attaching map for h} identifies {+1} x D! to part of 
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Figure 2.13. The Klein bottle is a union of two Mobius bands. 
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Figure 2.14. A handle decomposition of the Klein bottle. 


0(S' x D') = S' x {+1} by identifying {—1} x D' to an interval in D! x {—1} 
but identifying {1} x D! to a similar interval in an orientation-reversing fashion. 
By this we mean that if f : D' > S* is the embedding of [—1,1] into $', then 
{—1}x D! — S!x{-1} is given by (—1, x) — (f(x), -1) and {1} xD! — S'x{1} 
is given by (1,2) > (f(—2), 1). 
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The four surfaces—S? (hereafter just called $), T, P, K—are our model sur- 
faces. We now describe the model surfaces with boundary. The first will be the 
disk D?. Note that the exterior of the disk in the plane is homeomorphic via 
(x,y) > (a/(x? + y”),y/(a? + y?)) to D?\{(0,0)}. Hence the exterior of the 
disk is also a manifold with boundary. By a disk in a surface we mean the image 
f(D?) of the standard disk D? C R? under a homeomorphism f from R? onto an 
open set in the surface, where f |D? = f. Since the complement of the interior 
of the disk in R? is a surface with boundary, it follows that the complement 
of the interior of a disk in a surface is a surface with boundary. The question 
then arises whether two such complements M\int D, and M\int D2 are homeo- 
morphic if D,, Dz are disks in M. This is true when M is connected because of 
the following important result, which is called the ‘disk lemma’. The lemma is 
a basic one in PL or differential topology for manifolds of any dimension and is 
based on the idea of a regular neighborhood or tubular neighborhood of a point. 
Rourke and Sanderson [31] and Hirsch [15] are good sources for treatments from 
these viewpoints. We will give a more refined version as well as relate it to the 
Schonflies theorem and the concept of orientation in Section 2.4 and the sup- 
plementary exercises at the end of the chapter. The general topological case in 
higher dimensions is closely connected to recognizing an annular region enclosed 
between one embedded disk and a larger one, which was a difficult question that 
was only recently solved by Kirby [16] in dimensions other than 4 and then more 
recently by Quinn [28] in dimension 4. 


Lemma 2.2.1 (Disk lemma, first version). Let D,,D2 be disks in the 
interior of a connected surface (with boundary) M. Then there is a homeomorph- 
ismh: M— M (fixed on OM) with h(D,) = Do. 


Exercise 2.2.5. Show by induction that if D,,...,D, are k disjoint disks in 
the interior of a connected surface M, and D}{,...,Dj, is another collection of k 
disjoint disks in the interior of M, then there is a homeomorphism h: M — M 
which is the identity on OM sending D; to Dj. 


We define M(,) to be the surface obtained from M by removing p disjoint 
disks from int M when M is connected. By Exercise 2.2.5 it is well defined 
up to homeomorphism independent of the particular disks removed. Our model 
surfaces with boundary will be Sip), Tip), Pip), and Kp). Note that $1) is a 
disk and P() is a Mobius band. 


p)> *(p)) 


2.3. Isotopy and attaching handles 


In this section we will develop some technical lemmas to understand how the 
attaching of 1- and 2-handles depends on the particular attaching homeomorph- 
ism used. The important thing for the reader to understand from this section 
is the statements of the lemmas and how they reduce the classification problem 
to a problem of understanding certain models. The proofs of the lemmas are of 
less importance, and it may be useful to omit them on the first reading of the 
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section. They are largely an application of ideas of collars, quotient spaces, and 
properties of self-homeomorphisms of an interval to itself. 

Suppose H is a handlebody; we will show that the boundary of H is a disjoint 
union of a number of circles and that there is a (closed) neighborhood of 0H of 
the form 0H x I. Such a neighborhood is called a collar of the boundary, and we 
will be using the existence of such a collar throughout the section. Any compact 
manifold with boundary possesses a collar on the boundary. Arguments are given 
by Rourke and Sanderson [31] and Hirsch [15] in the PL and differentiable cases 
and by Hatcher [13] for topological manifolds. We consider how H Uh! depends 
on the particular embedding of f : {+1} x D! > OH. In understanding this, we 
will use the concept of an isotopy. 


Definition 2.3.1. We say homeomorphisms go,g1 : B — B are isotopic if 
there is a homeomorphism G : B x I — Bx I with G(b,t) = (G,(b),t) and 
Go = go, Gi = gi. G is called an isotopy between go and g;. We say embeddings 
fo, fi : A — B are ambient isotopic if there is an isotopy G: B x I Bx Iso 
that Go = id and Gi fo = fit. 


We will be dealing with the notion of ambient isotopy of embeddings of D! 
in S! in this section and of embeddings of D? in surfaces in the next section. 
Isotopy of homeomorphisms is an equivalence relation, with transitivity the only 
difficult property to verify. If F; gives an isotopy between f and g, and G gives 
an isotopy between g and h, then 


gives an isotopy between f and h. Note that the argument is the same one 
that we used to show that path connectivity is transitive. An isotopy is a path of 
homeomorphisms connecting two homeomorphisms. In terms of ambient isotopy, 
there is also an argument in terms of composition. If F,G are ambient isotopies 
with Fo = id, Fi f =, and Go = id, Gig = h, then if H = GF, we have 
Ho = id, Ayf = GF, f —_ Gig =f: 

We first review how the circle arises from the interval and from the reals as 
a quotient space. Let p: R — S$ be the map given by p(t) = (cos 2zt, sin 2rt). 
Then p is a quotient map and we can use it to identify $1 with R/t ~ t+n, n€ Z. 
Any closed interval of length <1 will be mapped homeomorphically onto its 
image, which will be called an arc in the circle. A homeomorphism f : R > R is 
called periodic of period 1 if either f(a +1) = f(x) +1 (for f order preserving), 
or f(a +1) = f(x) —1 (for f order reversing). Such a homeomorphism /f will 


then induce a homeomorphism f by the quotient construction: f([#]) = [f(x)]. 
It is also the case that any homeomorphism of S! arises as f for a periodic 
homeomorphism /f. 

Since the homeomorphism /f is periodic, it is actually determined by its 
values on any interval of length 1. To discuss this, we will assume that f is 
order preserving for simplicity, but the argument is analogous in the order- 


reversing case. Choosing an interval [a,a+1], f order-preserving periodic implies 
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that f(a+1) = f(a) +1; thus f gives a homeomorphism by restriction f’ = 
f\la,a+1] : [a,a+1] — [b,b+ 1], where b = f(a). Conversely, whenever we have 
an order-preserving homeomorphism f’ : [a,a+ 1] — [b,b + 1], it determines 
a periodic homeomorphism f : R — R via noting that any « € R can be 
expressed as 7 =t+n,n € Z,t € [a,a+1) and t unique. Then f is defined by 
f(a) = f(t)+n. We leave it as an exercise to check that f is continuous and gives 
a periodic homeomorphism. Thus order-preserving periodic homeomorphisms of 
R may be identified with order-preserving homeomorphisms f’ : [a,a+1] — [b, b+ 
1]. In turn, these are identified with orientation-preserving homeomorphisms of 
the circle. A related fact is that the restriction of p to [a,a+ 1] or [b,b+ JJ 
determines a quotient map to the circle, and so f can also be regarded as coming 
from f’ via this quotient construction. We indicate the relationship of these 
maps by the following commutative diagram, where i,,7, denote the natural 
inclusions. 


> [b,b+1] 


LY 
f 


R —~> R 


eae 


gag) 


3) 


Exercise 2.3.1. Show that the map f : R — R defined above using f’ : [a,a+ 
1] — [b, b+ 1] is a periodic homeomorphism. 


Because of these relationships, we may deal with maps from the circle to 
itself by using periodic maps of R or maps from the interval [a,a+1] to [b,b+1]. 
This also applies to self-maps of $1 x J in a similar manner. 


Lemma 2.3.1. Let [1, Ip (resp., I{, Ii) be disjoint arcs in the circle. Then there 
is a homeomorphism of the circle sending I, to I, and Ig to If. Moreover, this 
homeomorphism may be chosen to be isotopic to the identity. 


Proof. Note first that any two arcs I,J’ in the circle are homeomorphic. 
Moreover, there is “standard” homeomorphism between them. For consider 
p:R — S', p(t) = (cos2zt,sin2rt). Select intervals J,J’ C R so that 
p(J) = I, p(J’) = I’. Now any two intervals are homeomorphic via the 
unique order-preserving affine linear homeomorphism from [a, }] to [a’, b’] sending 
ta+(1—t)b to ta’+(1-t)b'!",0 <t < 1. This induces (via p) a “standard” homeo- 
morphism from I to I’. We leave it as an exercise to show that this “standard” 
homeomorphism does not depend on the choice of J, J’. 

Regarding S$! as the quotient space of R, we can find intervals Ji, Jo, Ji, Js 
which p sends to 1, Ig, I,, I homeomorphically. Moreover, these can be chosen 
so that vy < vg <u3 < ug <u t1, vp < uh <¥uh <u, <u, t), loi —vj| < 1, 
and Jy = [v1, v2], Jo = [v3, va], Jy = [v}, v5], J = [v5, v4]. We then define a map 
f : (v1, 01 +1] — [vy, vf +1] by requiring that f(v;) = vj and f(vi+1) = v} +1, as 
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Figure 2.15. Isotoping embeddings. 


well as making the map affine linear on each subinterval [v;, v1] and [va, v1 +1]. 
This induces the homeomorphism f : $' + $1 which sends I; to I fe 

To see that it is isotopic to the identity, we construct a map using intervals 
which induces the isotopy. The map F; giving the isotopy will be defined at each 
level t by a map like the one above and will be determined by the images of the 
vertices. Its graph for a fixed vertex v; and varying ¢ is just the straight line 
segment joining v; and te We show in Figure 2.15 the images of these vertices 
as t varies. The subintervals between vertices are then mapped by affine linear 
maps. These maps then induce the required isotopy of homeomorphisms of the 
circle. 


Exercise 2.3.2. Show that the “standard” homeomorphism constructed above 
does not depend on the choice of J, J’. 


Note that Lemma 2.3.1 also allows us to move a single interval via an isotopy. 
We will use it in both situations. Lemma 2.3.1 is used in conjunction with the 
following lemma to say that we may specify without loss of generality the image 
arcs without changing the homeomorphism type of H Uy h’. 


Lemma 2.3.2. Suppose H Uf hi and H Ug h! are handlebodies, and there is a 
neighborhood of OH in H of the form OH x I where OH corresponds to OH x {0} 
and an isotopy F: OW x I > OH x I with Fof = g and F, = id, the identity. 
Then there is a homeomorphism from H Uz h' to H U, h! sending h' to h! 
by identification (via the “identity”). The homeomorphism is also the identity 
outside the collar of the boundary. 


Proof. Define the homeomorphism as follows. First send h! to h! via the iden- 
tity. Identifying the neighborhood of OH with OH x I, send OH x I—- OH x I 
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Figure 2.16. Using an isotopy on the collar. 


via F', and send H\(OH x I) to H\(OH x I) via the identity. These maps fit 
together to give a homeomorphism. O 


Figure 2.16 gives an illustration of the above proof. 

The way to use this lemma with the preceding one is to define g by Fof, 
where Fo(1)) = Ij, Fo(l2) = I5. This allows us to shift our image arcs of the 
attaching homeomorphism up to isotopy without changing the homeomorphism 
type of the resulting handlebody. 

We now study the dependence of H U; h' on f, after fixing the image set 
f({+1} x D'). Because of the argument above, we will assume that f;({—1} x 
D') = fo({-1}xD') and fi ({1}x D') = fo({1} xD") and then compare Huf, h! 
and H Us, h}. Consider oeare this is a homeomorphism from {+1} x D! to itself, 
sending each copy of D! to itself. We claim that the only important fact we need 
to know to compare the homeomorphism type of H Uy, h! is whether both these 
maps preserve order (or reverse it) or whether one preserves order and the other 
reverses it. The claim depends on the following lemma, in which we are using I 
instead of D! because we also want to apply it to homeomorphisms of the circle. 


Lemma 2.3.3. 


(a) Any order-preserving homeomorphism f : I — I is isotopic to the 
identity. 


(b) Any order-reversing homeomorphism f : I — I is isotopic to r'(t) = 1-t. 


Proof. The idea of the proof of (a) is to graph f and the identity and connect 
f(s) and s by astraight line. We use the formula G(s, t) = G;(s) = (1—-t) f(s)4+ts. 
Then G;(-—1) = -1,G,(1) = 1,Go(s) = f(s),Gi(s) = s, and G; is a homeo- 
morphism for each t. We confirm the last fact by noting that if 0 < sy < sg <1, 
then 

Gi(si) = 1 — t)f(s1) + t(s1) < 1 —t)f(s2) + tse = Gi (se). 


We are using here that 0 < (1—t), t < 1 and both 1 —¢ and t cannot be 0 since 
they add to 1. We leave (b) as an exercise. 0 
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Exercise 2.3.3. Deduce part (b) from (a) by composing an order-reversing f 
with r’ to get an orientation preserving g = fr’ to which to apply (a). 


Here is the version for D!. 
Lemma 2.3.4. 


(a) Any order-preserving homeomorphism g : D'! — D! is isotopic to the 
identity. 

(b) Any orientation-reversing homeomorphism g : D' — D' is isotopic to 
the reflection r(t) = —t. 


Exercise 2.3.4. Use the homeomorphism h : D' — I,h(s) = $(s +1) and 
Lemma 2.3.3 to prove Lemma 2.3.4. 


We define an embedding of D! into $1 to be orientation preserving (resp., 
reversing) if it is the composition of an order-preserving (reversing) embedding 
of D1 into R and the map p: R > S', p(t) = (cos2zt,sin27t). We say that 
a homeomorphism from $1 to $! is orientation preserving if it comes from a 
periodic homeomorphism of R which is order preserving. The composition of an 
orientation-preserving embedding and an orientation-preserving homeomorph- 
ism of S! will be orientation preserving. All isotopies of S' arise as periodic 
isotopies of R. This means that each F; must be orientation preserving when 
Fo = id. We use this for the next proposition. 


Proposition 2.3.5. 


(a) Suppose fi, fo : D! — S' are orientation-preserving embeddings. Then 
they are ambient isotopic. 


(b) Suppose fi, fo : D' — S$? are orientation-reversing embeddings. Then 
they are ambient isotopic. 


(c) Suppose fi, fo: D' + S* are embeddings so that f, preserves orientation 
and f2 reverses orientation. Then they are not ambient isotopic. 


Proof. 


(a) Let y = fi(D'),Ig = fo(D'). By Lemma 2.3.1, there is an ambient 
isotopy F; so that Fo = id and Fy (1,) = Ig. By construction, F; arises 
from a periodic order-preserving homeomorphism of R, so will preserve 
orientation for all t. Let g,; = F\ f,—this is orientation preserving. Hence 
9, fe : D! — D! is order preserving. By Lemma 2.3.4 there is an ambient 
isotopy G; : D' x I = D! x I so that Go(x) = 2,G = Gr fo Define 
H:Ipx I> Ip x I by Hy = 9Gigy'. Then Ho = id, Hy = gi Gigy = 
m9, fog, = fog; . Then Higi = fog, gi = fo. Now the isotopy H is 
the identity on {gi(—1), g1(1)} since G; is the identity on the end points. 
Hence we can extend H; to all of $+ by defining it to be the identity 
on $1\Jy. Finally, the composition H;F, will give an ambient isotopy 
connecting f; and fo. 
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(b) The embeddings fir, for are orientation preserving. By (a), there is an 
isotopy F, : S! > S$! with Fy = id, Fy, fir = for. Composing with r gives 


Fifi =Fifilrr) = (Fifir)r = (fer)r = fe(rr) = fa. 


(c) By the comment above, isotopies of $+ are orientation preserving at 
each level F; so ambient isotopic embeddings are either both orientation 
preserving or both orientation reversing. 


There is a result for homeomorphisms of S$! which is analogous to 
Lemma 2.3.3 and follows from it. 


Lemma 2.3.6. 

(a) Any orientation-preserving homeomorphism f : $1 — S' sending 1 to 
1 is isotopic to the identity, where 1 is sent to 1 at each stage of the 
isotopy. 

(b) Any orientation-preserving homeomorphism f : S1 — S* is isotopic to 
the identity. 

(c) Any orientation-reversing homeomorphism f : S' — S' is isotopic to 
r(x, y) a (x, —4). 


Proof. 


(a) The orientation-preserving homeomorphism f is induced from an order- 
preserving homeomorphism f’ : J + I, which by Lemma 2.3.3 is isotopic 
to the identity via an isotopy F;. Then F; induces an isotopy F; : S! — $1 
between f and the identity. 

(b) A rotation Rg(cos¢,sing) = (cos(¢ + @), sin(¢ + A)) is isotopic to the 
identity via F; = Rig. First isotope f toa map g = Ref which sends 1 to 
1. Then apply (a). 

(c) This is left as an exercise. 


Exercise 2.3.5. Prove part (c). 


Now consider what happens when we attach a l-handle to H. The boundary 
of H consists of a finite number of circles, each of which has a collar neighbor- 
hood. Since D! is connected, it will be embedded into a single boundary circle. 
When we form H Uy D! x D!, then the images f({—1} x D') U f({1} x D?) 
will lie in either one or two boundary circles. We identify each of these bound- 
ary circles with $1 and the collar with S$! x I. Suppose g is another attaching 
map which has f({—1} x D!) and g({—1} x D') lie in the same boundary circle 
and f({1} x D') and g({—1} x D?) lie in the same boundary circle. Denote 
by f(-1), fay the restrictions of f to the two attaching intervals, with similar 
notation for g. Then Lemma 2.3.1 says that there is an ambient isotopy F’ of 
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the relevant circles so that Fo = id and Fi f(-1) = fay Fifa = fia where 
fi_y({-Ub x DY) = gy ({-1} x DY), fly {1} x DY) = gay ({1} x D4). Then 
if ( ae me g(-1) is order preserving, then there is an ambient isotopy between 
Fin and g;_1). Composing these ambient isotopies will give an ambient isotopy 
between f/_1) and g(_1). On the other hand, if (fay) * 9-1) is order reversing, 
then there will be no ambient isotopy between fi and g(—1), and hence no 
ambient isotopy between f(_1;) and g(_1). However, in this case, we have the 
map (Fay) 7 -r order preserving, where r(z,y) = (x,—y) and so we get 
f(—1) is ambient isotopic to g(_1)r. Similarly, we either have f(;) ambient iso- 
topic to gi) or to gayr. Note that when f(_1), f(1) both attach the handle to 
the same boundary circle, the proof of Lemma 2.3.5 will allow us to construct 
an ambient isotopy of this circle to achieve these results for both embeddings 
simultaneously. 
Thus there are four possibilities: 


(1) f(—1 is ambient isotopic to g_1) and f1) is ambient isotopic to 91); 

(2) f(—1) is ambient isotopic to g(_1)r and f(1) is ambient isotopic to gq)yr; 

(3) f- 
) 


(4) f(-1) is ambient isotopic to g(_1)r and f(1) is ambient isotopic to gi). 


) is ambient isotopic to g(_1) and f(z) is ambient isotopic to g(1)7; 


In case (1), Lemma 2.3.2 says that there is a homeomorphism between H Uy 
h' and H Ug h': this homeomorphism will be the standard identification on 
the handle h! and the identity on the complement of a collar on the boundary 
circle(s) in H, and will use the isotopy on the collar(s). We get similar results 
in the other three cases. However, there is a homeomorphism between H U, h! 
and H U,, h' which is defined by sending H to itself by the identity and sending 
h! = D' x D' to itself via r. Thus in the first two cases, we get a homeomorphism 
between HUs hi and H Ugh. In the third case, we get a homeomorphism between 
H Uy h' and H Uy h' where %-1) = g(-1) and Ia) = gr. Case (4) gives the 


same space as in case (3) since H Ug: h! ~ H Ug’, h' using the homeomorphism 
r on h!. Thus there are at most two different ways to attach a handle up to 
homeomorphism. Given one way f, the other way which may be different up to 
homeomorphism is to use the same attaching map on one interval and to compose 
with r on the other interval. When both intervals are attached to the same circle, 
these will be different, as we will see below. When they are attached to two 
different circles, they may or may not be different, depending on connectivity 
and orientability conditions, which are discussed in the next section. 

We next look at how the boundary changes when we attach h!. Because of 
the discussion above, we can specify the attaching map on one interval, and 
the attaching map up to possible composition with a reflection on the other 
subinterval. The only place the boundary will change is for the circles where 
the handle is attached. The other circles and their collars will remain after the 
handle is attached. First consider the case where the handles are attached to a 
single circle. We draw a collar neighborhood and look at two standard ways of 
attaching the handle. We can identify the two possibilities in Figure 2.17. In the 
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Figure 2.17. Attaching a 1-handle to one boundary circle. 
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Figure 2.18. New boundary neighborhoods. 


one on the left, the new boundary will have two components in place of one. For 
each component it is easy to find a collar on the boundary that will use part of 
the old collar which has been adjusted near where the handle is attached to fit 
together with an adjusted collar on the handle. For the case on the right, the new 
boundary will still consist of one boundary circle, and there is a Mébius band 
embedded in the surface using a piece of the collar and the handle h!. Again, we 
can piece together a collar using the old collar and a collar on the handle, where 
we adjust each near where the two pieces meet. In each case, the new boundary is 
formed from the old by removing the attaching intervals and putting in the new 
intervals D! x {+1}. We picture the new collars in Figure 2.18. Since these two 
surfaces have different numbers of boundary circles, they are not homeomorphic. 


Exercise 2.3.6. Find the Mobius band that is referred to above on the right 
surface in Figure 2.17. 


Now consider the case where the handle is attached to two different boundary 
circles, each of which has a collar. All of the other boundary circles and their 
collars will remain after this handle is attached. We can again reduce to two 
cases, which are pictured in Figure 2.19. By examining the two diagrams, we see 
that after the handle is attached, the two boundary circles have been replaced 
by a single boundary circle, and we can again find a collar of this new boundary 
piece which comes from modifying the old collars and the collar on the handle. 
We again remove the attaching intervals from the boundary and add in D! x {+1} 
to the boundary. 
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Figure 2.19. Attaching a 1-handle to two boundary circles. 


Exercise 2.3.7. Show that the result from attaching a 1-handle to the same 
boundary circle is never homeomorphic to what you get when it is attached to 
two different boundary circles. (Hint: Consider the number of boundary circles 
in each case.) 


We summarize the main results in this section. To understand how attaching 
a l-handle changes a handlebody, we only need a limited amount of information. 
First, we need to know the components of the boundary where the handle is 
attached. Within any individual component, we may specify completely what 
the image arcs are without changing the homeomorphism type of H Uh!. Once 
the image arcs are specified, then the result of attaching the 1-handle is described 
via one of our standard models. Thus to study the changes in the handlebody 
induced by adding a 1-handle, it suffices to study what happens in each of our 
model situations. 


Theorem 2.3.7. Let H be a handlebody with a handle decomposition with 
0-handles and 1-handles. 


(a) Then OH is homeomorphic to the disjoint union of a finite number of 
circles. 


(b) There is a neighborhood N(OH) of OH which is homeomorphic to 
OH x I, where OH x {0} C OH x I is sent to OH C H via the standard 
identification (2,0) > x. 


Proof. We outline the argument, leaving the details as Exercise 2.3.8. For 
O-handles, the two claims are easily verified. Thus we prove the result by 
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induction on the number of 1-handles, seeing that it holds as each 1-handle 
is attached. Let H = H, Uh!. We assume by induction hypothesis that (a) and 
(b) hold for H,. Hence OH; is a disjoint union of a number of circles and there 
is a neighborhood of 0H, of the form OH, x I. Since we have a collar on the 
boundary where the 1-handle is attached, our earlier discussion applies. To see 
what the new boundary will be, we may choose our attaching maps to be one of 
the two standard ones. Only one or two boundary circles and its neighborhood 
will be affected by attaching the 1-handle. Thus it suffices to show that the new 
boundary and neighborhood as claimed in these two cases. Figure 2.18 can be 
used to show that (a) and (b) still hold after the 1-handle is attached when 
they are attached to the same boundary component. We leave as an exercise the 
case where the two arcs are attached to different boundary components, where 
Figure 2.19 may be used to find the required neighborhood. 


Exercise 2.3.8. Fill in the details in the proof above. 


We next consider what happens when we attach a 2-handle h? to form H = 
Hy, Uy h?. Here f : S' — OH, is an embedding into the boundary, which consists 
of a finite number of circles, each of which has a collar. Such an embedding 
has to be sent into a single circle. Its image is connected and compact. If it 
missed any point, it would be a closed subarc, which is not homeomorphic to the 
circle. Thus the image must be the whole circle. If we identify the two circles, 
then the map would have to be isotopic to either the identity or a reflection 
by Lemma 2.3.6. But these two give the same result up to homeomorphism, 
using a homeomorphism which is the identity on H; and r on h? = D?. The 
boundary circle to which the handle is attached is removed from the boundary 
by this operation. This can be seen by identifying the collar neighborhood to 
the annular region S! x [1,2] between circles of radius 1 and 2 in the plane and 
then attaching the handle via the identity to fill in the unit disk. Thus we get 
the following proposition. 


Proposition 2.3.8. If f,g:S' — OH, are attaching maps for a 2-handle which 
map to the same boundary circle, then Hy Uf hn? ~ Ay Ug h?. This new surface 
will have one fewer boundary circle than Hy. 


This last proposition says that if we have two handlebodies that are homeo- 
morphic, then if we attach corresponding 2-handles to “fill in’ these boundary 
circles, the resulting surfaces are homeomorphic. There is an alternate proof 
which does not use the result on isotopic homeomorphisms of the circle. Instead 
it uses the fact that any homeomorphism of the circle extends to a homeomorph- 
ism of the disk by coning; that is, given h : S! — S', we define H : D? — D? by 
H(0) = 0 and A(ra) = rh(ax), where |x| = 1 and 0 <r < 1. The homeomorph- 
ism between H, Uf h? and Hy, Ug h? is the identity on H, and the extension of 
the homeomorphism g~!f on D? = h?. If there are multiple 2-handles, we can 
use this on each one. In the other direction, the disk lemma and the exercise 
which follows it says that if two surfaces are homeomorphic, then the surfaces 
obtained by removing k disks from each of them are also homeomorphic. For it 
provides a homeomorphism of a surface with itself which sends any connected 
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k disks in the interior to any other collection. Because of these results, we will 
largely focus our attention on the 1-handles. However, embedded 2-disks in a 
surface do play a key role in the concept of orientation, which we will study in 
the next section. 


2.4 Orientation 


We now discuss the concept of orientability of a surface. Orientability is a prop- 
erty that is frequently easy to grasp intuitively but is relatively difficult to deal 
with precisely. A more advanced means of handling it is to re-express it in terms 
of homology conditions and note that the homology computations of orientability 
agree with one’s intuition in the usual examples. In Chapter 6 we will pursue this 
approach through homology. Here we will deal with it formally through orient- 
ing handle decompositions but will discuss other definitions such as embedded 
Mobius bands and isotopy classes of embedded disks. 

Before giving a more formal treatment, let us discuss some of the more 
common intuitive definitions. The models to think of in each case are the cylin- 
der (orientable) and the Mobius band (nonorientable). A surface (possibly with 
boundary) embedded in R? is said to be orientable if it has two sides, and nonori- 
entable if it has one side. Locally, of course, the surface looks like a plane which 
cuts space into two halves. Imagine a point on the surface and a vector pointing 
to one side of the surface. To say that the surface has one side means that we 
can find a path in M so that if we translate our vector consistently along this 
path then it will be pointing to the other side of the surface when we return to 
the original point. See Figure 2.20 for an illustration. 

Although this idea may seem fairly understandable, it has many pitfalls. One 
is that we are implicitly assuming that there is a “normal direction” to the surface 
towards which our vector can point. This problem can be handled by restricting 
our attention to differentiable surfaces, where the idea of a normal direction is 
readily defined. A more serious problem is that we are assuming our surface lies 


Figure 2.20. Orientation-reversing path via normal vector. 
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in R*: no compact nonorientable surface without boundary is embeddable in 
R°. One way out of this problem is to imagine the surface to be locally a plane 
and to orient this plane consistently by choosing a basis v1, v2 at each point. If 
the surface sits differentiably in some R”, there is a tangent plane attached to 
each point so that projection onto this plane gives a homeomorphism locally. Any 
other basis for the plane w 1, we is related to v1, v2 via (wi w2) = (v1 v2) A, 
where A is an invertible 2x2 matrix. To say the basis w 1, w2 determines the same 
orientation as v,,v2 means that the determinant of A is positive. If det A < 0, 
we say W 1, W2 determines the opposite orientation. There are two equivalence 
classes of orientations at a point, since det A is either positive or negative. It is 
common practice to attach a direction of rotation from v; to v2 at each point 
of M to indicate the choice of an equivalence class of a basis. Now we say that 
a surface is orientable if we can do this at each point in a consistent manner. 
The consistency can be checked locally since M locally looks like R? and so 
each basis can be referred back to R? to see whether it is always clockwise or 
always counterclockwise as a rotation. If M is path connected and there is a 
global choice of orientation which is locally consistent, then it will be globally 
consistent in terms of translation along a path in the surface always keeping the 
chosen orientation. The nonorientability of the Mobius band under this definition 
is illustrated in Figure 2.21. 

The above definition resolves the problem of the previous definition in that 
the surface need not be embedded in R°. However, it does depend on a well- 
defined transition between equivalence classes of bases according to different 
local descriptions of M as R?. This can be done if we require our manifold to be 
differentiable, since a differentiable map from R? to R? has a linear approxima- 
tion which can be used to compare bases. In fact, this idea is the basis for the 
standard definition of orientability for differentiable manifolds in general. 

Motivated by the fact that Mobius band epitomizes nonorientablity, we now 
give the first of three equivalent definitions of orientability for a surface. 


Figure 2.21. Orientation-reversing path via rotation direction. 


90 2. The classification of surfaces 


Definition 2.4.1 (M6bius band version). We call a surface nonorientable if 
it possesses an embedded Mobius band. If it is not nonorientable, then it is said 
to be orientable. 


This definition is sometimes useful in establishing that a surface is nonori- 
entable, but it can be difficult to use in seeing that it is orientable. The next two 
exercises, which use the strength of the Jordan curve theorem and invariance of 
domain, show that the plane is orientable with this definition. 


Exercise 2.4.1. Show that the complement of the center circle in a Mobius 
band is connected but that the complement of the center circle in an annulus is 
separated. 


Exercise 2.4.2. Use the previous exercise to show that a Mobius band cannot be 
embedded in the plane. (Hint: Consider the Jordan curve theorem and invariance 
of domain.) 


In the statement of the disk lemma, we are focusing more on the image 
of the embedding rather than the embedding itself. A refined version of the 
disk lemma leads to an equivalent definition for orientability that involves the 
notion of an ambient isotopy. As motivation, suppose that f : D? — R? is 
a standard embedding onto a disk B(ao,r1) C B(O,r). Let R: B(O,r) be a 
rotation of the plane by angle 0; that is, R = Rg|B(0,r). We can extend R to 
a homeomorphism of the plane which is the identity outside of B(0,r + 1) by 
defining it on the annulus A(r,r +1) = {a:r < |x| <r+1} by R\(r+s)S1 = 
Ra-s)el(r +s)S', 0 <t <1. This just rotates these circles by smaller angles 
until we send the circle of radius r + 1 to itself by the identity. Then we can 
extend R over the complement of B(0,r + 1) by defining it to be the identity. 
The homeomorphism R is isotopic to the identity, where the isotopy again just 
moves the amount of rotation on each circle back to the angle 0. The formula 
for the isotopy is 


Rio (x) lal <r, 
Ri(z) = 4 Ria_syo(w) |#|=r+s, 0<s <1, 
x jz) >r +1. 


Thus the embedding Rf is ambient isotopic to f via an ambient isotopy which 
is the identity outside a ball. In particular, if f = 7 is the standard inclusion, 
then Ri = i(R|D?) is ambient isotopic to the identity. 

Now consider the reflection r : D? — D?, r(x,y) = (a,—y) and the 
embedding f = ir. It turns out that ir is not ambient isotopic to 7. This 
will be shown in Chapter 6 using homology. We give here an argument that 
fr =i is not (continuously) differentiably ambient isotopic to f. For suppose 
there were a diffeomorphism F : R? x I > R? x I, F(a,t) = (Fi(ax),t) with 
Fo = id, F\t = ir. The derivative map DF;(a) will vary continuously and has 
positive determinant 1 for t = 0. Hence it has positive determinant for all t. But 
DF,(0)Di(0) = Di(0)Dr(O) and the left-hand side has positive determinant 
while the right-hand side has determinant —1, a contradiction. The homology 
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argument is based on the same idea, where we replace the derivative computa- 
tion with one based on homology. The same type of argument can be used in the 
differentiable case for embeddings f : D? — M to show f is not isotopic to fr if 
M is oriented as a differentiable manifold, which will mean that there will be a 
continuously varying way to compute the sign of the derivative of an embedding 
by comparing with a choice of basis giving the orientation of the tangent space 
at each point. This gives a restriction on when embeddings of disks are ambi- 
ent isotopic and it turns out to be the only restriction in a connected oriented 
differentiable manifold (see [15]). 

We contrast this last example to what happens in a Mobius band, where 
there is an isotopy which is the identity on the boundary circle and gives 
an isotopy between f and fr for a standard embedding f{. We regard the 
Mébius band B as a quotient of R x 2D! C R? via the equivalence relation 
(x,y) ~ (a + 1,-y). Now consider the region B} = R x D1/ ~c B. For 
0 <t <1, the translation T; :R x D! + Rx D!, T;(x,y) = (a+ t,y) induces 
a homeomorphism H; : B, — B,. Moreover, H; induces the same map as the 
reflection r(x, y) = (x,—y) does since T(z, y) = (a+ 1,y) ~ (a, —y). Thus, if 
i: D? — B, is a standard embedded disk about (0,0), then this shows that 
ir = ri is ambient isotopic to the identity with isotopy H;. The boundary circle 
of B, comes from [—5,5] x {£1}/ ~. This is homeomorphic to a circle S$? 
using k(s,—1) = (cos7s,sin7s),k(s,1) = (cos(#/2 + s),sin(7/2 + s)). Using & 
to identify the boundary with S', then H,; becomes the rotation R,,; that is, 
Rat = kT,k—'. In particular, H, is rotation by 7. We can extend k to a homeo- 
morphism K : B\int B,; > $1 x [1,2] by defining K(s,t) = (k(s, —1), |t|), t <0, 
and K(s,t) = (k(s,1),t), t > 0. Then we can extend R, over $1 x [1,2] > 
S! x [1,2] by rotating R(z,t) = (Rj(2-1)(z),t). This map is isotopic to the iden- 
tity via Ry(z,t) = (Rure-1(z),t). By identifying B\int By, with Sf, 2); 
this allows us to extend H; to a homeomorphism H, : B — B which is the 
identity on the boundary and is induced by reflection r on B,, and extend 
HA, to an isotopy H; : B — B between the identity and H,. Finally, suppose 
g: B — M is an embedding into the interior of a surface M. Then we can define 
an isotopy in M which is the identity isotopy on M/\g(B) and corresponds to our 
isotopy above on g(B). For the embedded disk f = gi, we will have f ambient 
isotopic to fr. 

When we discussed the Schénflies theorem earlier in the case of polygonal 
curves in the plane in Section 1.8, our main concern was to see that the com- 
pact region that was bounded was homeomorphic to a disk. However, the proof 
that was outlined there actually allows us to find an isotopy which moves the 
original polygonal curve to a standard triangle, with the isotopy being the iden- 
tity outside a larger ball. This holds since various homeomorphisms used in the 
argument can be chosen to be locally based near triangles where they are the 
identity outside a neighborhood of the triangle and the action within the neigh- 
borhood can be shown to be isotopic to the identity. This form generalizes to 
the general case of simple closed curves in the plane. For a proof, see [3]. There 
are also other versions which hold in all dimensions. Besides [3], good sources 
are [22, 5, 6]. 
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Theorem 2.4.1 (Strong form of the Schénflies theorem). Let C = f(S') 
be a simple closed curve in the plane and R?\C = AUB as given by the Jordan 
curve theorem, with A bounded. Then there is an ambient isotopy G:R? x I > 
R? x I with Gp = id, so that Gy(C) = S! and G\(A) = D?. The ambient isotopy 
can be chosen to be the identity outside a large disk. 


We now state a strong form of the disk lemma for embeddings of a disk into 
the plane and then in a surface. 


Theorem 2.4.2 (Strong form of disk lemma in the plane). Let f : D? > 
R? be an embedded disk in the plane. Then there is an isotopy G : R?xI — R?xI 
with Go = id and Gf =i or G,f =ir. Herei: D? — R? is the inclusion map of 
the unit disk and r is the reflection r(x, y) = (x,—y). This isotopy is the identity 
outside a large disk. Moreover, there is no such isotopy connecting i and ir. 


Theorem 2.4.3 (Strong form of the disk lemma). Let fo, fi : D? — M 
be embedded disks in the connected surface M with boundary OM (which may be 
empty). Then there is an isotopy G;: M — M which is the identity on a collar 
neighborhood of the boundary and Go = id, Gi fo = fi or Gifo = fir. 


Note that Theorem 2.4.3 is a two-dimensional analogue of Theorem 2.3.5. In 
the supplementary exercises, Exercises 2.9.25—2.9.33 derive Theorem 2.4.3 from 
Theorem 2.4.1. 

There are two isotopy equivalence classes of embeddings of disks in R? and 
they are represented by the inclusion and the reflection followed by the inclu- 
sion. Theorem 2.4.3 extends this for disks in a connected surface M. The basic 
idea, which is pursued in the supplementary exercises, is that there is an ambi- 
ent isotopy so that the image of the disk is contained in a fixed neighborhood 
homeomorphic to R?. This allows us to apply Theorem 2.4.2 to compare with a 
standard embedding. Thus there will be either one or two ambient isotopy equi- 
valence classes of disks in M. The surface will be orientable when there are two 
classes, and nonorientable when there is just one class. If the surface contains 
a Mobius band, then we have shown that there is an ambient isotopy between 
f and fr, so any two embedded disks are ambient isotopic. Moreover, any sur- 
face which is nonorientable in terms of possessing an embedded Mobius band 
will have any two embedded disks ambient isotopic to each other. This leads to 
the following alternate definition of an orientable surface. 


Definition 2.4.2 (Embedded disk version). A connected surface M is ori- 
entable iff there are exactly two ambient isotopy equivalence classes of embedded 
disks in M. If M is nonorientable, then any two embedded disks are ambient 
isotopic. When a connected surface M is orientable, an orientation is a choice of 
equivalence class of embedded disks in M. An embedded disk in this equivalence 
class will be called positively oriented. 


If Hy is an isotopy with Hyp = id, Aigo = gi, then h = A, is a 
homeomorphism with hgo = gi. We state this form of the disk lemma. 


Theorem 2.4.4 (Alternate form of disk lemma). Let M be a compact 
connected surface, possibly with boundary. 
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(a) Suppose M is oriented, and g1,g2 : D? — M are positively oriented 
embedded disks. Then there is a homeomorphism h: M — M with h the 
identity on a collar neighborhood of OM and hg, = gz. Moreover, h is 
isotopic to the identity. 


(b) If M is nonorientable, and g1,g2 : D? + M are embedded disks, then 
there is a homeomorphism h: M — M with h the identity on a collar 
neighborhood of OM and hg, = gz. Moreover, h is isotopic to the identity. 


Exercise 2.2.5 can be modified to give the following result. 


Corollary 2.4.5. Let M be a compact connected surface, possibly with boundary. 
Suppose gi,-..,g9p : D? — M are k disjoint embedded disks in the interior of a 
connected surface M, and gj,..., 9), : D? > M is another collection of k disjoint 
embedded disks in the interior of M. 


(a) If M is oriented and all g;,g; are positively oriented, then there is 
a homeomorphism h : M — M which is the identity on a collar 
neighborhood of OM with hg; = g;. Moreover, h is isotopic to the identity. 


(b) If M is nonorientable, then there is a homeomorphism h: M — M which 
is the identity on a collar neighborhood of OM with h(g;) = gi. Moreover, 
h is isotopic to the identity. 


Now suppose that M is a surface with p boundary circles. If M is oriented, the 
choice of orientation on M will determine an orientation on each boundary circle. 
When we identify a collar with S$! x [1,2] with the boundary circle corresponding 
to $1 x {1}, then if the orientation on the surface corresponds to the usual 
positive orientation, then the orientation on the boundary corresponds to the 
usual negative orientation on this circle. This allows us to fill in any boundary 
circle with the usual positively oriented disk to get an oriented surface N with 
one fewer boundary circle and a embedded disk g; for each boundary circle. 
Applying Corollary 2.4.5 to N, there is a homeomorphism of N which permutes 
these embedded disks. When we remove the interiors of these disks, this leads to 
a homeomorphism of M which permutes the boundary components so that the 
orientation of the boundary circles is preserved. If M is not orientable, then N 
will also be nonorientable and so we can choose the homeomorphism to achieve 
any desired result in terms of orientation of the boundary circles. This leads to 
a homeomorphism of M which may preserve or reverse the orientation on each 
boundary circle independently. 


Corollary 2.4.6. Let M be a compact connected surface with boundary, 
C1,...,Ce a subcollection of boundary circles of M, and o a permutation of 
{1,...,k}. Then there is a homeomorphism h: M — M which is the identity on 
a collar neighborhood of OM\ |) C; so that h(C;) = Coc). If M is oriented, then 
h will preserve the orientation on the boundary circles. If M is nonorientable, 
then h can be chosen to preserve or reverse orientation on each boundary circle 
C;, independently. 

We now return to handle decompositions and give a definition of orientability 
that will be easy to use and will play a key role in the classification theorem. We 
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give a more direct approach to Corollary 2.4.6 for handlebodies in Section 2.6 
and in Exercises 2.9.37 and 2.9.38. 

We examine the handle decomposition of the Mobius band in order to motiv- 
ate the definition we will give for nonorientability of handlebodies. First, note 
that any handle, being homeomorphic to a disk, has a notion of orientation 
attached to it. We can think of this as being given a direction of rotation with 
counterclockwise being thought of as positive and clockwise as negative (since 
(1,0), (0, 1) is taken as the standard basis of R? and rotation from (1,0) to (0,1) is 
counterclockwise). This sense of rotation on the disk induces a preferred orienta- 
tion on the boundary circle. This is usually indicated by an arrow. On any subset 
of the circle which excludes at least one point, this preferred direction induces 
an ordering on an interval in R using p : R > $1,p(x) = (cos 2ra,sin 272). 
The positive orientation corresponds to the usual ordering of R. Note that the 
direction of rotation on D? is completely determined by the direction of rotation 
on the circle. Since this may be expressed locally in terms of ordering, we will 
use it for our definition of orientability of handlebodies. 


Definition 2.4.3. An orientation for a handle is an orientation of its boundary 
circle. By this we mean a consistent ordering for any arc (an arc is a homeo- 
morphic image of an interval in the circle). By consistent, we mean that if two 
arcs intersect in an arc, the two orderings agree on the arc of intersection. 


Note that this definition allows us to decide on a preferred equivalence class 
for an embedded disk into the interior of the handle. 

We indicate the two possible orientations for our two models of the disk D? 
and D! x D! by arrows in Figure 2.22. With this in mind, let us look at the 
handle decomposition for the Mébius band. As Figure 2.23 indicates, a Mobius 
band has a handle decomposition with one O-handle and one 1-handle. Note 
that when the 1-handle is attached the orientation agrees on one of the arcs and 
disagrees on the other. We leave it as an exercise to check that this phenomenon 
is not dependent on our choice of orientation for either handle. 


OOLIL 
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orientation orientation orientation orientation 


Figure 2.22. Orienting handles. 


2.4. Orientation 95 


n° 


Figure 2.23. Orienting handles on the Mobius band and annulus. 


Exercise 2.4.3. Show that no matter how one orients each of the handles in the 
Mobius band, the 1-handle is attached to the 0-handle so that the orientation 
agrees on one of the arcs and disagrees on the other. 


Let us compare this with the corresponding handle decomposition of the 
annulus. Note that for the annulus we may choose orientations for each handle 
so that they disagree on their intersection (i.e. where the 1-handle is attached) 
(see Figure 2.23). 


Definition 2.4.4 (Handlebody version). We say that a handlebody is 
orientable if we may choose an orientation for each handle so that these ori- 
entations disagree on identifications; otherwise, it is said to be nonorientable. 
An orientation for a handlebody is a consistent choice of orientations for each 
handle, where consistent means that the orientations disagree on identifications 
of the boundaries of handles. 


The reader may be puzzled by the fact that we want the orientations of the 
handles to disagree on the arcs that are identified instead of having them agree 
on both arcs. In the example of the annulus above, we could have easily chosen 
an orientation of the second handle so that the orientations agree on the identi- 
fied arcs. The main reason for the condition of making the orientations of arcs 
disagree as we attach a 1-handle is that this is what is required for small embed- 
ded disks with counterclockwise orientations of each handle to be isotopic as we 
move across the edge where the two handles are joined. Thus the orientation on 
the edge must change if we are to have a consistent orientation in the adjoining 
handle. This change allows us to extend an embedded disk in the preferred equi- 
valence class across the edge into the preferred equivalence class in the adjacent 
disk. It is also needed to consistently orient the new boundary. The boundary of 
a handlebody will be a disjoint union of circles. If the handlebody is oriented as 
we have defined it, then the boundary circles will inherit an orientation from the 
orientations of the individual handles. In Figure 2.23, for example, the boundary 
of the annulus consists of two circles, each of which is oriented. 

Since the structure of a handle decomposition is an inductive one, our defini- 
tion of orientability is also inductive. In order to use the definition with three or 
more handles, it has to be the case that the boundary circles have an orientation 
determined by the orientations of the handles involved at the end of each step. 
We now indicate why the boundary will inherit a consistent orientation with 
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Figure 2.24. Orienting the boundary. 
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Figure 2.25. Some handlebodies. 


our definition when a 1-handle is attached. Suppose that we have oriented the 
handles consistently so far, so that the boundary has an orientation imposed 
on it from the orientations of the individual handles. The new handle will be 
attached along two arcs, which will be identified in some way with two arcs in 
the boundary so far. If the new handle is attached so that both orientations 
disagree, then Section 2.3 shows that the change in the boundary is represented 
by the model in Figure 2.24. But in this model, the new boundary is seen to 
inherit a consistent orientation. 


Exercise 2.4.4. Use the definition to determine whether the handlebodies in 
Figure 2.25 are orientable or not. 
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Note that the only problem in orienting a handlebody will occur when a 
1-handle is attached, since, when 0-handles are attached, we are taking a disjoint 
union with a disk, and when 2-handles are attached, they are attached via a 
homeomorphism of the circle to one of the boundary pieces. One of the two 
possible orientations on the circle will disagree with the orientation so far on the 
boundary. 

If a handlebody is orientable and connected, then there are precisely two 
ways to orient the handles consistently (we use the word consistently to mean 
that orientations always disagree on identified arcs). Note that an individual 
handle has exactly two choices of orientation. If the handlebody is orientable, 
then there is at least one way to orient handles in a consistent manner, which 
we now consider fixed. Note that if we change the orientation of every individual 
handle from the fixed orientation, then the handles with the new orientations are 
oriented consistently. We want to see that these are the only two ways to orient 
the connected handlebody. Suppose we change the orientation on one of the 
handles h; in the handlebody from the fixed orientation. Since the handlebody 
is connected, this handle must be incident to at least one other handle (where we 
call two handles incident if they have boundary arcs which are identified). For 
any handle hg incident to h1, we must change the orientation of hz from the fixed 
orientation in order to be consistent with the new orientation of h,. Similarly, we 
would have to change the orientation of any handle hg incident to hg. Continuing 
this argument inductively, we see that whenever we have a chain h1,..., hx of 
handles with h; incident to h;,;, then changing the orientation of h; from the 
fixed orientation forces us to change the orientations of all of the handles in the 
chain in order to be consistent. But a connected handlebody has the property 
that given any two handles hg,hy, there is a chain hg = hi,...,hy = hy of 
handles with h; incident to hj,,. This may be proved inductively on the number 
of handles in the handlebody and is left as an exercise. Hence, if one of the 
handles has its orientation changed from the fixed orientation, then we have 
to change the orientations of all of the handles for the new orientations to be 
consistent. 


Exercise 2.4.5. Show by induction on the number of handles that in a con- 
nected handlebody any two handles hz,hy may be joined by a chain hg = 
hy, ho, ony hr = hy with h; incident to hy4t. 


The discussion above has consequences for nonorientable handlebodies as 
well. If a handlebody is nonorientable, then we will be able to orient the first 
n handles hy,...,h» consistently, but the next handle h,+; cannot be oriented 
consistently with all of these, even if we go back and change orientations on some 
of the earlier handles. Suppose that we have a handlebody H and that we have 
succeeded in orienting the handlebody H, = hi U--:Uh, consisting of the first 
n handles of H, but that we cannot orient the next handle h,+1 consistently 
with the chosen orientations in H;. Must H be nonorientable, or can we go 
back and make better choices of the orientations in Hy so that we can orient 
hn+1 consistently with the new orientations? If H, is connected, then H will 
be nonorientable. For H, is orientable, so the only possibility of changing the 
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orientations in H is to change all of the orientations of the individual handles, in 
which case h,,;1 cannot be oriented consistently with all of the new orientations, 
since it still must agree with one of the new orientations of the boundary of Hy 
and disagree with the other in the two intervals where it is attached. 


Exercise 2.4.6. Give an example of an oriented handlebody H, and a handle 
h! attached to Hy, so that h! cannot be oriented consistently with the chosen 
orientations of the handles in H; but that H, Uh! is orientable. 


The condition of orientability of a handlebody is equivalent to the conditions 
involving embedded disks or embedded Mobius bands. In Chapter 6 we use 
homology to show that a handle-oriented surface is disk-oriented. We show as 
one step in the proof of the classification theorem that when a handlebody is 
nonorientable, there will be an embedded Mobius band and a corresponding 
isotopy between an embedding f and fr. Using these facts, we outline a proof 
of the equivalence of the definitions of orientability in Exercise 2.9.39. 


2.5 Connected sums 


Our classification theorem will be stated in terms of the concept of connected 
sum. Actually, there are two different definitions involved, that of ordinary con- 
nected sum, denoted #, and boundary connected sum, denoted Ll. We work 
in the context of compact connected surfaces (with or without boundary) for 
connected sum, and compact connected surfaces with boundary for boundary 
connected sum. The boundary of such a surface will be a union of a finite number 
of circles. 

We first define boundary connected sum of two surfaces M, N with boundary. 
Choose an embedding f of {+1} x D' which sends {—1} x D! into an arc in 0M 
and sends {1} x D! into an arc in ON. Then the boundary connected sum of M 
and N is 


MIN = M U4. D x D' Ug, N = (MLN) Uy D? x D?. 


If M,N are handlebodies, then MLLN is a handlebody formed from the disjoint 
union M||N by adding a I-handle. If M,N are oriented, then there is an 
additional restriction imposed on the construction that the 1-handle must be 
attached so that its orientation is consistent with that of M,N, and so MIIN 
will be oriented as well. In terms of handlebodies, this is expressed so the natural 
orientation of the 1-handle is such that it disagrees on each attaching boundary 
circle with the orientations of the boundaries of the handlebodies M, N. We say 
that we are forming the oriented boundary connected sum of the two oriented 
handlebodies. See Figure 2.26 for an illustration of the boundary connected sum 
of a torus with one hole and a sphere with two holes. Note how the orientations 
on the boundaries match up so that the result is still oriented. When forming 
boundary connected sum, all components of the boundary except the two where 
the 1-handle is being attached are unchanged. For those two components, the 
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Figure 2.26. Boundary connected sum 7(1)11S(). 


effect of the 1-handle is to exchange the two circles that are part of the boundary 
for a single circle. 

We need to know that the construction is well defined, independent of choices 
made in the embeddings. The first question is dependence on the components 
of the boundaries of M,N chosen. It turns out that as long as M,N are con- 
nected, we can specify this component without changing the homeomorphism 
type of the result. This depends on Lemma 2.4.6, which says that there are 
homeomorphisms hy : M— M, hy : N — N sending any one bound- 
ary circle to any other, with the restriction that if the surface is oriented, 
then this homeomorphism will preserve orientations on the boundary circles. 
Using hay and a similar hy on N, we can construct a homeomorphism between 
(M||N) Uz D! x Dt and (M||N) Uns Dt x D! which moves the attaching 
circles as we wish. The homeomorphism will use the identity on D! x D!, hy 
on M, and hy on N. In the expression above, we are using h to denote the 
restrictions of hj, hy to the boundary circles. If H; = M and Hj = N are 
oriented handlebodies, then our requirements on orientations will allow us to 
use Lemma 2.3.4 to show that the result of attaching the 1-handle to form the 
oriented boundary connected sum is well defined up to homeomorphism. If one 
of Hy, H is not oriented, then the two ways of attaching the 1-handle will lead 
to the same result up to homeomorphism—hence boundary connected sum is 
well defined in this case as well. For Lemma 2.4.6 says there is a homeomorph- 
ism of a connected nonorientable surface which switches the orientation on a 
boundary circle. We use such a homeomorphism, say h : Hj — Ho, to identify 
(Hi |_| H2) Uy ht and (Ai || H2) Uy h*, where f’ is formed from f by compos- 
ing with the map h which reverses the orientation on a boundary circle. As an 
example, we describe such a homeomorphism for P(1), the Mobius band. Think 
of this space as D! x D!/(1,y) ~ (—1,—y). Then the needed homeomorphism 
is induced as the quotient map from the self-homeomorphism of D! x D! given 
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Figure 2.27. Homeomorphism reversing the orientation of the boundary circle. 


by (x,y) — (—2, y). Figure 2.27 shows what happens to the boundary circle for 
this map. 

Actually, boundary connected sum for surfaces turns out to be well defined 
up to homeomorphism even if we do not put on the orientation restrictions of 
how we define it. The reason for this is that every oriented surface possesses an 
orientation-reversing homeomorphism. For specific surfaces that are involved in 
the classification theorem, this can be seen directly by putting them in 3-space 
in a symmetric fashion and using a reflection. 

We now give a direct argument why there is a homeomorphism which reverses 
orientation on every boundary-circle for an oriented handlebody. The argument 
is by induction on the number of handles. If there is just one handle, then the 
surface is a disk and we can use a reflection. If we add a disjoint disk as a 0-handle 
or cap off a boundary circle with a 2-handle, then we can extend an orientation- 
reversing homeomorphism. Thus we restrict to the case where the last handle 
which is attached is a 1-handle since this is the substantive case. Assume that it 
is true for a connected surface with a handle decomposition with n handles and 
suppose H = H,Urh' has n+1 handles. Whether H is connected or not (it will 
either have one or two connected pieces since H is assumed connected), we can 
still find by the induction assumption an orientation-reversing homeomorphism h 
of H, which reverses the orientation on each of its boundary circles. Writing h! = 
D' x D?', consider the homeomorphism r : D! x D!' = D! x D1, r(x, y) = (a, -y). 
This reverses the orientation of the boundary of h!. There is a homeomorphism 
k : Hy Up h* — Hy Unsr-1 h* which is defined by using h on H; and r on h'. The 
new attaching map hfr~! is chosen to make these fit together. By construction, 
k will reverse orientation on the new boundary circles. However, it is not a self 
homeomorphism yet. But then we note that the handles are attached to the 
same boundary circles as before and since both r and h reverse orientations, 
the map hfr~' attaches the handles with the same orientation convention as f. 
Hence there is an isotopy of the boundary circles where the handle is attached 
to make these agree. Using this isotopy and a collar within A as in the last 
section, we get a homeomorphism | : Hy Up f,-1 ht — H, Uy h*. The composition 
Ik : Hy Us h! = H,U f h! now is a homeomorphism which reverses orientation 
on each boundary circle. 
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We summarize this discussion. For a connected oriented surface, there is a 
homeomorphism which reverses orientation on each boundary circle. If the sur- 
face is nonorientable, more is true. For then we could find a homeomorphism 
which reverses orientation on a single boundary circle and preserves orientation 
on the other boundary circles. If we have two compact connected surfaces with 
boundary A, B and we wish attach a handle h! via f in order to glue {—1} x D! 
to 0A and glue {1} x D' to OB, we can use self-homeomorphisms of A, B to 
see that we may specify up to homeomorphism the boundary circle where each 
is attached. If A,B are both oriented, then this specifies orientations for each 
boundary circle—if not, then we can just choose an orientation for the boundary 
circle where each edge is attached. By possibly changing the attaching map using 
a reflection of h', we can assume that {—1} x D! is mapped into @A in an orient- 
ation preserving fashion using the standard positive orientation on D! (which is 
the opposite of the orientation it inherits as boundary of D! x D! oriented in a 
positive fashion). Thus the only variable up to homeomorphism of the result is 
how the interval {1} x D' is attached to OB in terms of the orientation. If A and 
B are oriented and the boundary circles inherit an orientation from this, then we 
would need {1} x D! to be attached in an orientation-reversing fashion in order 
for AUBUh! to inherit an orientation consistent with the orientations of A, B. In 
particular, this is necessary in the case of handlebodies to orient the new handle- 
body consistently. Nevertheless, as long as B possesses a self-homeomorphism 
which reverses the orientation of the circle in 0B where this edge is attached, the 
resulting surface is well defined up to homeomorphism. This will be true when 
B is nonorientable using the definition of nonorientability in terms of embedded 
disks. For orientable surfaces which are given as handlebodies, it is also true by 
the argument above. However, this result, when oriented, will not necessarily 
be oriented consistently with both A and B. This justifies the result that ALB 
is well defined up to homeomorphism, no matter how h! is attached, as well as 
specifying conditions on the attachment for the orientation of h' to be consistent 
with given orientations on A, B in the new surface AU BU h?. 

There is an important special case of boundary connected sum. 


Lemma 2.5.1. The boundary sum of two disks is homeomorphic to a disk: 
DADs 2D: 


Thus, if H =h) Uh3 Uh! is formed from attaching a 1-handle to two 0-handles, 
then H is homeomorphic to a disk. If H is oriented, the orientation of OH 
imposed from the orientation of the three handles imposes an orientation on 


the disk. 


Proof. We identify hf = D7? with [-1,0] x D', identify hf = D3 with [1,2] x D', 
and h! with [0,1] x D!, with the usual orientations. The attaching map of h! 
can be assumed (after isotopy) to map {0} x D1! to h® via the identity and the 
map {1} x D' — h§ via either the identity or the reflection r(1, y) = (1, —y). For 
HA to be oriented, we have to have the first case. Then H is homeomorphic to 
[—1,2] x D! with the standard induced orientation. If we have h?, h3, h' given to 
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us as above and the attaching map is r, then these are not consistently oriented. 
Then we can extend r to a homeomorphism of [1,2] x D? to itself via r(x, y) = 
(x, —y) to give a homeomorphism of [—1,0] x D1 Uia [0,1] x D* U, [1,2] x D! to 
[—1,0] x D! Uig [0, 1] x D? Uia [1,2] x Dt which uses the identity on the first two 
pieces and r on the last piece. Informally, this corresponds to reorienting h9 so 
that this piece is now oriented. 


We now discuss the connected sum of M,N. Here M,N could be surfaces 
or surfaces with boundary. The construction will only use the interior of M,N. 
Intuitively, what we do is remove a disk from M and N and then add a cylinder 
D! x S$? by identifying {—1} x S! with the boundary of the disk removed from M 
and {1} x $1 with the boundary of the disk removed from N. Thus the connected 
sum 


M#N = M\f({-1} x D?) Upg—-1j3x91 D? x S? Upiayxs N\f({1} x D?). 


If M and N are oriented surfaces, we require our attaching homeomorphisms to 
preserve the orientation in M and reverse it in N. This allows the orientation 
on D! x §' arising as part of the boundary of D! x D? to fit together with the 
orientations of M and N to give an orientation on the connected sum. If the disks 
we remove each represent an oriented 2-handle, then in M the circle {—1} x S' is 
identified with the same orientation of the handle and, in N, {1} x S? is identified 
with the opposite orientation of the handle. 

Another way to phrase connected sum for orientable surfaces is to embed 
im : D? — M in an orientation-preserving fashion and embed a disk in : D? > 
N in an orientation-reversing fashion. This means that the embedding 7, is in 
the preferred isotopy class of embedded disks for the orientation of M and in 
is not in the preferred isotopy class for embedded disks for its orientation. Then 
remove the points i,¢(0) and in (0) from M and N and identify ij, (int D?\{0}) 
with iy(int D?\{0}) via the orientation-preserving homeomorphism iy Rij; 
where R : D?\{0} — D?\{0} is the orientation-reversing homeomorphism 
R(re#) = (1 — r)e!®. In terms of the earlier description, the embeddings of 
in(D?\int $D) and in(D?\int $D) are fitting together to give the cylinder 
that was used in forming the connected sum. This last description is a bit more 
difficult to understand, but it is most useful for verifying that connected sum 
is independent of the choice made up to homeomorphism. For if we choose dif- 
ferent embeddings 74,7, then the orientation conventions and Theorem 2.4.2 
say that there are isotopies of M,N which connect ijz, i4, via a path of homeo- 
morphisms of M and connect in, i by a similar path. In particular, there are 
orientation-preserving homeomorphisms hy : M— M, hy : N — N with 
huim = ty, hnin = ty. Then these induce a homeomorphism between the 
two ways of forming connected sum by sending M\{i(0)} to M\{i4,(0)} via 
hu and sending N\{in(0)} to N\{i,(0)} via ha. We leave it as an exercise 
to check that this is consistent with the identifications being made to form the 
connected sums. 
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Exercise 2.5.1. Verify that our description of the homeomorphism in pieces 
does fit together to give a homeomorphism between the two ways of forming 
connected sum with ijz,in and i4,, ty. 


If one (or both) of the surfaces is nonorientable, we do not have to make 
any restrictions on the embeddings into a nonorientable piece by Theorem 2.4.4. 
Then the same argument shows that the connected sum is well defined in this 
case. Since any orientable surface given as a handlebody possesses an orientation- 
reversing homeomorphism, the connected sum will still be well defined for two 
orientable surfaces without these restrictions as in the boundary connected 
sum case. 

Note that in our description above of the connected sum, we can write 
M#N = M\im(int 3D?) U, 1.15, N\in(int D7). Thus we are embedding 
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disks into each surface, removing their interiors and gluing the boundaries using 
the embeddings. Note that since the embeddings 7a,,in are ambient isotopic to 
their restrictions to 4D? (see Exercise 2.9.30) we could alternatively phrase this 
as M#N = M\im(int D?) Ui yixt|st N\in(int D?). This means that we embed 
two disks, remove their interiors, and glue the boundaries using the embed- 
dings on the boundaries. When both M, N are oriented, we will embed ij, in an 
orientation-preserving fashion and iy is an orientation-reversing fashion in order 
to get the oriented connected sum with an orientation consistent with the orienta- 
tions on M,N. That this is well defined for different choices iyy,t4,,in, ty uses 
the existence of homeomorphisms hy, hy with hyim = th, hnin = Uy 8o that 
hu: M\im (int D?) — M\ih,(int D?) and hy : N\in(int D?) + N\iy (int D?) 
fit together with identifications to give a homeomorphism. If one of M, N is not 
oriented, then the existence of a self-homeomorphism of the nonorientable sur- 
face which reverses orientation allows us to see that the construction is still well 
defined, independent of the embeddings chosen. Finally, the fact that an ori- 
ented surface possesses a self-homeomorphism which reverses orientation is used 
to show that the connected sum is well defined generally for surfaces without the 
orientation restrictions on the embeddings. 

We illustrate the connected sum of a torus and a sphere with two holes 
in Figure 2.28. An important example of a connected sum is P#P ~ K. This 
follows since removing a disk from a projective plane gives the Mobius band, and 


Figure 2.28. The connected sum T7#S\). 
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the Klein bottle is formed from two Mobius bands by identifying their boundary 
circles. 

We can reformulate M#N in terms of the boundary connected sum. Denote 
by Qa) the result of removing a disk from Q when Q is a surface without 
boundary. 


Lemma 2.5.2. (M#N) 1) = MayUNay. 
Proof. We first remove a disk from each of M,N, then take the boundary 


connected sum along arcs in boundary circles, and then fill in with a disk. This 
is illustrated in Figure 2.29. 


If M and N are oriented handlebodies and the disks removed are 2-handles, 
then M#N will be an oriented handlebody with one more 1-handle and one 
fewer 2-handle. The cylinder we are adding will give a 1-handle and a 2-handle, 
as the figure shows. 

To illustrate another aspect of handle decompositions, we show how to form 
the connected sum in the handlebody situation when there are no 2-handles in 
M, say, to remove. In this case, we can give a new handle decomposition for 
M so that there will be a 2-handle to use. To do this, we take a small arc in a 
boundary circle and add a 1-handle to it as illustrated in Figure 2.30. Now attach 
a 2-handle to fill in the rectangle that was created by the 1-handle. We claim that 
the result is homeomorphic to what we started with. Use a collar on the boundary 
circle containing the arc to get a new rectangle and construct a homeomorphism 
(see Exercise 2.5.2) to push the union of two rectangles into the lower rectangle, 
leaving the part of the boundary in the original space fixed. Finally, extend 
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Figure 2.29. Relating the connected sum and the boundary connected sum. 
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Figure 2.30. Creating an extra 1- and 2-handle. 


this homeomorphism by the identity outside a collar neighborhood of our arc. 
Another way of saying this is that if M,N do not have 2-handles, then we can 
first attach trivial 1-handles to each to create new boundary circles, then add 
another 1-handle to form a boundary connected sum, and then finally fill in with 
a 2-handle. If the surfaces are oriented, then we will be using attaching maps 
consistent with the orientation at each stage. 


Exercise 2.5.2. Construct a homeomorphism from [—1, 1]x[—1, 1] onto [-1, 1]x 
[—1,0] which fixes pointwise {—1} x [—1,0] U[-1,1] x {-1}U {1} x [-1,0]. 


Exercise 2.5.3. Show that MUN ~ NUM. 
Exercise 2.5.4. Show that (MLN)UQ ~ MLU(NUQ). 
Exercise 2.5.5. Show that M#N ~ N#M. 
Exercise 2.5.6. Show that (MV#N)#Q ~ M#(N#Q). 


Exercise 2.5.7. Show that MID? ~ M. (Hint: Write MILD? as MUR, U Ro, 
where R,, Ro are rectangles joined along a segment in their boundaries, and use 
the idea of Exercise 2.5.2.) 


Exercise 2.5.8. If N is a surface without boundary, show that N(,)IS(,) ~ 
N(p+q-1)- (Hint: Consider first the case q = 1.) 


Exercise 2.5.9. Show that M#S? ~ M. (Hint: Think of what is removed and 
what is filled in when we form the connected sum with S$?, or use Exercise 2.5.7 
and M#N = MayUNay U hh.) 


Exercise 2.5.10. If K is the Klein bottle, use K ~ P#P to show that Ki) ~ 
PayUPa). 


Exercise 2.5.11. Show that AA B#C ~ A(q)UBa)UCa) Uh?. Use this to show 
that the boundary connected sum of k copies of A(;) is homeomorphic to the 
connected sum of k copies of A with one disk removed. Denoting the connected 


sum of k copies of A by A“), you are to show that AY © Apsll+>- Ag, 
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(k copies). Then show that A) #S(,) ~ Aqyll---UA()LSq). We will use the 


notation A for this space. 


2.6 The classification theorem 


In this section we will prove the classification theorem for surfaces. Actually, 
what we prove is that any connected handlebody is homeomorphic to one of a 
certain collection of handlebodies. The distinct handlebodies in our collection 
are in fact not homeomorphic to one another, although the proof of that fact 
will require results on the fundamental group in the next chapter. 

Let M&S denote the boundary connected sum of k copies of M(), which, 
by Exercise 2.5.11, is the same as the connected sum of k copies of M with 
one disk removed. For a surface M without boundary, we denote by M“*) the 


connected sum of k copies of M, and by M@ a the result of removing p disks from 


M“*), By Exercise 2.5.11, this is the same surface as is obtained by taking the 
M Me and taking the boundary sum with S(,). The classification theorem says 
that each compact connected surface (possibly with boundary) is homeomorphic 
to bat or ag where p = 0 corresponds to no boundary. Figure 2.31 
illustrates some of these surfaces. 

We will show below that we can assume that the 1-handles are attached 
disjointly and that there is a single 0-handle. Given this, we ignore the 2-handles 
for the moment (they are only filling in the boundary circles with disks) and think 
of the surface as given by attaching some 1-handles disjointly to the disk. If we 
then take the boundary connected sum of two such surfaces and use Lemma 2.5.1, 
we can get a picture of boundary connected sum in terms of putting together the 
sum of all of the 1-handles for the two surfaces attached along separate arcs on 
the boundary of the disk. See Figure 2.32, which illustrates the boundary sum 
T(1) UP). The left-hand side gives the boundary sum using standard handle 
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Figure 2.31. Examples of surfaces. 
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Figure 2.32. Boundary sum with a single 0-handle. 
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Figure 2.33. Models for dys and ae 


decompositions of 7/1) and Pi). The right-hand side gives the handle decomposi- 
tion of T(1) Pq) with a single 0-handle with the same 1-handles from the two 
surfaces attached to a single 0-handle. 

We give standard model handle decompositions for S(p), TS (p)? Ae i when p > 1 
as coming from attaching 1-handles to a disk, which is the 0-handle. We will 
show that there is a homeomorphism of our handlebody to one of these model 
surfaces. There are three types of subfigures—a trivial handle, a torus pair, and 
a twisted handle. The trivial handles have the effect of removing a disk from a 
surface, creating another boundary circle—when attached to the disk it forms 
an annulus. The torus pair is a pair of linked 1-handles attached which creates 
T(1) when it is attached to a disk. The twisted handle is a handle attached to a 
single boundary circle which does not change the number of boundary circles—it 
creates a Modbius band from the disk. The standard model for a will have g 
torus pairs and p—1 trivial handles, each attached within disjoint intervals along 
ore poundery of the disk. For S(,), there will just be p — 1 trivial handles. For 

there will be h twisted handles and p — 1 trivial handles, each attached 
Pip disjoint intervals along the boundary of the disk. We picture iy . and 
ee in Figure 2.33. 

We will be working with these types of diagrams and manipulating them 
by isotoping the attaching of 1-handles. We will call this operation “sliding 
handles”. Some of these isotopies will use the existence of another handle to 
slide one handle over another one. This will usually mean that the isotopy drags 
an attaching arc of a handle over a boundary arc created by another 1-handle, 
although sometimes we will slide both attaching arcs over another handle just to 


108 2. The classification of surfaces 


2 
Pp” 


e3) qd) 


Figure 2.34. Sliding handles to get Th SS Iie 


put it in a better position. We use this now to illustrate in Figure 2.34 another 
viewpoint on the homeomorphism K(1) ~ P()Pa) from Exercise 2.5.10. Here 
we have slid one attaching arc for handle 1 over a boundary arc for handle 2 in 
the direction of the arrows to go from a standard picture for K(;) to the standard 
picture for Pe ) 

The dias ticnGon theorem says that each nonorientable surface is homeo- 
morphic to Py for some k,p. In particular, Tay Pa) is nonorientable. The 
next result identifies this surface as Pay and is a critical step in classifying 
nonorientable surfaces. 


r 


Lemma 2.6.1 (Fundamental lemma of surface theory). T(;)HPq) ~ 
Pay U Pay Pay = KayUPay and THP ~ P#HP#P ~ K#P. 


Proof. First note that the two statements are equivalent since T(,)HP(1) 
(T#P) a) and PayUPayUPay ~ (P#P#P) a). A homeomorphism T(1) HP) 
Pay Pa) Pa) extends by coning over the disk to a homeomorphism TP ~ 
P#P#P. Conversely, if we have a homeomorphism from T#P to P#P#P, then 
by the disk lemma we can specify the image of a disk and get a homeomorphism 
from T(1)HPq) to PayWPa)UPa). The statements involving K just use kK ~ 
P#P. 


I2 Ie 


We will prove this important result from the viewpoint of each type of con- 
nected sum. The first proof comes from sliding handles and is what is used in our 
proof of the classification theorem. Figure 2.35 illustrates the homeomorphism 
TyUPoy = Kayla; & Pie The first diagram has a pair of 1-handles for T(1) 
and a twisted 1-handle for P;;). When we slide handle 2 over handle 3, it twists 
handle 2 and links it with handle 3. We next slide handle 3 over handle 1. This 
unlinks handles 2 and 3 and leaves the diagram for K(;)IP1). We then slide 
handle 1 over handle 2 and get the diagram for ae 

We now show that T#}-P ~ P#P#P from another viewpoint. This viewpoint 
will be useful in a different proof of the classification theorem and some other 
exercises in the supplementary exercises at the end of the chapter discussing 
surgery. Since P#P ~ K, we have to show that T#P ~ K#P. For this, we 
need a slightly different description of the torus and Klein bottle. The torus can 


2.6. The classification theorem 109 
2 2 
3 oa 2 
1 1 
— 
2 
2 1 
1 3 


‘oe 


Figure 2.35. Proving the fundamental lemma via handle slides. 


Figure 2.36. Surgery descriptions of TK. 


first be described as the union of two cylinders. Since a cylinder is formed from 
a sphere by removing two disks, we can think of a torus as being obtained from 
a sphere by removing two disks and gluing back in a cylinder. There is a similar 
description for the Klein bottle (the cylinder is put back in a different way). 
This construction is a special case of a general construction called surgery (see 
Figure 2.36). 

If we remove the bottom hemisphere and flatten the upper hemisphere, we 
get the view in Figure 2.37 of T\D? and K\D?. Now taking connected sum of 
P with T (resp., K) entails removing a disk from P and gluing back in T\D? 
(resp., K\\D?). We now remove another disk from P away from the first disk to 
get a Mobius band. Figure 2.38 illustrates what we get in the two cases. 

That these are homeomorphic can be demonstrated physically with a model: 
cut the two models along the line segments in Figure 2.38 and after straightening 
each will be a strip with a cylinder attached on one side, and the same iden- 
tifications of the edges. This indicates how to construct the homeomorphism. 
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T#P)y (K#P),, 


Figure 2.38. Surgery on a Mébius band. 


Figure 2.39. Breaking the homeomorphism into pieces. 


Alternatively, we can just slide one of the attaching circles for the 
around the Mobius band so that both circles are attached “on the s 


Klein bottle 
ame side” in 


a small disk on the M6bius band. The extra intersection we see in 3-space of the 
cylindrical handle of the Klein bottle with the Mobius band is easily avoided. 
Figure 2.39 gives another means of getting the homeomorphism. Turn B over 


and move it to the other side to go from one to the other. 
Here is another explanation in terms of isotopy classes of emb 


edded disks. 


What we are doing when we are forming the connected sum with T or K is 


taking the boundary of a cylinder 0(D? x D!) = 0D? x D!UD? x {4 


t1}, which is 


oriented so that D? x {1} has the standard positive orientation and D? x {—1} 
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has the standard negative orientation (draw a picture and check this). We embed 
the part of the boundary D? x {+1} into the surface, remove it, and add in the 
cylinder 0D? x D!. If the original surface is oriented, the new surface will be 
oriented if, for the given orientations (from our orientation of 0(D? x D*)), 
the embeddings both reverse orientations on the disks. Note that another way of 
describing these embeddings of the disks is that, if we orient both disks D? x {+1} 
so that they have the standard positive orientation (which is not how they were 
oriented above), then for the torus, we are embedding D? x {—1} to preserve 
orientation and embedding D? x {1} to reverse it. In the case of taking the 
connected sum of the sphere with the torus, this will be true. But when we 
are taking the connected sum of the sphere with the Klein bottle, the disk 
D? x {1} is embedded with a different orientation. However, when we perform 
the same operation within a larger disk in a Mobius band (and hence within 
any nonorientable surface), there is no distinction between these two types of 
embeddings since they are isotopic, and hence the results of performing these 
two constructions are homeomorphic. 


Exercise 2.6.1. Construct a model of B#T and show that it is BAK. It will 
help if the cylinder is attached symmetrically one-fourth and three-fourths of the 
way across the strip. 


Exercise 2.6.2. Show that PwlTy) ~ fad he Conclude from this that 
(yak) (2k+1) 
Pa yUT, ay = ~ Pay ; 

We are now ready to state and prove the classification theorem for the 
case of handlebodies with 0- and 1-handles. We first make a definition. Let 
HT be a handlebody with a given handle decomposition. Let n; be the num- 
ber of i-handles. Define the Euler characteristic x(H) of the handlebody H by 
\y() = no — 21 + ng. We will denote by p the number of boundary circles of H. 


Theorem 2.6.2. Let H be a connected handlebody with a handle decomposition 
with 0-handles and 1-handles, Euler characteristic x(H), and p boundary circles. 


(a) If H is orientable, then H is homeomorphic to a standard model handle- 
body for Sip) or Te ue where x(H) = 2-2 i p. The case of Sip) 
pepe to g = 0 in this formula; that is, T, (p) 28 alternative notation 
for S(p)- 


(b) If H is nonorientable, then H is homeomorphic to a standard-model 
handlebody for ie where x(H) =2—h-—p. 


We will simplify the handle decomposition to either remove a copy of T(1) or 
Pay and apply an inductive argument. We use extensively the idea of simplifying 
the handle-attaching maps by an isotopy—we will refer to this as sliding. We 
first note that we may assume that the 1-handles are always attached disjointly 
to the boundaries of the 0-handles. 


Lemma 2.6.3. For any handle decomposition H, there is a homeomorphic H' 
with corresponding handles so that the 1-handles are attached disjointly to the 
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0-handles. The handlebody H’ has the same number of handles, and if H is 
oriented, then H' will have a corresponding orientation. 


Proof. The argument is by induction on the number of 1-handles, being trivi- 
ally true when there is one 1-handle. We suppose that it is true for fewer than k 
1-handles and that H has k 1-handles, writing H = Hy Uf h1, where by induction 
we assume that the 1-handles for H, are attached disjointly. The l-handle h 
might be attached so that it intersects part of the boundary created from pre- 
vious 1-handles. However, we can isotope the attaching region off of that part 
of the boundary and not change the space up to homeomorphism, giving a new 
handlebody H’ where the new 1-handle is disjoint from the previous 1-handles. 
Since the isotopy preserves orientation of boundary circles, the new handlebody 
will have an orientation corresponding to the former one. 


Lemma 2.6.4. If H is a connected handlebody with 0-handles and disjointly 
attached 1-handles, then H is homeomorphic to a handlebody H' with a single 
0-handle. If H is oriented, then so is H’ with corresponding orientations. 
Moreover, x(H) = x(H’). 


Proof. We work by induction on the number of 0-handles. This is trivially true 
if there is a single 0-handle. If there is more than one, then H being connected 
implies that there is a 1-handle h! attached to two different 0-handles h? U h9. 
Then h?Uh$Uh! is homeomorphic to a disk by Lemma 2.5.1, and if H is oriented, 
then this disk inherits a consistent orientation with the remaining handles. We 
can then replace these three handles with a single 0-handle corresponding to this 
disk. This does not change the Euler characteristic and will have fewer 1-handles. 
The result then follows by induction. 


From now on, we will assume that the 1-handles are attached disjointly and 
there is a single 0-handle. 

We first treat the oriented case. We show inductively that H is homeomorphic 
to the standard model for ae where for k = 0 this means S(,). For each of 
the two 1-handle pairs corresponding to T(1), note that the new part of the 
boundary after attaching plus the three old interior segments enclosed within 
the attaching interval form an arc of one of the boundary circles. We can use 
an isotopy to move other handles off of this arc. A picture of what happens to 
points during this isotopy is given in Figure 2.40. The induction starts with the 
case of no 1-handles, which is just the disk S(,). Assuming that it is true with 
k 1-handles, and H has k +1 1-handles, we express H as H, Uh!, where by 
induction we can assume that Hy; is already in standard form. If h+ is attached 
to the outer boundary circle, we may isotope its attaching intervals into a small 
interval away from an enclosing interval for the other handles and get a standard 
diagram where there is one more trivial handle. If it is attached within an inner 
circle for one of the trivial handles, we can then slide one attaching arc of that 
handle over it (see Figure 2.41 for this slide). In each case, we get a standard 


Note that the x(T ,,) = x(T) —1 =2-29-(p+1), as 


diagram for T'? (1) (o) 


(p+1)° 
claimed. 
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Figure 2.40. Isotoping away from a torus pair. 


oe 


Figure 2.41. Freeing an inner handle by isotopy. 


Suppose h! is attached to connect the two different circles. This then gives a 
standard picture for a torus pair using this handle and one of the trivial handles 
that created a boundary circle to which it was originally attached. We can slide 
the other handles over this new torus pair to separate it from other trivial handles 


position. Thus we have changed the standard model for is to ro) here 
and the new Euler characteristic is PCa ane = x(T2) —1=2-2g-p-1= 
2—2(g +1) —(p—1) as claimed. This completes the argument in the orientable 
case. 

We show in Figure 2.42 an illustration of this. There is already one torus pair 
and two trivial handles labeled 1,2. We attach a new handle 3, which connects 
two boundary circles, and then handles 1 and 3 form a new torus pair. The 
attaching arc of handle 2 inside this new torus pair is slid to the right and over 
three of the boundary arcs in the torus pair (inner 3, inner 1, outer 3) so that it 
is displayed as a trivial 1-handle attached away from an interval containing all 
of the attaching subintervals for the torus pair. 
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Figure 2.42. Sliding handles to put into normal form. 


Now suppose that H is nonorientable, there is a single 0-handle, and the 
1-handles are attached disjointly. Then we claim that H is homeomorphic to the 
standard handlebody with h twisted 1-handles and p—1 trivial handles attached 
to the boundary. Here p is the number of boundary circles and y(H) = 2—h—p. 
Since the handlebody is nonorientable, at least one of the 1-handles is attached 
to the disk in a twisted fashion. 

The argument is again by induction, with the starting case when there is 
one 1-handle, which is necessarily twisted to give the standard diagram for P(1). 
We assume that the result is true when there are k 1-handles, and our H has 
(k+1) 1-handles. We select a 1-handle which is twisted. Since the 1-handles are 
disjoint, we can consider it the first 1-handle ht}. Then if any other 1-handles are 
attached in the region in the interval used to attach the two attaching regions for 
ht, we first slide them over the handle hj to free them from this handle interval. 
Note that if only one of the subintervals needs to be slid over the region, then 
this leads to “twisting” or “untwisting”. In a picture within 3-space, we will 
get some double-twisted handles and linked 1-handles, but this is just a feature 
of the ambient space and not of the surface—the only important thing up to 
homeomorphism of the surface is whether the intervals are attached to preserve 
or reverse orientation. After this sliding, the picture will be one twisted handle on 
one interval in the circle and the other handles in the remaining interval. We now 
regard the original twisted handle h} as the last handle. We can then ignore this 
handle and note by the induction hypothesis that the others can be isotoped to 
be either in the standard orientable form or in the standard nonorientable form. 
This rewrites H as H; U fey where H;, is standard. In case A is nonorientable, 
it will be gee and there will be h twisted handles and p— 1 trivial handles. 
Here y(H,) = 2—h—p. Then adding hj to form H just adds one more twisted 
handle, giving the standard diagram for a and x(H) =2—(h+1)—p. 

When #H, is orientable, then we can assume that Hj, is the standard form for 
ae and y(H,) = 2 — 2g —p. Then our diagram for H will have hj attached 
as a twisted handle on the outer circle, with p — 1 trivial handles and g torus 
handle pairs. We then use the fundamental lemma of surface theory to do handle 
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Figure 2.43. Sliding handles to get Po 


slides to exchange a torus pair plus a twisted handle for three twisted handles, 
showing T(;) UP; ~ a . Repeating this procedure for each torus pair will change 


our diagram for ca LIP, to that for Pe, Moreover, x(H) = x(Mi) -1= 
2—2g—p—1=2-—(2g+4+1) —p:, as required. This completes the inductive step 
in the nonorientable case. 

We consider an example to illustrate our argument (see Figure 2.43). We 
first identify handle 1 as a twisted handle and move handles 3 and 4 off of an 
interval containing it by sliding. Note that this has twisted each of these handles 
and linked them. We then redraw handle 3 and slide the attaching interval for 
handle 4 over the outside of handles 5 and 6. Now the handle 1 is isolated and 
the other five handles represent some nonorientable surface. We then use the 
inductive step to move those into standard position, so that with handle 1 the 


diagram is a standard diagram for Be. 

In our model surfaces, the outer boundary circle seems different from the 
inner circles. We show directly without using the equivalence of the different 
definitions of orientability that there is a homeomorphism of the handlebody 
which interchanges the outer circle with the inner circle or interchanges any two 
inner circles. This will be consistent with the orientations in the orientable case. 
We use the set EF which is the union of a collar neighborhood of each circle and 
a rectangular strip joining them (see Figure 2.44). The figure on the top left 
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Figure 2.44. Permuting boundary circles of handlebodies. 


represents a homeomorphic image of & when we join the outer and inner circles 
and the figure on the top right represents a homeomorphic image of E when 
we join two inner circles. There is a homeomorphism between them which is 
described by being the standard identification of the right annuli and rectangles 
and then sending the annulus with boundary circle B on the left to the one on the 
right. If we think of each as a standard annulus between circles of radii 1 and 2, 
the homeomorphism we want is the composition of an inversion (1,9) — (2—r, 8) 
in polar coordinates, which switches the outer and inner circles with a reflection 
(z,y) — (—a,y). This will exchange the circles but adjust the orientations so 
that this composition is consistent with how the rectangle is glued on in each 
case. The figure on the top right is homeomorphic to the lower figure. The outer 
circle is mapped in a standard fashion to the outer radius of the disk and the two 
inner circles are identified. The map on some intermediate circles is pictured in 
Figure 2.45. Finally, we can describe the homeomorphism which interchanges the 
two circles using the bottom diagram. We basically just want to use a rotation, 
but we want the map to be the identity on the boundary. We take a slightly 
smaller disk and use a rotation there. On the annular region between the two 
disks, we damp out the amount of rotation on these circles from 7 on the inner 
circle to 0 on the outer circle. Using the homeomorphisms of our original regions 
F with this figure, this gives us a homeomorphism of F which interchanges the 
two circles and is the identity on the other boundary circle of FE. This then 
extends by the identity outside of E to get the required homeomorphism which 
interchanges the two boundary circles. An alternate view of this last step is to 
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Figure 2.45. Constructing the homeomorphism. 


do a slide of one trivial handle over the outer arc of an adjacent one and then 
slide back to the original position to switch the two boundary circles. 
We now deduce the general case from Theorem 2.6.2. 


Theorem 2.6.5. Suppose H is a compact connected surface with a handlebody 
decomposition having p boundary circles, where p = 0 if there is no boundary. 


(a) If H is orientable, then H is homeomorphic to a standard-model handle- 
body for S(p) or ie Using g = 0 for the case of S, g is given by the 
formula x(H) = 2 — 2g — p. 

(b) If H is nonorientable, then H is homeomorphic to a standard-model 
handlebody for 2 where x(H) =2—h-—p. 


Proof. Suppose h has nz 2-handles. We remove the 2-handles from H to get 
#1, which has no 2-handles but nz +p boundary circles and x(Hy) = y(H)— ng. 
By Theorem 2.6.2, H, is homeomorphic to one of our model handlebodies for: 
ep in case (a) and ae in case (b), where x(H1) = 2 — 2g — (n2 +p) in 
case (a) and 2—h-—(n2+p) in case (b). Hence x(H) = 2—2g—p in case (a) and 
2—h—p in case (b). Since homeomorphisms of circles extend to homeomorphisms 
of disks they bound, this homeomorphism extends to the 2-handles we removed 
to give homeomorphisms from H to models where the 2-handle is attached in a 
standard manner to one of the boundary circles in the model. When the circle 
is an inner circle on a trivial handle, then the argument from Exercise 2.5.2 says 
that filling in the circle with a 2-handle gives a handlebody that is homeomorphic 
to one without the trivial 1-handle and 2-handle. Thus, as long as we are using 
ng 2-handles attached to inner circles, we get standard models for TP (which 
means S(,) when g = 0) or Pop) in the two cases. If a 2-handle is etal to an 
outer circle, our discussion above says that up to homeomorphism we can regard 
it as attached to an inner circle. Thus we can use inner circles except for the 
case when p = 1, and attaching it gives the standard handle decomposition for 


the closed surfaces 5,7‘, P(”) based on those for Sia); eee 


Exercise 2.6.3. For each of the orientable surfaces in Figure 2.46, use handle 
sliding to put it in standard form and identify the surface. Check your answer 
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Figure 2.46. Surfaces for Exercise 2.6.3. 
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Figure 2.47. Surfaces for Exercise 2.6.4. 


by using Theorem 2.6.2. (Hint: First find a torus pair and slide other handles off 
of it.) 


Exercise 2.6.4. For each of the nonorientable surfaces in Figure 2.47, use handle 
sliding to put it in standard form and identify the surface. Check your answer by 
using Theorem 2.6.2. (Hint: First find a twisted handle and slide other handles 
off of it.) 


The next six exercises give different arguments for certain steps in the proof 
of Theorem 2.6.2. 


Exercise 2.6.5. Consider the step in the argument for the orientable case where 
a new torus pair is created by adding a new 1-handle. Show that, if we regard the 
0-handle and the torus pair as giving us 7/1), then we can remove this from the 
surface and replace it by a consistently oriented disk with the same boundary to 
which the other handles are attached. Considering this disk as the new 0-handle 
and the other 1-handles as attached to its boundary to form a handlebody H;, 
show that H ~ H,#T. Then use induction to show that H ~ pigth) when 


(p) 
~ pga) 
Ay~ Te : 
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Exercise 2.6.6. Consider the step in the argument for the orientable case where 
the new 1-handle is attached to a single boundary circle to form H from Hj. 
Show that if H; is homeomorphic to He then we can add a 2-handle to H, so 


H Uh? © Hy. Thus, removing this 2-handle shows that H ~ a os 


Exercise 2.6.7. Consider the step in the argument for the nonorientable case 
where we attach a new I-handle h! to form H from H,, which, we can assume 
by induction, is either 7 or Pe and is in standard form. Show that we can 
assume in either case that it is attached away from the torus pairs or twisted 
handles so we can just consider it as being attached to S(,). In the case where Hy 
is orientable, h! will necessarily be attached to S(p) 80 Sip) U h} is nonorientable. 
However, this is not neccesarily the case when H; is nonorientable. 


Exercise 2.6.8. Show that if h! is attached to a single boundary circle of 
A, ~ S(p) as a twisted handle to form H, then the union of the 0-handle and hi 
forms a Mobius band Pi). We form a new handlebody Hz by replacing OW 
by a disk with the same boundary and then attaching the other 1-handles to it. 
Show that Hz ~ S(p) and H ~ P#H2 ~ Py). 


Exercise 2.6.9. Show that if h! is attached to two boundary circles of S(p) in a 
twisted fashion to form H and we choose another 1-handle h3 so that h°Uh3 forms 
an annulus whose boundary consists of these two circles, then Hy = h°UhSUh! 
is a Klein bottle with a disk removed K(;). Form a new handlebody Hg so that 
Hp is formed from removing h® U hd U hi and replacing it with a disk (the new 
0-handle) and then adding in all of the other handles of the original standard 
handle decomposition of S(,). Show that Hz ~ S(p_1) and H ~ K#S(p_1). 


Exercise 2.6.10. Deduce the general induction step for the nonorientable case 
by the last three exercises. 


2.7 Euler characteristic and the identification 
of surfaces 


Now that we have a list of possible compact connected surfaces up to homeo- 
morphism, how do we identify a given surface in practice? We first need to find 
a handle decomposition and determine whether the surface is orientable or not. 
Second, we need to count the number of boundary components. Finally, we need 
to compute the Euler characteristic. Orientability and the number of bound- 
ary circles are topological invariants since homeomorphic surfaces have the same 
number of boundary circles and are either both orientable or nonorientable (in 
terms of embedded Mobius bands or isotopy classes of embedded disks). That the 
Euler characteristic is a topological invariant (i.e. homeomorphic surfaces have 
the same Euler characteristic) is most easily justified using homology theory and 
a result from homological algebra. This approach will be used in Chapter 6. 
Showing Euler characteristic is an invariant up to homeomorphism is equival- 
ent to showing that no two surfaces in our collection of surfaces S(p), Te Py 
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with the same orientability and number of boundary circles are homeomorphic 
to each other. For Theorem 2.6.5 can be interpreted as saying that these three 
quantites determine the surface up to homeomorphism, so if two of them are not 
homeomorphic and have the same orientability and number of boundary circles, 
then they would have to have different Euler characteristics. We will relate our 
definition of Euler characteristic to the fundamental group, which we study in 
the next chapter, and the fundamental group will provide a proof that the Euler 
characteristic is a topological invariant. 

We now collect our results into the main classification theorem for surfaces. 


Theorem 2.7.1 (Classification theorem for surfaces). A compact connec- 
ted surface (possibly with boundary) is homeomorphic to either a sphere with p 


disks removed, S(p), a@ connected sum of g tori with p disks removed, ce or 


a connected sum of h projective planes with p disks removed, Pa Orientabil- 
ity, the number p of boundary components, and Euler characteristic x form a 
complete set of invariants. If the surface M is orientable with p boundary com- 
ponents and Euler characteristic x, then M ~ a with g = (2—x—p)/2 (here 
Sip) = a). if the surface is nonorientable with p boundary components and 
Euler characteristic x, then M ~ e with h = 2—x-—p. If p = 0 in either 
case (a surface with no boundary), then the term (p) may be omitted. 


Exercise 2.7.1. Verify the formulas given for g,h in terms of yx,p in the 
statement of Theorem 2.7.1. 


Once we know that x is a topological invariant, we can note certain facts 
about it that can make it easier to calculate. For example, if we get from A to 
B by filling in p boundary circles of A with disks, then y(B) = y(A) + p. We 
could start with a handle decomposition of A and add p 2-handles. Conversely, 
we can get from B to A by removing p disks, and we have the same relation. 
Now consider taking the boundary sum of two surfaces with boundary. From the 
handle viewpoint, we are adding a 1-handle, so we get x(ALB) = x(A)+x(B)-1. 
When we form the connected sum of two surfaces, we can write it as A#B = 
(Aq) UB )) U h2, sO 


X(A#B) = x(AqyU Bay) +1 = x(Aqy) + x(Bay) = x(A) + x(B) - 2. 


Exercise 2.7.2. (a) Show that y(AiL---UA,) = x(Ai)+---+x(An) —(n— 1). 
(b) Show that y(A1#-+-#An) = x(A1) + +++ +x(An) — 2(n— 1). 


For any orientable surface T'9, the number g is usually called the genus of 
the surface. When this surface is thought of as the boundary of a solid, then the 
genus is measuring the number of holes in this solid. However, the word “hole” is 
being used in a different way than we have been using it, which is the number of 
boundary circles for a surface with boundary. For a nonorientable surface P“), 
the number h is sometimes called the number of crosscaps in the surface, or 
the nonorientable genus. Interpretations of these numbers will be pursued in the 
supplementary exercises. 
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Figure 2.48. Identifying a surface. 


Figure 2.49. New view of a filled-in surface. 


We now look at a few examples. Suppose we have a nonorientable surface 
with one boundary component and Euler characteristic —5. What is it? Since 
p=landh=2—yx—-—p=6, the surface is Py 

Consider the surface in Figure 2.48. What is it? First note that it is nonorient- 
able due to the existence of a Mobius band. We count its boundary components. 
We have numbered them in the figure. Thus p = 4. It has a handle decomposi- 
tion with one 0-handle (the rectangle) and five 1-handles. Hence x = —4. Thus 
h = 2, and our surface is ie 

To see this without the computation, first fill in the holes on the boundary 
circles 1, 2, and 3. Now our surface looks like the left surface in Figure 2.49. 
Pushing the bumps back into the rectangles (see Exercise 2.5.2), we get the 
figure on the right. This is a Mobius band with a 1-handle attached (which can 
be used to get another Mobius band). In Exercise 2.7.3 you are to show that this 
is ae Then our original surface is a Klein bottle with four holes, which is a 
as we showed above. 


Exercise 2.7. ae al directly that the surface in the right hand side of 
Figure 2.49 is P is = Pa)UP a) by finding two Mobius bands which are attached 
together by a 1-handle. 
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Figure 2.51. Surface bounded by a knot. 


Consider the shaded surface depicted in Figure 2.50. Its boundary consists of 
a circle embedded in R® (a knot). The figure shows a projection of the knot 
in the plane with an overcrossing (in terms of this projection) indicated by 
having one segment pass over another. In order to clarify it, we divide it into 
seven pieces (which also gives a handle decomposition). Here h?, h9,h$ denote 
0-handles (disks) corresponding to the three shaded regions (cut off by line seg- 
ments joining parts of the knot). Then ht, hd, h4,h} denote the twisted (in R?) 
rectangular strips used to join these three disks. Thus, our surface has Euler 
characteristic x = 3 — 4 = —1. It has one boundary component. Let us try to 
orient the handles. We can orient h? in a counterclockwise fashion and h9, h$ 
in clockwise fashion, and orient the 1-handles h},h3,h4 consistently with these. 
However, it is impossible to orient the last handle h4 consistently with all of the 
other handles, and so the surface is nonorientable. We can find a Mobius band 
in the surface as a neighborhood of a circular path running through hd, h}, hd. 

By the classification theorem, our surface is homeomorphic to By ; that is, 
a Klein bottle with one hole in it or a boundary sum of two M6bius bands. We 
show this more directly. The 0-handles and 1-handles h{,h4 together give five 
rectangles laid end on end, which is equivalent to a single rectangle. Adding 
hi then gives a Mébius band. Finally, adding h} gives the Klein bottle with 
one hole. 

We show in Figure 2.51 another surface that has the same knot as boundary. 
This surface is orientable and is obtained by an algorithm due to Seifert, which 
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produces an orientable surface with boundary a given knot. The bold lines in 
the second drawing give the boundaries of the three 0-handles. The handle h’ 
is supposed to lie above the plane that contains most of the knot like the upper 
hemisphere of the sphere. The three 0-handles are connected by the 1-handles 
hi and hj. As in the last example, these five handles fit together to give one 
rectangle. The handles hj and hj are then able to be oriented consistently with 
these to give an orientable surface. There is one boundary circle given by the 
knot, and the Euler characteristic is —1. The classification theorem then says 
that the surface is T(1). 


Exercise 2.7.4. By looking at Figure 2.51 as a rectangle with two 1-handles, 
mimic the argument of the preceding example to show directly that the surface 
is Ta): 


Exercise 2.7.5. Determine which of our models the two surfaces in Figure 2.52 
are homeomorphic to. For (b), the exterior region depicts a disk lying over the 
plane, which can be taken as a 0-handle. The knot which they bound is called 
the trefoil knot. Use the classification theorem and then give simpler handle 
decompositions to exhibit these regions more clearly in analogy to our example 
above. For each surface give handle decompositions with the minimal number of 
handles. 


Consider the surface obtained by taking a hexagon (including the inside) and 
identifying edges as indicated in Figure 2.53. The identifications on the edges 
(small letters) induce identifications on the vertices (capital letters) as indicated. 
We indicate a Mobius band in the surface to show that it is nonorientable. 

Although we could find a handle decomposition for this surface, we will 
identify it by other means. In general, a polygon with some edges identified in 
pairs will be nonorientable iff there is a pair of identified edges which have orient- 
ation (given by arrows) in the same direction (i.e. either both clockwise or both 
counterclockwise). In such a situation it is easy to find a Mobius band as above; it 
is harder to show (but true) that, if all identified pairs have opposite orientations, 
then the surface is orientable. There is one boundary component corresponding 
to each of the unidentified edges b and d. The question of Euler characteristic 
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Figure 2.52. Surfaces to identify for Exercise 2.7.5. 
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A 


Figure 2.54. Geometrical identification of the surface. 


remains. It turns out that there is an easy way to compute the Euler charac- 
teristic here. Just count the vertices A,B (2) and the edges a, b,c,d (4) and the 
one face given by the hexagon and take the alternating sum V —- E+ F = -1. 
This formula V — E+ F for a polyhedron divided into polygons is named after 
Euler who proved results concerning it but dates back at least to Descartes in 
some circumstances. That this computation agrees with our earlier definition in 
terms of handle decompositions can be shown using homology theory. Thus we 


can identify this surface with ee 
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Figure 2.55. Polygon with identifications. 


To see this more geometrically, consider Figure 2.54. First note that we can 
push the boundary circles into the polygon and form a diamond (with identifica- 
tions) with two holes. Fill in the holes (keeping track of their existence) and then 
start folding the edges labeled c. As we do so, we can make the edges labeled 
a deform to halves of a disk as the two copies of c come together to form one 
interior edge. We are left with a disk with opposite edges identified, which is 
a description of the projective plane. Recalling the two holes we filled in, our 
original surface is Pe: 

Figure 2.55 gives another example of a polygon with identified edges. 

First we find out which vertices are identified. We do this by identifying the 
initial vertex of a with the initial vertex of a in its other occurrence and the 
corresponding terminal vertices. We then get the following vertices: A = in a = 
term g = ind = terme; B = terma = inb = termc = term h; C = inc = 
term b= term d=inh; D=ing=ini=termi; E=ine=in f = term f. 

Thus we get five vertices, nine edges, and one face. The Euler characteristic 
is —3. The free edges (not identified to another edge) are c, f,h,i. The edges f 
and 7 each give a boundary circle, and c and h together give a boundary circle. 
Hence the number of boundary components is three. The surface is orientable 
since each pair of edges that are identified occurs with the opposite orientations. 
Hence the surface is T(3). 

The classification theorem can be developed from the point of view of poly- 
gons with identifications. For a treatment from this point of view, see the books 
by Cairns [7] and Massey [18]. We prefer the handlebody approach both because 
it is of a more geometrical rather than combinatorial flavor and because the idea 
of a handlebody decomposition is of such importance in the study of manifolds. 
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a sphere with two holes and a disk with two holes and 
a |-handle attached a |-handle attached 


Figure 2.56. Surfaces for Exercise 2.7.7. 
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Figure 2.57. Surface for Exercise 2.7.8. 


Exercise 2.7.6. Identify the following surfaces: 
(a) M has y = —5, is nonorientable, and has three boundary components. 


(b) N is orientable, has x = —2, and has empty boundary. 
Exercise 2.7.7. Identify the surfaces depicted in Figure 2.56. 


Exercise 2.7.8. Identify the surface depicted in Figure 2.57. (Hint: First fill in 
the obvious holes. Then find a handle decomposition of what is left. Also, you 
might try breaking it into a connected sum of pieces that are easier to identify.) 


Exercise 2.7.9. Identify the surfaces in Figure 2.58. 


2.8 Simplifying handle decompositions 


This section concerns the structure of handle decompositions of a surface or 
surface with boundary. It may be approached as a project as we will outline 
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Figure 2.58. Surfaces for Exercise 2.7.9. 


proofs of important facets of handle decompositions, including their existence 
and how they may be simplified. We also relate the handle decomposition to 
matrices and handle operations to matrix manipulations. 

We have already made one simplification in our very definition of a handle 
decomposition, since we defined a handle decomposition so that the handles 
are attached in order of increasing index; that is, we first attached 0-handles, 
then 1-handles, and finally the 2-handles. From some methods that generate 
handle decompositions, this property may not be satisfied. However, it is easy 
to arrange. Show that if we have a handle decomposition of a surface where the 
handles are not necessarily attached in order of increasing index, then there is a 
directly corresponding handle decomposition where they are attached this way. 
The key idea is that a 0-handle does not interfere with any handles that were 
attached before it is attached and no handle attached after a 2-handle interferes 
with the 2-handle. 

This justifies our assumption that a handle decomposition starts with the 
0-handles, then the 1-handles, and finally the 2-handles. From this point, we 
showed in the proof of the classification theorem that we could find a different 
handle decomposition for the surface where the 1-handles were attached dis- 
jointly and there was a single 0-handle. For each 1-handle, call the arcs where 
the 1-handle is attached to the 0-handle the attaching arcs, and the other two 
arcs of the boundary of the 1-handle the transverse arcs. In terms of the structure 
of a 1-handle as D' x D!, the attaching arcs are {+1} x D! and the transverse 
arcs are D! x {+1}. These transverse arcs become part of the boundary at 
the stage after the 1-handle is attached, and each 2-handle will intersect some 
of them. 

Now consider a surface without boundary with a handle decomposition with 
a single 0-handle and disjoint 1-handles. As we attach the 2-handles, show that if 
the attaching circle of the 2-handle intersects the transverse region of a 1-handle, 
then the intersection must be one of the two arcs or both of the arcs. Then show 
that when we attach a 2-handle, its boundary circle is divided into subarcs which 
alternately run over transverse arcs for 1-handles and arcs on the boundary of the 
0-handle. Show that this means that we can form a “dual” handle decomposition 
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where the original 2-handles are now considered 0-handles, the original 0-handle 
is now considered a 2-handle, and the 1-handles take the role of 1-handles but 
with the role of the attaching and transverse arcs reversed. That is, what were 
previously transverse arcs become attaching arcs and what were attaching arcs 
are now transverse arcs. By reversing the roles of 0-handles and 2-handles, show 
that there is a handle decomposition for the surface without boundary with a 
single 0-handle and a single 2-handle. 
Here is another approach to eliminating excess 0-handles and 2-handles 
without isotoping the 1-handles to be disjoint. Suppose that we have a handle- 
body H and then we attach a 0-handle h® and a 1-handle h! so that one attaching 
arc is attached to a circle in OH and the other attaching arc is attached to h°. 
Show that H Uh° Uh! is homeomorphic to H. Then any handle decomposition 
which is built up from HUh°Uh! can be simplified to give a handle decomposition 
without these two handles. Similarly, show that if we have a handle decomposi- 
tion where H = H,Uh! and then attach a 2-handle h? to H so that it is attached 
along one transverse arc of h! with the remainder of the attaching circle being 
identified to points in 0H coming from 0H,, then HUh? = H,Uh!Uh? is homeo- 
morphic to H,. Note that the other transverse arc of h! remains in the boundary 
after h? is attached, so h? is not filling in the last hole in the boundary. For each 
of these you should think of these homeomorphisms as arising from adding a 
rectangle to a surface with boundary with an edge of the rectangle being identi- 
fied with an interval in the boundary. A collar neighborhood of the boundary is 
useful here, as is the argument in Section 2.5 on how to create an extra 1-handle 
and 2-handle for a surface with boundary. You should investigate where the other 
transverse arc is sent under the homeomorphism between H; Uh! Uh? and Hy. 
The handles h°, h+ in the first case and h!, h? in the second case which we elim- 
inate in the new handle decompositions are called canceling handles. Using this 
idea, give another argument that any handle decomposition for a surface without 
boundary can be simplified to have a single 0-handle and a single 2-handle. 

A connected surface must have at least one 0-handle, and if it has no bound- 
ary, it must have at least one 2-handle. Use the Euler characteristic to show 
that the Euler characteristic and the number of 0- and 2-handles determines 
how many l-handles there must be. Use this to show that the minimal number 
of handles in a handle decomposition of T' is 2+ 2g and it has 2g 1-handles 
to go with a single 0-handle and single 2-handle. Show that the minimal num- 
ber of handles for ae p > 0, is 2k + p and give a handle decomposition with 
exactly that number of handles. Determine the minimal number of handles in 


handle decompositions of S(,) and ae giving handle decompositions with these 
numbers of handles. 

There is an algebraic means of quantifying the twisting and linking of a 
handle decomposition with 0- and 1-handles with a matrix with entries in the 
integers mod2. We consider the handles as being attached disjointly to the 
boundary of a disk. We say a 1-handle has self-linking 1 or is twisted if when 
it is attached to the disk, then the result is the Mobius band P,1). If attaching 
the handle to a disk adds a boundary circle to form Sg), then we say it has 
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self-linking number 0. We say that two 1-handles have linking number 1 if the 
attaching arcs of one of them lie in two separate components of the complement 
of the attaching arcs of the other on the boundary of the disk. If they lie in the 
same component, then the linking number is 0. An example of when this occurs 
is in forming the handle decomposition of T(;). We then associate a matrix to 
the handle decomposition as follows: the 2i-entry of the matrix is the self-linking 
number of the i-th handle, and the ij-entry of the matrix will be the linking 
number of the i-th handle with the j-th handle. For the case of the standard 
handle decompositions of P(1),7(1), K(1), the corresponding matrices are 


®. Go)» (i): 


The matrix obtained does depend on the ordering of the handles, but chan- 
ging the order changes the matrix by a congruence using a permutation matrix 
corresponding to the reordering. 

We now want to investigate algebraically what is happening to this matrix 
for handlebodies formed from attaching disjoint 1-handles to a disk during steps 
in the proof of the classification theorem. 


1. Show that the matrix of a handle decomposition is a symmetric matrix. 

2. Show that when we take the boundary connected sum ALIB and amal- 
gamate the two original 0-handles and the one handle to form the 0-handle of 
the sum, then the matrix M(ALIB) is 


Gi a (2.8.1) 


that is, it is the block matrix formed from the individual matrices for A 
and B. 

3. Show that when we change the handle decomposition by sliding one attach- 
ing arc of handle h; over one transverse arc of handle hj, the new matrix 
entries m),, change from the old one mp, as follows: (1) if neither p,q is 7, 
then mig = Mpq; (2) if ¢ A 4, then mi, = Mig + Mjq,My;, = Mqi + Mj; (3) 
m,, = my +m,;; and m,, = mMrr,k A 1. Note that all of these additions are 
being done modulo 2. Verify that algebraically we are getting from M to M’ by 
adding row 7 to row i and then adding column j to column i. This is just the 
step in the symmetric simplification of a matrix changing M to M’ = EME’, 
where EF is the elementary matrix which differs from the identity by a 1 in the 7j- 
position. You should check that this step occurs in the proof of the fundamental 
lemma via handle sliding and use what happens there as a model for your proof. 
Verify that when we slide both arcs over a single arc of another handle, it does 
not change the matrix. 

4. Consider the operation of sliding other handles off of an interval for a 
torus pair that occurs in the proof of the orientable case. Determine how this 
changes the matrix. For simplicity, consider these two handles for the torus 
pair as handles 1 and 2 (this just corresponds to conjugation by a permutation 
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matrix). You should consider how this operation affects any two other handles 
which have an attaching arc in the interval we are sliding off of. In particular, 
how does it affect rows and columns 1 and 2 and the diagonal entries. 

5. Consider the operation of freeing an inner hole that occurs in the proof. 
What does that correspond to in terms of the matrix? 

6. Consider the operation of sliding an attaching arc off of the interval 
enclosed by the two arcs of a twisted handle. What does this correspond to 
in terms of the matrix? In particular, if the twisted handle is labeled as handle 
1, then what happens to row and column 1 during this operation. 

7. Show that the proof of the classification theorem leads to a proof that 
the symmetric matrix for a handle decomposition can be reduced to the stand- 
ard matrix for Sect oh via congruence with elementary matrices and 
permutation matrices. 

8. Show that if the matrix for the handle decomposition is the one for the 
standard decomposition of Sip), ne or ee then the surface is in fact homeo- 
morphic to one of these standard surfaces. One approach to doing this is using 
induction and splitting off a piece of the surface corresponding to a block in the 
matrix decomposition. 


We now leave the topic of simplifying handle decompositions and address 
their existence. From various examples relating to figures from knots and links, 
we have seen how handle decompositions may arise. The proof of the existence of 
a handle decomposition for a surface typically involves some other structure on 
the surface such as a triangulation or a smooth structure for the surface. Pursuing 
either approach involves a number of technicalities. We content ourselves with 
looking at illustrative examples. The most basic example is that of the torus 
embedded in 3-space as pictured in Figure 2.59. Here the height function has 
the property that near each critical point the Hessian matrix of second-order 
partial derivatives is nondegenerate; that is, it is in one of the following forms 
in local coordinates given by the first two coordinates: (1) x? + y? + p (local 
minimum); (2) —a? + y? + p or 2? — y? + p (saddle point); (3) —a? — y? + p 
(local maximum). The number of minus signs gives the index of the critical 
point. We can think of the surface as being built up from the empty set by 
looking at the part of it beneath a given height. As we pass each critical point, 
the surface changes up to homeomorphism by adding a handle whose index is 
that of the critical point, and then adding a collar on the boundary (which does 
not change the homeomorphism type). For the torus in Figure 2.59, we indicate 
the handles that are added. In Morse theory (see [19, 20, 11, 15]) it is shown 
that each differentiable surface has a function that is qualitatively similar to the 
height function in the case of the torus, and this may be used to give a handle 
decomposition for the surface just as the height function was used to give a 
handle decomposition for the torus. 

Use the height function to find handle decompositions for the surfaces in 
Figure 2.60. Determine which of the model surfaces each surface is homeomorphic 
to. Then show how to modify the handle decomposition so that it is standard if 
it is not already. 
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Figure 2.60. Finding handle decompositions for surfaces. 


Another way that a handle decomposition may arise is from a triangulation 
of a surface. Here we decompose the surface into (homeomorphic images of) 
triangles which have to fit together according to prescribed rules to form the 
surface. The 0-handles will correspond to the vertices, the 1-handles correspond 
to the edges, and the 2-handles correspond to the triangles. In order that we can 
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Figure 2.61. Handle decomposition for an identified polygon. 


draw this more easily, we will assume that the surface is formed from a polygon 
with identifications as we discussed before. This will not necessarily give an obvi- 
ous triangulation, but it does determine a fairly simple handle decomposition. 
The identifications of edges in pairs will induce identifications of vertices. For 
each class of identified vertices, their neighborhood will fit together to form a 
0-handle. Then the neighborhoods of the identified edges fit together to form a 
1-handle. The remainder of the surface will then give a 2-handle. For example, 
consider Figure 2.61. We pull apart the surface to illustrate the 0- and 1-handles 
in the corresponding handle decomposition. By sliding C over B we can change 
the handle decomposition to a standard one for T). 

Give a picture of the 0- and 1-handles corresponding to the expression of the 
sphere as a tetrahedron and as a cube. Indicate the boundary circles where the 
2-handles will be attached. Give a picture of the 0- and 1-handles corresponding 


2.9. Supplementary exercises 133 


Figure 2.62. Finding handle decompositions for identified polygons. 


to the surfaces in Figure 2.62 given as a polygon with identifications. Use this 
to identify the surfaces in terms of the standard models. 

These examples show how to go from a polygon with some pairwise identific- 
ations to a handle decomposition. Suppose we have a handle decomposition of a 
surface which has a single 0-handle and 1-handles which are attached disjointly. 
Now consider cutting each handle open along {0} x D1 to get some “half-handles” 
sticking out from the disk. Getting the handles back involves identifying these 
two central edges. Before doing this, show that we can push the half-handles 
back into the disk and then think of the result as a disk. Then we are getting 
the surface from this disk with some arcs on its boundary identified in pairs 
corresponding to the arcs {0} x D! for each 1-handle. We picture this process 
in Figure 2.63. We are starting with a figure (a) from Exercise 2.6.3. Use Exer- 
cises 2.6.3 (figure (b)) and 2.6.4 as examples to work out what polygons with 
identifications they become. Then determine an algorithm which describes the 
pattern of identifications you will get. Consider the process of handle sliding 
and determine how this changes the pattern of identifications. Use this to give 
another proof of the classification theorem, where the goal is to get the pattern 
of identifications to be a standard pattern. 


2.9 Supplementary exercises 


Exercises 2.9.1—2.9.8 outline an argument that a compact connected 1-manifold 
is homeomorphic to S*. 
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Figure 2.63. Expressing a handlebody as a polygon with identifications. 


Exercise 2.9.1. Verify that the circle S' is a compact connected 1-manifold. 
Show that S' can be covered by two open sets U,V, each homeomorphic to R, 
so that UNV is homeomorphic to the union of two disjoint open rays. 


Exercise 2.9.2. Show that a compact 1-manifold is not homeomorphic to an 
open set in R. 


Exercise 2.9.3. Show that a proper open set in R may be decomposed 
(uniquely) as the union of a disjoint (countable) collection of intervals and rays. 
(Hint: For a € U, find the largest interval I, C U containing 2.) 


Exercise 2.9.4. Suppose U;,U; are two open sets in a 1-manifold M with 
homeomorphisms h; : Uj; > R, hj : U; — R, and hy = hgh, »hy(U; NU;) 
h;(U;NU;) is the homeomorphism between the two images of U;U;. Show that 
if a finite interval (a,b) is in the decomposition of Exercise 2.9.3 for hj(U; U;), 
then h,;;(a,b) = R. (Hint: Suppose hj; (a,b) = (c,d) and hy; is order preserving. 
If {ax} is a sequence in (a,b), converging to a, then {h; '(a,)} will be a sequence 
in M converging to both h;‘(a) and h;*(e), which is impossible in a metric 
space. Similar reasoning will show that the only possibility is h;;(a,b) = R.) 


Exercise 2.9.5. Show that one of the three cases must occur: 
(a) Ay(U;NU;) or hj (U;NU;) is R; 
(b) hy(U;U;) and h;(U; NU;) are each a ray; 
(c) hi(U;NU;) and h;(U; U;) each consists of two rays. 
Exercise 2.9.6. Show that in cases (a) and (b) above, U; UU; is homeomorphic 


to R. 


Exercise 2.9.7. Show that in case (c) above, U; UU; is homeomorphic to S?. 


Exercise 2.9.8. Use induction on the number of open sets in a covering of M 
by open sets homeomorphic to R and the two previous exercises to conclude 
that a compact connected 1-manifold is homeomorphic to S*. (Hint: Show that 
if U; U U2 already falls into case (c), then any more U; are superfluous; that is, 
U; Cc U; UU? by using an argument similar to the one outlined in Exercise 2.9.4.) 
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Exercise 2.9.9. Show that connected n-manifold is path connected. (Hint: 
Mimic the proof that a connected open set in R” is path connected or use 
Exercise 1.9.51.) 


Exercise 2.9.10. Show that a compact n-manifold has only a finite number of 
path components, each of which is a compact, connected n-manifold. Conclude 
that a compact 1-manifold is the disjoint union of a finite number of circles. 


Exercise 2.9.11. Show that in a compact connected 1-manifold with nonempty 
boundary, if h;(U;) = [0,00) and h;(V;) = R and we do not have V; Cc Uj, and 
U;NV; #9, then h;(U; NV;) and h;(U; 1 V;) must each be rays, and U; U V; is 
homeomorphic to [0, 00). 


Exercise 2.9.12. Show that in a compact connected 1-manifold with nonempty 
boundary, if hy(U;) = [0,00) and h;(U;) = (0,00) with h;1(0) 4 h; (0), and 
U;,0U; # 9, then h;(U;U;) = (a,co),a > 0 and A;(U;U;) = (6,00), with 
hj: : (a,00) — (b,00) an orientation-reversing diffeomorphism, and U, U U2 is 
homeomorphic to a closed interval. 


Exercise 2.9.13. Show that a compact connected 1-manifold with nonempty 
boundary is homeomorphic to [0, 1]. 


Exercise 2.9.14. Show that Exercise 2.9.13 implies Exercise 2.9.8. (Hint: 
Remove an open interval (a,b) in a neighborhood homeomorphic to R from the 
given compact connected 1-manifold.) 


Exercise 2.9.15. Show that Figure 2.64 does not represent a 1-manifold. (Hint: 
Look at a small neighborhood of one of the points where three segments come 
together. Show that if it were a 1-manifold, there would have to be a standard 
neighborhood that is homeomorphic to a connected open subset of the line, and 
derive a contradiction from this.) 


Exercise 2.9.16. Show that the map f : S — P, f(x) = [2], arising from 
considering P as a quotient space of S by identifying x with —z, has the property 
that given y € P, there is a neighborhood U of y so that f~1(U) = U; _|U2 and 
p\U; is a homeomorphism of U; onto U. 


Figure 2.64. Not a 1-manifold. 
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identify copies of a 
to get torus from 
cylinder 


Figure 2.65. Collapsing a wedge in a torus. 


Exercise 2.9.17. Construct a continuous map p: T — K so that, given x € 
K, there is a neighborhood U of x so that p~-'(U) = U,||U2 and p|U; is a 
homeomorphism of U; onto U. (Hint: Consider T and K as quotient spaces of 
R?, or alternatively, consider T as a quotient space of [—1,3] x [-1,1] and K as 
a quotient space of [—1, 1] x [—1,1].) 


Exercise 2.9.18. Construct a homeomorphism between the complement of two 
points in a sphere S and the complement of one circle (properly chosen) in 7’. 


Exercise 2.9.19. Construct a continuous map from the torus T = S} x Si 
onto the sphere S' which sends $1 x {p}U {p} x S} to the south pole and is a 
homeomorphism on T'\(S} x {p}U {p} x $}). (Hint: Consider a rotating family 
of planes through the south pole and the intersection with S (see Figure 2.65). 
Alternatively, think of both S and T as arising from a disk by making certain 
identifications on the boundary circle.) 


Exercise 2.9.20. Remove a small neighborhood of the center circle in the 
Mobius band which is itself a smaller M6bius band. Show that the resulting 
space is homeomorphic to a cylinder (see Figure 2.66). 


Exercise 2.9.21. Show that there is a circle embedded in T\D? which, when 
removed, has connected complement. Use this fact to show that ai cannot be 
embedded in the plane, where k > 1,p > 0. 


Exercise 2.9.22. Show that a 2-sphere S cannot be embedded in the plane. 
(Hint: Use invariance of domain.) 


Exercise 2.9.23. Use Exercises 2.9.21, 2.9.22, 2.4.1, and the classification the- 
orem to characterize the compact connected surfaces (with or without boundary) 
that can be embedded in the plane. 


Exercise 2.9.24. Construct an embedding of the Moébius band into the solid 
torus S' x D? so that the boundary curve in the Mébius band is embedded on 
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Figure 2.66. Removing a smaller Mobius band. 


the boundary torus S! x S'. Describe the composition of the embedding of the 
boundary circle with the projections of T = $1 x S} onto the circles S$} and S}. 


The next four exercises use Theorem 2.4.1 to prove Theorem 2.4.2. 


Lemma 2.9.1. Any embedded disk f : D? — R? is ambient isotopic to g : D? > 
R? with g(D?) = D? and g(S1) = St. The ambient isotopy can be chosen to be 
the identity outside a large disk. 


Exercise 2.9.25. Use Theorem 2.4.1 to prove Lemma 2.9.1. 


If f : D? — D? is a homeomorphism, then we say that f is orientation 
preserving (reversing) if f|.S1 is. We extend Lemma 2.3.6 from circles to disks. 


Lemma 2.9.2. 


(a) An orientation-preserving homeomorphism f : D? — D? is isotopic to 
the identity. 

(b) An orientation-reversing homeomorphism f : D? — D? is isotopic to the 
reflection r(a,y) = (a, —y). 


Exercise 2.9.26. Prove Lemma 2.9.2. (Hint: (b) will follow from (a) by using 
a composition of r and the isotopy. The key idea for (a) is to first extend [|S 
to a homeomorphism F' : D? — D? by coning at 0, and extend the isotopy F; 
between the identity and f|S! to an isotopy G; between the identity and this 
extension. Then g = G~!f will be isotopic to f and will be the identity on 
S'. Then show that g is isotopic to the identity via an isotopy that gradually 
increases the annular region near the boundary which is sent via the identity and 
compresses the action of g to smaller and smaller disks about the origin.) 


Exercise 2.9.27. Suppose f : D? — D? is isotopic to the identity with the 
restriction to S! given by F, : S' > $1, with Fo = id and F, = f|S1. We can 
extend f to a homeomorphism Fi : R? — R? as follows. For 1 < r = |a2| < 2, 
define f(x) = rFo_,(a/r). This is just using the isotopy F; on each circle. Then 
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f(x) = x for |w| = 2. We then define f(x) = a when |2| > 2. Give an isotopy 
between f and the identity which extends the isotopy between f and the identity. 


Exercise 2.9.28. Deduce all but the last statement of Theorem 2.4.2 from the 
preceding exercises. That 7 and ir are not isotopic will be shown in Chapter 6 
as an application of homology. 


The next five exercises will outline the proof of Theorem 2.4.3 that there are 
at most two isotopy classes of embedded disks in a surface by reducing it to the 
strong form of the disk lemma for embedded disks in the plane, Theorem 2.4.2. 


Exercise 2.9.29. For € < 1, define c, : [0, co) — [0, co) to be (i) the identity on 
[2, oo), (ii) the affine linear map sending (0, 1] to [0,«] by multiplying by e, and 
(iii) the unique affine linear map sending [1, 2] to [e, 2]. Give a formula for c, and 
show that c, is isotopic to the identity with an isotopy k; which is the identity 
on [2, 00). 


Exercise 2.9.30. Using c, of the last exercise, define C, : R? + R? by C,(x) = 
c.(ja|)a/|x|, 2 #0, C.(0) = 0. 


(a) Show that C, is isotopic to the identity with identity isotopy outside 2D? 
via an isotopy K;. 


(b) For an embedded disk f : DD? — M, which is the restriction of an embed- 
ding f: R? — M, let f° = fC.. Show that f = fi is ambient isotopic to 
f* = f*i, where the ambient isotopy is the identity off of f(2D7). 

(c) Show that if V C M is an open set about f(0), then f is ambient isotopic 
to g with g(D?) CV. 


Exercise 2.9.31. Show that given x,y € int D?, there is a homeomorphism 
h: D? > D?, with h(a) = y and h(z) = z for z € S$". Show that h is isotopic 
to the identity where the isotopy H;|OD = id. (Hint: Use coning.) 


Exercise 2.9.32. Suppose that M is a connected surface with (possibly empty) 
boundary and x,y € int M. Show that there is an isotopy H; of M which is the 
identity on OM with Ho = id and A;(x) = y. If C is a collar of the boundary 
and z,y € M\C, show that we can assume that H is the identity on C. (Hint: 
Fix x € int M. Let U = int M, and consider the set A of those points y € U so 
that there is an isotopy H; of M which is the identity on OM with Ho = id and 
A, (x) = y. Show that A is both open and closed in U. Use the connectedness of 
U to show that A= U.) 


Exercise 2.9.33. Use the preceding exercises and the strong form of the disk 
lemma in the plane, Theorem 2.4.2, to show that given any two embedded disks 
fi, fo: D? — int M, there is an isotopy H; of M which is the identity on a collar 
neighborhood of the boundary so that Ho = id and Hy f; = fo or Ay fy = for, 
which is Theorem 2.4.3. (Hint: Let U = f2(IR?) be an open set about f2(0). 
Show that there is an ambient isotopy H; in M with H,(f(0)) = fo((O0) and 
fi(D?) CU. Then use Theorem 2.4.2.) 
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Exercise 2.9.34. A space M is called homogeneous if, given x,y € M, there is 
a homeomorphism h: M — M with h(x) = y. Use Exercise 2.9.32 to show that 
a connected manifold without boundary is homogeneous. 


2 


Exercise 2.9.35. Show that if a homeomorphism f : R? — R? satisfies 


f|R?\RD? = id, then f is isotopic to the identity. 


Exercise 2.9.36. Use Lemma 2.9.1 to show that given any two 2-disks D;, D2 
embedded in the plane, there is an isotopy H, : R? — R? which is the identity 
outside of a large disk so that Hp = id and H,(D,) = Dg. 


Exercise 2.9.37. From our proof of the classification theorem for handlebodies, 
a nonorientable surface possesses an embedded Mobius band which we can think 
of as arising inside a twisted handle and a collar of the 0-handle. For any bound- 
ary circle C’, we can take a collar of this circle, the Mobius band, and a rectangle 
joining them to form a subset W which is homeomorphic to the left diagram of 
Figure 2.67. Explain why this region is homeomorphic to a Mobius band with a 
disk removed as pictured on the right side of Figure 2.67. Use this homeomorph- 
ism to find a homeomorphism of the handlebody which is the identity outside of 
W and reverses the orientation of C. 


Exercise 2.9.38. Use the previous exercise and the discussion preceding 
Theorem 2.6.5 to give an independent proof of Corollary 2.4.6 for handlebodies. 


Exercise 2.9.39. In Chapter 6, it is shown that handle-oriented surfaces are 
disk-oriented. Use this to show that the three definitions of being orientable for 
handlebodies are equivalent. (Hint: Call these three definitions handle-orientable, 
Mobius-orientable, and disk-orientable. Show handle-nonorientable implies 
Mobius-nonorientable implies disk-nonorientable implies handle-nonorientable.) 


Figure 2.67. Using a Mobius band to reverse orientation on a boundary circle. 
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(a) (b) 


Figure 2.68. Orientable handlebodies. 


(b) 


Figure 2.69. Finding a Mobius band. 


Exercise 2.9.40. Give a handlebody decomposition for each of the surfaces in 
Figure 2.68 and orient the handles consistently to show that the surfaces are 
orientable. 


Exercise 2.9.41. Show that the surfaces in Figure 2.69 are nonorientable by 
finding an embedded Mobius band. Then find a handle decomposition in each 
case and show that the handles cannot be oriented consistently. 


Exercise 2.9.42. Show that a handlebody with only one 0-handle is connected. 
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(b) hy 
(a) 


h' 


(c) 


Figure 2.70. Decompositions with a single 0-handle. 


Exercise 2.9.43. In the connected handlebodies of Figure 2.70, find a new 
decomposition with exactly one 0-handle. 


Exercise 2.9.44. Find a new handle decomposition for Figure 2.70(c) so that 
the 1-handles are all attached to the boundaries of the 0-handles. 


Exercise 2.9.45. What is the minimal number of 1-handles required for a 
handle decomposition of T#7. Construct a handle decomposition of T##T with 
this minimal number of 1-handles. (Hint: Consider the Euler characteristic.) 


Exercise 2.9.46. Construct a handle decomposition of (T#7)(1) with three 
0-handles, seven 1-handles, and one 2-handle. 


Exercise 2.9.47. Write the surfaces in Figure 2.71 as connected sums, or bound- 
ary connected sums, of other surfaces, none of which is a disk or a sphere. Indicate 
in the figure what the two pieces are and which of the standard surfaces (with 
boundary) each is homeomorphic to. 


Exercise 2.9.48. In each of the surfaces with boundary in Figure 2.72, find an 
arc A joining two points on the boundary so that if we cut the surface along the 
arc and open it up (equivalently, remove a neighborhood A x (—1, 1) of the arc), 
we get two surfaces, neither of which is homeomorphic to a disk. Relate this to 
a boundary connected-sum decomposition. 


Exercise 2.9.49. In each of the surfaces in Figure 2.73, find an embedded 
circle C’ which separates the surface so that if we cut the surface along the 
circle (equivalently, remove a neighborhood C x (—1, 1) of the circle), we get two 
surfaces, neither of which is homeomorphic to S(,). Relate this to a connected- 
sum decomposition. 
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(b) 


Figure 2.71. Connected sums. 


(a) (b) 


Figure 2.72. Separating arcs and boundary sums. 


(a) (b) — 
Aan 


remove four disks from boundary of 
the cube and connect with tubes 


Figure 2.73. Separating circles and connected sums. 


Exercise 2.9.50. Show that the disk with the upper semicircle identified to the 
lower semicircle as indicated in Figure 2.74(a) is homeomorphic to S. (Hint: Send 
the arc a to an arc in the xz-plane joining (—1, 0,0) to (1,0, 0) going through the 
south pole and send vertical lines to the intersection of S with planes parallel to 
the yz-plane.) 


Exercise 2.9.51. Show that the disk with the upper semicircle identified to the 
lower semicircle as indicated in Figure 2.74(b) is homeomorphic to P. 
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a a a 
(a) (b) (c) 
b b 
a a a 


Figure 2.74. Quotients of the disk. 


remove the two disks 
and identify copies 
of e 


Figure 2.75. Connected sum and words. 


Exercise 2.9.52. Show that the disk with identifications on the boundary circle 
as indicated in Figure 2.74(c) is homeomorphic to T. 


Exercise 2.9.53. If the boundary of a disk is divided into 2n edges and the 
edges are identified in pairs, show that the quotient space represents a compact 
connected surface. 


Exercise 2.9.54. Suppose a surface S comes from a disk by dividing its bound- 
ary into 2n edges and identifying the edges in pairs. Associate to S$ the word 
given by starting at a vertex and reading counterclockwise around the circle (and 
reading a~' whenever the arrow on a is clockwise). For example, we get words 
aa~', aa, and aba~'b~! for Figure 2.74(a), (b), and (c), respectively. Show that 
if w(X) represents the word associated to X in this fashion and similarly w(Y) 
(using different letters) is associated to Y, then the juxtaposition w(X)w(Y) is 
associated to X#Y. (e.g. bbede~!d~* is associated to P#T). (Hint: Form the 
connected sum as indicated in Figure 2.75). 


Exercise 2.9.55. Show that 7) may be represented as a disk with identifica- 
tions on the boundary associated to the word ayb,a;, ‘by! oe pies Te. Show 
that P“) may be represented as a disk with identifications on the boundary 
associated to the word a,a@1--+ QgaQk. 
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Figure 2.76. Orienting a triangulation. 


Exercise 2.9.56. Show that the words a a ,a2a2a343, 4101420305 ‘a3, 1410203 
az ‘az! are associated to homeomorphic surfaces. 

Exercise 2.9.57. Suppose 7\,...,7;, are triangles in R% so that: (i) any two 
triangles are disjoint or they intersect in a common edge or vertex; (ii) every 
edge is the edge of precisely two triangles; (iii) for any vertex v, the triangles 
containing v may be ordered cyclically Ty,1, Tv,2,.--,Tv,n, Tv,1 80 that subsequent 
triangles intersect along an edge with only the vertex v in common as in right 
figure in Figure 2.76. Show that X = U?_,T; is a surface (called a triangulated 
surface). 


Exercise 2.9.58. Find homeomorphic images of S and T in R® that are 
triangulated surfaces. 


Exercise 2.9.59. A triangulated surface is orientable if we can orient each 
triangle (by giving a clockwise or counterclockwise direction to its edges) so that 
for any edge, the two triangles containing the edge impose opposite orientations 
on the edge (see Figure 2.76). Show how to orient your triangulations of S and 
T in this manner. 


Exercise 2.9.60. Indicate how a triangulated surface which cannot be oriented 
(in terms of orienting the triangles consistently) will contain a Mobius band. 


In the problems below, you are asked to identify surfaces; that is, tell which 
one of the surfaces S(,), T, me Poy the given surface is homeomorphic to. 


Exercise 2.9.61. Which surface is the surface of a coffee cup homeomorphic to? 


Exercise 2.9.62. Identify the following surface. Take an empty box (with thick- 
ness) and poke a small hole in each face. The surface is the surface of the box 
after the holes are poked. 


Exercise 2.9.63. Identify the surfaces in Figure 2.68. 
Exercise 2.9.64. Identify the surfaces in Figure 2.69. 
Exercise 2.9.65. Identify the surfaces in Figure 2.70. 
Exercise 2.9.66. Identify the surfaces in Figure 2.71. 


Exercise 2.9.67. Identify the surfaces in Figure 2.72. 
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a 
a b 
b c 
d 
Figure 2.77. Quotient of a hexagon. 


Figure 2.78. Surface for Exercise 2.9.70. 


Ly 


7 


oy 


Figure 2.79. Surface for Exercise 2.9.71. 


Exercise 2.9.68. Identify the surfaces in Figure 2.73. 


Exercise 2.9.69. Identify the surface formed from a hexagon by identifying 
edges as indicated in Figure 2.77. 


Exercise 2.9.70. Identify the surface in Figure 2.78. 
Exercise 2.9.71. Identify the surface in Figure 2.79. 


Exercise 2.9.72. Identify the surface in Figure 2.80. 


146 2. The classification of surfaces 


Figure 2.80. Surface for Exercise 2.9.72. 


Tf i 
DSF 


Figure 2.81. Surface for Exercise 2.9.73. 


Exercise 2.9.73. Identify the surface in Figure 2.81. 


Exercise 2.9.74. Identify the surface obtained by taking the connected sum of 
two disks. Identify the surface obtained by taking the boundary connected sum 
of two disks. 


Exercise 2.9.75. Using a model of T in R® which is symmetric with respect 
to the yz-plane and reflection through that plane, construct a homeomorphism 
from T(1) to T(,) which reverses orientation on the boundary circle. 


Exercise 2.9.76. Using a model for general orientable surface M = T a in R°, 
construct a homeomorphism of M which reverses orientation on each boundary 
circle. 


Exercise 2.9.77. Construct a homeomorphism between T\{p} and the surface 
in Figure 2.82 (without the boundary circle). 


Exercise 2.9.78. Describe a homeomorphism between the two surfaces in 
Figure 2.83. 


Exercise 2.9.79. Recall that an isotopy F': Ax I + Bx I between embeddings 
fo, fi : A — B is called ambient if there is an isotopy H: Bx I — Bx I with 
F, = H,fo. Show that if A = I and B = S', then every isotopy of embeddings 
of I into S! is ambient. 


Exercise 2.9.80. A homotopy between continuous maps fo, f; : A —- Bisa 
continuous map F': A x I > B, F(a,t) = F,(a) with Fo = foF = fi (fo and fi 
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Figure 2.83. Constructing a homeomorphism. 


are said to be homotopic). If fo, f; are embeddings and each F; is an embedding, 
then F'(a,t) = (F;(z),t) will be an isotopy. Thus a homotopy is a generalization 
of an isotopy. Show that fo(a) = x and f(a”) = —ax are homotopic embeddings 
from D! to D! but they are not isotopic. (Hint: Construct a homotopy F so 
that F maps {x} x I to the straight line between (7,0) and (—2, 1). Show that 
no isotopy exists because fo preserves order and f; reverses order.) 


Exercise 2.9.81. Give a homeomorphism between D! x Dus h' and D! x DU, 
hi where Fela) = (1,9), FL) = (12%); and g(-1, 2) _ (Lea), g(1, x) = 
(-1,2). 


Exercise 2.9.82. Give a homeomorphism h between D! x D! Uy h! and D! x 
Dp Ug h! where i(=1y2) — (= 1,2); f(1, 2) = (1,2), g(-1, 2) = (x, 1), g(1, x) = 
(a, —-1), and, moreover, h restricts to the identity on a small disk in the interior 
of D! x D! as well as on h. 


In the next group of exercises, we give an outline of another proof of the 
classification theorem. It is modeled on a proof given by Hirsch [15]. We will 
be working with a surface without boundary here, which is given to us with a 
handle decomposition. The argument is based on an inductive argument which 
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uses induction on the number of 1-handles. The idea is to simplify the surface by 
finding within it a torus or projective plane and then writing the given surface 
M as N#T or N#P, where N has fewer 1-handles and is known by induction; 
or to write M as N,#N2 where Nj, No each have fewer 1-handles and are known 
by induction; or to just show that M has a handle decomposition with fewer 
1-handles and so is known already by induction. 

The result we wish to prove by induction on the number of 1-handles is the 
following: If M is a connected handlebody without boundary and is oriented, 
then M is homeomorphic to T?9), where x(M) = 2 — 2g. If M is a connected 
handlebody without boundary and is nonorientable, then M is homeomorphic 
to P), where y(M) = 2—h. 


Exercise 2.9.83. Show that, if M has no 1-handles, then M ~ S?. (Hint: First 
show that it has a single 0-handle and a single 2-handle by connectivity.) 


Exercise 2.9.84. Show that, if M is nonorientable and there is exactly one 
1-handle, then M has exactly three handles and is homeomorphic to P. 


We assume that the result is known when M has fewer than k 1-handles and 
M has a handle decomposition with k 1-handles. Let h! denote the first 1-handle 
which is attached. Then it is attached to either one or two 0-handles. 


Exercise 2.9.85. Show that, if h! is attached to two 0-handles h? U h§ via f, 
then h? U h§ Uy h' is homeomorphic to a disk. Thinking of this disk as a new 
0-handle to replace h?,h$,h', show that M has a handle decomposition with 
fewer 1-handles and use induction to prove the result. 


Suppose that h! is attached to a single 0-handle h°. Then either h° Uh! is 
a cylinder S! x I or is a Mébius band B. Suppose first that the original handle 
decomposition is oriented. Then h° Uh! = C is a cylinder. Now remove the 
interior of the cylinder and glue in two disks D7, D3 to N’ = M\int C along the 
boundary circles, oriented so that they form a new oriented handle decomposition 
of N = N’U D7? U D3 where we now think of D?, D3 as 0-handles to which the 
remaining handles of M are attached to form N. 


Exercise 2.9.86. Show that, if N’ is connected, then M ~ T#N, where N is 
an oriented surface and we are forming oriented connected sum. Conclude from 
this that M ~ T with y(M) = 2 — 2g. 


Exercise 2.9.87. Show that, if N’ is not connected, then it is the union of 
two connected oriented surfaces N,,.N2 and M is the oriented connected sum 
of N,#No. Conclude from this that M ~ S and y($) = 2 or M ~ T with 
x(M) = 2 - 2g. 


Next suppose that the handle decomposition for M is not orientable, but 
h® Uh? is a cylinder. We remove int C as before and attach the two disks which 
impose the same orientations on their boundaries as C to form N from N’. 
Suppose first that N is connected. 


Exercise 2.9.88. Show that, if the handle decomposition for N is orientable, 
then N ~ T“) for some k and M+ T)4#4K ~ P\., Moreover x(M) = 2 —h. 


2.9. Supplementary exercises 149 


Exercise 2.9.89. Show that, if the handle decomposition for N is nonorientable, 
then N ~ P“) for some k and M ~ P“)4K ~ P\) with x(M) =2-Ah. 


Exercise 2.9.90. Next suppose that N is not connected and write N = N,UNa, 
where these are each connected. Then show that one of N;, No is nonorientable 
and so is homeomorphic to P“). Show that the other piece is either T”) or P©. 
Show that M ~ P\) with y(M) =2-Ah. 


Exercise 2.9.91. The remaining case is when h? Uh! ~ B. Then replacing it 
by a disk with the same boundary gives N which has one fewer 1-handle, and 
so by induction is homeomorphic to either T or P, depending on whether 
the handle decomposition is orientable or not. Show that this implies that M is 
homeomorphic to P“) with x(M) = 2—h. 


Consider the following operation on a surface, called a surgery of index 1. 
Embed {—1,1} x D? into M via f, remove f({—1,1} x int D2), and replace 
it by D' x S* (gluing via f|{—1,1} x $1). We write the result as y(M, f) = 
(M\f({-1, 1} x int D?) Up D' x S". This is the operation performed in getting 
T and K from S and in forming a connected sum when M = M,| | Mo. For an 
oriented surface, we can guarantee that the result of the surgery is oriented by 
choosing the embeddings of the disks to have one preserve orientation and the 
other reverses it. Basically, we are using a fixed orientation on 0(D! x D?) = 
OD! U D? UD! x AD? and arranging that the orientation on D! x 0D? fits 
together with the orientation on the complement of f(0D! x D?) in M. That 
the two disks should be embedded with opposite orientations just comes from 
the fact that they inherit opposite orientations as part of 0(D! x D?). 

A related operation is a surgery of index 2 where we embed D! x $! into N via 
g, remove g(int D! x $*), and replace it by {—1,1} x D? (gluing via g|{—1,1} x 
S'). Here x(N,g) = (M\ int D! x S') U, {-1,1} x D?. We do this in a fashion 
consistent with the orientation in the case of an oriented surface. Note that these 
operations (properly done) are inverses of one another: y(x(M, f),g) = M when 
g embeds D! x S' into the second factor of x(M, f) = M\f({-1, 1} x int D?) Uy 
D! x S'. Similarly, y(x(N,g), f) = N for properly chosen f. In a connected 
manifold, any two embedded disks lie in a larger disk. 


Exercise 2.9.92. Suppose H : M x I — M x I is an isotopy in a connected 
surface with Ho the identity and H, f = f’. Show that y(M, f) is homeomorphic 


to x(M, f"). 
Exercise 2.9.93. Using the fact that x($, f) is homeomorphic to either T or 


kK depending on the embedding f, show that for any connected M,y(M, f) is 
homeomorphic to either M#T or M#K. 


Exercise 2.9.94. Use the preceding two exercises to give another proof that 
P#T is homeomorphic to P#K. 


Exercise 2.9.95. Figure 2.84 shows y(T,g) for one g : D! x S$! — T. What 
surfaces do we get if we perform surgeries using the three embeddings of D! x $1 
indicated in Figure 2.85. 
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Figure 2.84. Surgery on the torus to get a sphere. 


© Q09 G 
Figure 2.85. Other surgeries on the torus. 


Exercise 2.9.96. 


(a) Construct a homeomorphism from T to T’ which sends the center curve 
g({0}x $+) in Figure 2.84 to the center curve g({0}xS") in Figure 2.85(a). 


(b) Show that there does not exist a homeomorphism from T to T sending 
g({0} x S*) in Figure 2.84 to g({0} x $+) in Figure 2.85(b). 
(c) Construct a homeomorphism from T to T which sends the center curve 


g({0} x S*) in Figure 2.84 to g({0} x $+) in Figure 2.85(c). 


Exercise 2.9.97. Show that if g : D' x S! — T is an embedding so that 
g({0}x S$") does not separate T (i.e. removing it leaves a path connected surface), 
then y(T,g) is homeomorphic to S. (Hint: Note that .(T,g) = M, for some 
compact connected surface and the inverse surgery will give T back. But it 
also gives us either M#K or M#T by the discussion of 1-surgery. Use the 
classification theorem.) 


Exercise 2.9.98. Suppose gi, 92: D! x $1 = T are two embeddings, gi ({0} x 
S1) = Ci, g2({0} x St) = Cy, and Ci, C2 do not separate T. Show there is a 
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homeomorphism h : T — T with h(C)) = C2. (Hint: Use the preceding exercise 
and the disk lemma.) 


Define the genus g(M) of a connected surface M to be the maximal number k 
of disjoint circles C,,..., Cz that can be embedded in M so that M\(C1U- - -UC;) 
is connected. 


Exercise 2.9.99. Show that the genus is a topological invariant of the surface; 
that is, homeomorphic surfaces have the same genus. 


The following facts are useful in the next exercises. If C = f({0} x S') is 
an embedded circle in an orientable surface M, then f extends to an embedding 
of D! x S' into M, and M\C is connected iff M\f(D1 x $') is connected. If 
C = f({0} x S*) is an embedded circle in a nonorientable surface, then either 
there is an extension of f to an embedding of D! x S into M as above or there is 
an embedding of the Mobius band B into M with C corresponding to the center 
circle. In either case, the connectivity of M\C is equivalent to the connectivity 
of the complement of the neighborhood of C (either f(D! x $1) or f(B)). If 
Ci,...,C are disjoint embedded circles, then we can choose the extensions so 
that the neighborhoods f;(D! x S') or f;(B) are disjoint. 

In the following group of exercises we will use the classification theorem to 
find the genus of all surfaces. A different approach to the classification theorem 
is to use the idea of nonseparating curves, surgeries, and the Euler characteristic 
to give a proof of the classification theorem. This is usually done within the 
context of triangulated surfaces and uses the relation of surgery operations and 
the Euler characteristic. This is the approach taken in the book by Armstrong 
[1], for example. 


Exercise 2.9.100. Show that the genus of S' is 0 and the genus of T is 1. (Hint: 
To see that 2 is not the genus of T, note what happens when we do a surgery on 
the first circle.) 


Exercise 2.9.101. Show that the genus of T“*) is > k by exhibiting k disjoint 
circles in T™) which do not separate T). 


Exercise 2.9.102. Show that the result of doing surgery in T‘”) via g : D! x 
S! CT) such that g({0} x $*) does not separate T\ is TAY, 


Exercise 2.9.103. Show that the genus of T“*) is k. (Hint: Use induction on k, 
and the previous exercise.) 


Exercise 2.9.104. Show that, for any nonorientable M, there is a curve C 
which does not separate so that there does not exist g : D' x S' — M with 
g({0} x $1) =C. 
Exercise 2.9.105. Show that the genus of P is > 1. 

Consider the following operation on a surface M. Embed D? in M via f, 
remove f (int D?), and sew in a Mobius band B via f on the boundary circle. Let 


n(M, f) = M\f(D?)U;B. Note that in a nonorientable surface there is an inverse 
of this operation. First embed a Mobius band via g : B — N, remove g(int B), 
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and sew in a disk, n(N,g) = (N\g(int B)) U, D?. Done properly, n(n(N, 9), f) = 
N,n(n(M, f),g) = M. These two operations are sometimes called nonorientable 
surgeries of index 1 and 2. 


Exercise 2.9.106. Show that (1, f) is homeomorphic to M#P. 
Exercise 2.9.107. Show that the genus of P“) is > k. 


Exercise 2.9.108. Show that the genus of P is 1. (Hint: If a curve does not 
separate P, show that its neighborhood is B and not D! x $1.) 


Exercise 2.9.109. Show that the genus of P“) is k. 


3 


The fundamental group 
and its applications 


3.1 The main idea of algebraic topology 


In this chapter we study, through the example of the fundamental group, the gen- 
eral method of algebraic topology. We give a means of associating to a geometric 
problem a (hopefully easier) algebraic problem to solve. Consider the problem 
of distinguishing between two surfaces. How can we tell, for example, that there 
is no homeomorphism between the sphere and the torus? According to algebraic 
topology, to solve this problem we should transform it into an algebraic problem 
that is readily solved. To each topological space X, associate to it some algeb- 
raic object, say a group g(X). Do this in such a way that homeomorphic spaces 
have isomorphic groups associated to them. Thus one way of telling that X is 
not homeomorphic to Y is by showing that g(X) is not isomorphic to g(Y). Of 
course, this works only when we can readily compute g(X) and g(Y) and decide 
whether or not they are isomorphic. This method is successful in distinguishing 
between surfaces. 

We now formalize the informal discussion above. In this section, we start 
by discussing briefly the concept of a group. Readers with a previous course in 
abstract algebra should just skim over the group theory material in this section to 
become familiar with our notation and viewpoint. We then apply these ideas to 
discuss how algebraic topology uses group theory to answer topological questions. 
In later sections and chapters, we will introduce more sophisticated results from 
group theory as it is needed. 


Definition 3.1.1. A group (G,-) is a set G together with a binary operation 
Gx G—G, (a,b) — a-b, which we will call multiplication, satisfying: 


(1) there is an element e € G, called the identity of the group, so that 


g:e=e-g=g forallg eG; 
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(2) for each g € G, there is an element g’ € G with g-g' = g'-g =e. The 


element g’ is called the inverse of g and is denoted g~!; 


(3) given gi, 92,93 € G, then (g1 - g2)- 93 = g1- (g2 +93). This property is 
called associativity. 


Example 3.1.1. Let us look at some examples. 


¢ The simplest possible group is the group with only one element {e}. This 
is called the trivial group. 


¢ The integers (Z, +) with the operation of addition form a group. The iden- 
tity is 0 and the inverse of a is —a. Similarly, the rationals Q, the reals R, 
and the complex numbers C also form groups under addition. 


¢ Note that the set of natural numbers N does not form a group under 
addition since there is no identity element. Even after adding 0, NU {0} 
still does not form a group under addition since there are no inverses. 
The integers do not form a group under multiplication since there are 
no inverses (1 does act as an identity). The rationals almost form a group 
under multiplication except for the fact that 0 has no multiplicative inverse. 


¢ The rationals with 0 deleted, Q\{0}, form a group under multiplication— 
the identity is 1 and the inverse of p/gq is g/p. Similarly, R\{0} and C\{0} 
form groups under multiplication. 


e An example of a finite group is Z,, the integers modulo p. The elements of 
the group are 0,1,...,p—1. We add two elements as if they were integers; if 
the sum is greater than or equal to p, then we subtract off p from the sum; 
that is, a-b=a+bifa+b< p,anda-b=a+b—pifa+b > p. The identity 
is 0 and the inverse of a is p—a if a # 0. For example, Z3 = {0,1,2}, with 
multiplication table as follows: 


— 


oO 
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We can also regard Zp as equivalence classes of integers where a ~ b if 
p divides a — b. Then the group operation on Z, is induced from addition 
in the integers. Of course, we have to check that it is well defined; that is, 
ifa~b,c~d, thena+b~c+4d. But a~ bd implies a—b= mp, andc~d 
implies c — d = np; hence (a+ c) — (b+ d) = (m+n)p, soatc~b+d. 
¢ A somewhat more complicated example is given by the permutation group 
S;,. An element of S,, is a permutation of {1,2,...,n}; that is, is a bijection 
of {1,2,...,n} onto itself. The identity for the group is the identity per- 
mutation. Since each permutation is a bijection, it has an inverse, which 
will be the inverse in the group. The multiplication involved is just the 
composition of functions. For example, 53 is the group of permutations of 
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{1, 2,3}. If our permutation f : {1,2,3} — {1,2,3} is denoted by [abc], 
where f(1) = a, f(2) = 6, f(3) =, then S3 has six elements: [123], [132], 
[213], [231], [312], and [321]. Some sample products are [213] - [132] = [231], 
[132] - [213] = [312], [213] - [213] = [123]. We are using functional notation 
in computing these compositions, working from right to left. Note that it 
is not always the case that a-b = b-a. A group where a:b = b-a for all 
a, 0 is called abelian. Thus $3 is not abelian. 


Exercise 3.1.1. Find the inverse of each element of S3. 


The circle S$! can be regarded as a subset of the complex numbers C by 
identifying the complex number a + ib with the point (a,b) in the plane. The 
length |z| = |a + ib] is defined by |z|? = a? + b?; it agrees with the length of 
(a,b) € R?. The circle then represents the complex numbers of length 1. Since 
|Z1 + Z2| = |z1 - z2|, complex multiplication restricts to give a group operation on 
S*. Multiplication satisfies (cos 8+isin 0)(cos d+isin ¢) = cos(0+¢)+isin(0+¢), 
so that it corresponds to addition of angles. The identity is 1 = 1+ i0 and the 
inverse of a + ib is a — ib. 

If (G,-) is a group and H C G is a subset of G so that the multiplication in 
G restricts to give a multiplication in H (i.e., hy, ho € H for hi,h2 € H), the 
identity e of G is in H, and the inverse of any element of H is in H, then (H,-) 
will form a group, called a subgroup of G. In the example above, the circle ($", -) 
is a subgroup of (C\{0}, -), where the dot denotes complex multiplication. (Z, +) 
is a subgroup of (Q,+) and (R,+). If we regard R as a subset of C, then each 
of these is a subgroup of (C, +). 

The set of all homeomorphisms of a topological space X forms a group with 
operation the composition of homeomorphisms, denoted Homeo(X). The iden- 
tity element is given by the identity homeomorphism, and f~! is the inverse of 
f in this group. Subgroups of Homeo(X) are important to both topology and 
other forms of geometry. For example, the set of rigid motions of the plane stud- 
ied in Chapter 1 forms a subgroup m(R?) of Homeo(R?). Recall that a rigid 
motion is a homeomorphism f : R? — R? so that d(f(a), f(b)) = d(a,b), where 
d denotes Euclidean distance. Any rigid motion can be written as a composition 
of a translation, a rotation, and a reflection. The translations T(R?) = {Ty : a € 
R?},Ta(x) = x +a}, form a subgroup of m(R?) (and Homeo(R?)), as do the 
rotations R(R?) = {Rg : 6 € R}, Re(rcos¢,rsin¢) = (rcos(6 + ¢), rsin(6 + ¢)). 
The reflections do not form a subgroup since they do not contain the identity 
homeomorphism. Both the translations T(R?) and the rotations R(R?) form 
abelian groups, but m(IR?) is not abelian. 

In the late nineteenth century Felix Klein advocated studying the geometry of 
a space X in terms of subgroups of Homeo(X). Traditional Euclidean geometry 
of the plane can be studied in terms of m(R?), whereas the topology of the plane 
is expressible in terms of Homeo(R?). In Euclidean geometry, we are interested 
in subsets of the plane which are transformed to each other via rigid motions 
of the plane. For example, two triangles T,,7> are congruent if there is a rigid 
motion f with f(T,) = To. The Schénflies theorem says that any two simple 
closed curves in the plane are equivalent under the group of homeomorphisms 
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of the plane; that is, if C,,C2 are simple closed curves in the plane, then there 
is a homeomorphism f of the plane with f(C1) = C2. Part of Klein’s viewpoint 
was that the algebraic structure of these groups of homeomorphisms is useful 
in studying the geometry. In particular, any general fact known about groups 
(or special classes of groups) could then be applied to these particular groups of 
homeomorphisms. 


Exercise 3.1.2. Verify that m(R?) is not abelian. (Hint: Compute Tz Rg(0) and 
RoTa(0)). 


In order to familiarize ourselves somewhat with the definition of a group, let 
us verify that the identity element is unique and that inverses are unique. Suppose 
that there are two elements e1, €2 with g-e; =e;-g =g forallg € Gi =1,2. 
Taking g = e1, we get e1 -e€2 = e1; taking g = e€2, we get €1 -e€2 = eg. Hence 
€1 = €2. We now show that if g; is a left inverse for g (i.e. g1 -g =e), and if go 
is a right inverse for g (i.e. g- gg = e), then g; = go and so is an inverse for g 
[I= 9 -€ = 91° (9-92) = (91-9) G2 = ©: G2 = g2|. This same argument shows 
that inverses are unique; we leave the details as an exercise. 


Exercise 3.1.3. Show that inverses are unique. 


We want to put an equivalence relation on groups, called isomorphism. We 
will regard two groups as being the same if there is an isomorphism between them; 
they are then called isomorphic. Isomorphism is the group theoretic analogue 
of homeomorphism for topological spaces. The analogue of a continuous map is 
called a homomorphism. As a continuous map is consistent with the topologies 
of the two spaces involved in the sense that inverse images of open sets are open, 
a homomorphism is consistent with the multiplications of the two groups in that 
the image of a product of two elements is the product of the images of the two 
elements. 


Definition 3.1.2. Let (Gi,-) and (G2, x) be groups. Then a function f : Gy - 
Go is called a homomorphism if f(a-b) = f(a) x f(b). 
Example 3.1.2. Here are some examples. 
° f :(Z,+) — (Z,+4), f(x) = 22, is a homomorphism [f(a + 6) = 2(a + b) = 
2a + 2b = f(a) + f(b)]. 
e Another example of a homomorphism is given by f : (Z,+) — 


+ 
(Zp, +), f(@) = [a]. For fla + 6) = [a+ b] = [a] + [6] = f(a) + F(O), 


since addition in Z, is defined in terms of addition in Z. 


A property that any homomorphism must have is that it must send the 
identity to the identity. Let e, denote the identity of G; and e2 that of G2. Then, 
if f : (Gi,+) — (G2, x) is a homomorphism, f(e1) = f(e1-e1) = f(e1) x Fler). 
Multiply both sides f(e,)~1 to get e2 = f(e1). 


Exercise 3.1.4. Decide whether the following maps are homomorphisms: 
(a) f: Zp > Z, f([n]) =n; 
(b) f.: Zs > Zp, f([n]) = [nl]; 
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(c) f : Zz > Za, f([n]) = [2n); 

(d) f: Ze > S83, f(0) = [123], f(1) = (213); 

(ce) f :(C,+) > T(R®), f(a) = Ta; 

(f) f : St — R(R2), f((cos 0, sin @)) = Ro; 
(g) p: (R,+) — (S',-), p(t) = (cos 2rt, sin 2rt); 


(h) fa: (R, +) — (R, +), fa(b) = ab. 


Definition 3.1.3. f : Gj — Gp» is an isomorphism if f is a bijective homo- 
morphism and the set inverse f—~' is a homomorphism as well; equivalently, a 
homomorphism f : G; — G2 is an isomorphism if there is a homomorphism 
g: Gg > G; with fg = 1g,,9f = 1G,, where 1x denotes the identity function 
of X. We will denote an isomorphism by ~: G; ~ G2 means that there is an 
isomorphism between G; and G2; we say that G, is tsomorphic to G2. 


Example 3.1.3. Here are some examples. 


ef : (Z,+) > (Z,+), f(z) = 22, is not an isomorphism since it is not 
surjective. However, if we denote by (2Z,+) all multiples of 2 with the 
usual addition, then f : (Z,+) — (2Z,+), f(x) = 2a is a 1-1, surjective 
homomorphism. Moreover, f—!(y) = y/2 is also a howotmerphisn: so f is 
an isomorphism. 


¢ Z is not isomorphic to Z, since they have a different number of elements, 
and an isomorphism is a bijection. 


¢ Ss is not isomorphic to Ze even though they each have six elements (for 
Ze is abelian and S3 is not). If we choose a,b € S3 with a-b # b-a, and 
f : S3 — Ze were a homomorphism, then f(a-b) = f(a) + f(b), which 
equals f(b) + f(a) = f(b- a) since Ze is abelian. But this means that f is 
not 1—1 and hence is not an isomorphism. 


Consider the set {—1, 1} with operation the usual multiplication of integers. 
This group is isomorphic to (Z2,+). An isomorphism from (Z2,+) to 
({-1, 1},-) is given by sending 0 to 1 and 1 to —1. We leave the details as 
an exercise. 


Exercise 3.1.5. Show that the map from (Zz, +) to ({—1, 1}, -) defined above is 
in fact an isomorphism. In the future we will denote {—1, 1} with the operation 
of multiplication by Zz as well because of this isomorphism. 


Exercise 3.1.6. Decide whether the following groups are isomorphic. Either 
construct an isomorphism and prove it is an isomorphism or show why there is 
no isomorphism. 

(a) So = permutations of {1,2} and Z, 

(b) (Z,+) and (Q, +), 

(c) (C,+) and T(R?), 

(d) (S*,-) and R(R’), 

(e) (R, 4) and (S*,-). 
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In Chapter 1 we showed that sometimes (but not always) a bijective con- 
tinuous map is a homeomorphism. The following proposition is an analogue of 
this. 


Proposition 3.1.1. A bijective homomorphism f : (Gi1,-) — (Go, x) is an 
isomorphism. 


Proof. We have to show that f~!, which exists since f is bijective, is a 
homomorphism. Thus we must show that f~!(a x b) = f-'(a)- f~1(b). But 
f(F-* (a) - F-*(b)) = FF (a) x F(F*(0)) = a x b and f(f-"(a x b)) = ax b. 


Since f is a bijection, the result follows. 


Another property of homomorphisms that is useful in conjunction with the 
above proposition is the following. 


Proposition 3.1.2. A homomorphism f : (G1,-) — (Ga, x) is 1-1 iff f(a) = e2 
implies a = e,. (Here e; denotes the identity of G;.) 


Proof. Suppose f is 1-1 and f(a) = eg. Since f(e,) = eg as well, then f 1-1 
implies that a = e;. Conversely, suppose that f(a) = e2 implies that a = e,. 
Let a,b be given with f(a) = f(b). Then f(a-b~') = f(a) x f(b)~! = eg. Hence 
a-b-! =e, and thus a=b. 


There are two important subgroups related to a homomorphism f : G; > Go. 
First, the kernel of f is the subgroup ker f = {g € Gi: f(g) = e2}. The last 
proposition says that f is 1-1 precisely when ker f is the trivial group. Another 
subgroup related to f is the image of f,im f = {h € Gg: h= f(g) for some g € 
G,}. By definition, f is surjective precisely when im f = Go. 


Exercise 3.1.7. Verify that ker f and im f are subgroups. 


Here is another useful definition and group theoretical result. A subgroup 
H C Gis called normal if whenever g € G,h € H, then ghg~! € H. Note that 
subgroups of abelian groups are automatically normal. When H is normal, we 
can form a new group, called the quotient group G/H of right cosets of H. The 
elements of this group are the sets Hg = {hg : h € H}. They are multiplied by 
(Hg1)(Hg2) = Hgig2. The condition of normality is what is needed to see that 
this makes sense and forms a group. There is naturally a surjective homomorph- 
ism Q: G > G/H. The kernel of Q is just H. Thus a normal subgroup is the 
kernel of a homomorphism. We leave it as an exercise to check that the kernel 
of a homomorphism is always normal. A basic isomorphism theorem in group 
theory states that whenever f : G; — G2 is a homomorphism, then there is an 
induced isomorphism f : G;/ker f — im f. 


Exercise 3.1.8. Show that if f : G, — G2 is a homomorphism, then ker f is a 
normal subgroup. 


Exercise 3.1.9. Show that if S3 denotes the permutations of {1,2,3}, then the 
subgroup consisting of the two permuations [123], [213] is not normal. 
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Here is a general construction by which we can form a new group from two 
groups A and B. We will denote all multiplications by a centered dot. The direct 
sum of A and B, denoted A © B, is the set of pairs of (a,b), with a € A,be B. 
The multiplication is defined componentwise using the multiplications in A and 
B. That is, (a,b) - (c,d) = (a-c,b- d). For example, we could form Z 6 Z where 
(a, b)- (c,d) = (a+c,b+d). Similarly, we could form Z@Z,. A group G is finitely 
generated if there exist g1,...,9n € G so that every element of G is expressible 
as products of these elements. It is an important theorem in group theory that 
all finitely generated abelian groups are formed (up to isomorphism) by taking 
direct sums of copies of Z and Z, for various p; thus a general finitely generated 
abelian group “looks like” Z@---BZOZp, @-::PZp,. The number of copies of 
Z (called the rank of the group) and the various p; (called the torsion coefficients 
of the group) distinguish these groups up to isomorphism. For example, Z is not 
isomorphic to Z @ Z, even though they each have the same number of elements; 
that is, they are not isomorphic even though there is a bijection between them. 
For a homomorphism, f : Z — Z®Z is determined completely by f(1). Suppose 
f(1) = (a,6). Then f(n) = (na,nb) = n(a,b) and cannot be surjective. An 
important subclass of finitely generated groups are those which are isomorphic 
to the direct sum of n copies of Z; these groups are called finitely generated free 
abelian groups. 

With this bit of group theory as a background, we describe more precisely 
the method of algebraic topology. We wish to assign to each topological space a 
group in a “consistent” manner. The precise name for the correspondence is a 
(covariant) functor. We denote the functor by F. If we denote topological spaces 
by T and groups by G, then F is a special type of function from T to G. For 
each topological space X, F(X) will be a group. Next, suppose that f :X — Y 
is a continuous map between topological spaces X and Y. Then to f we wish 
to associate a homomorphism F(f) : F(X) — F(Y). Moreover, we wish this 
correspondence to obey two rules: 


(1) F(1x) = 1r(x), where 14 denotes the identity on A; 
(2) F(fg) = F(P)F(g)- 


Together these imply that if f : X — Y is a homeomorphism, then F(f) : 
F(X) — F(Y) is an isomorphism. For f being a homeomorphism implies that 
there is a continuous function g: Y — X with fg = ly and gf = 1x. Then 
lay) = Fy) = F(fg) = F(f)F(g) and layx) = Fix = F(gf) = F(g)F (Sf). 
Hence F'(f) is an isomorphism, and so homeomorphic spaces have isomorphic 
groups associated to them. 

Let us return to the classification of surfaces to see how this works in prac- 
tice. We showed in Chapter 2 that each compact connected surface (without 
boundary) is homeomorphic to either a sphere, a connected sum of g tori, or a 
connected sum of h projective planes. We quoted a result involving Euler char- 
acteristic to say that these possibilities were distinct. Another proof involves 
algebraic topology as indicated above. That is, to each surface S,T, P™, we 
associate via a functor F a group F(S), F(T), F(P™) and note that no two 
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of the groups obtained are isomorphic. Hence no two of the surfaces are homeo- 
morphic. We will use the fundamental group in Section 3.4 to show that S,T, 
and P are not homeomorphic. The fundamental group will be used to distinguish 
completely between compact connected surfaces (i.e. nonhomeomorphic surfaces 
have nonisomorphic fundamental groups), once we have proved the Seifert-van 
Kampen theorem so that we can compute the fundamental group of each surface. 


Exercise 3.1.10. Suppose F' is a functor from topological spaces and continu- 
ous maps to finitely generated abelian groups and homomorphisms so that for 
compact connected surfaces (without boundary) A, B, F(A#B) = F(A)@F(B). 
For finitely generated abelian groups, it is true that G,; © G2 is isomorphic to 
G, iff Gp = {e}. Show that this implies that F'(S) is the trivial group. Show 
that if F(T) is not {e}, then F distinguishes T, g > 0; that is, F(T) is not 
isomorphic to F(T), for p 4 q,.p,q > 0. 


3.2. The fundamental group 


In this section we define a group, called the fundamental group, which we associ- 
ate in a functorial manner to a topological space. Its definition requires not only 
a topological space X but also a point x € X, called the base point. If X is path 
connected, the group obtained does not depend up to isomorphism on the base 
point x. We will denote the fundamental group by 7(X, 2). Its elements will be 
equivalence classes of paths in X which run from x to x (loops at x). 

Intuitively, two loops are equivalent if we can continuously deform one loop 
to the other. The precise definition involves the notion of a homotopy. What 
the fundamental group measures is the “distinct” (up to homotopy) loops in 
a space. Any space has the constant loop that stays at x. The question is: 
are there any loops in the space that cannot be continuously deformed to the 
constant loop, and, if so, how many distinct ones up to homotopy? To give some 
feel for this, here are some answers that we will derive. For the sphere $7, the 
answer is that there are none, so 71(S?,2) ~ {e}. For the circle, there are an 
infinite number and 7(S!,2) ~ Z. A loop corresponding to the integer n is 
pr(t) = (cos 2rnt,sin2rnt); it wraps around the circle n times. For the torus 
T,m(T,x2) ~ Z@Z. This comes from regarding the torus as St x S'. A loop 
representing (m, 7) is (Dm(t), pn(t)). It wraps around the first circle m times and 
the second circle n times. In particular, these calculations furnish a proof that 
the sphere is not homeomorphic to the torus since their fundamental groups are 
not isomorphic. 

We now define 7(X,x). First, its representatives are loops at 2,f : 
(I; {0,1}) — (X,x). By this notation we mean that f is a continuous func- 
tion from I = [0,1] to X with f(0) = f(1) = x. Two loops fo, fi are called 
homotopic if there is a continuous function F': (I x I, {0,1} x I) — (X, x) with 
F(s,0) = fo(s), F(s,1) = fi(s), F(0,t) = F(t) = 2. F is called a homotopy (of 
loops at x) between fo and f;. To denote that fp and f; are homotopic with a 
homotopy F’, we write fo ~r fi. If the particular homotopy is unimportant, we 
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write fo ~ fi. Sometimes F'(s,t) is denoted by F;(s); note that F; is a loop at x. 
Intuitively, fo and f; are homotopic if there is a path F; of loops at x connecting 
fo and f,. Figure 3.1 illustrates a homotopy between two loops in the plane. 

We show that homotopy gives an equivalence relation on loops at x. First, 
note that f ~ f. Define Ff: I x I > X by F(s,t) = f(s). We are just taking 
the constant path of loops, each loop being f. Second, f ~ g implies g ~ f. For 
if F is a homotopy between f and g, then G(s,t) = F(s,1—t) is a homotopy 
between g and f. Here we are just traversing the path of loops connecting f and 
g in the opposite direction. Next, suppose f ~g g and g ~qc h. Then we must see 
why f ~g h. The idea is pictured in Figure 3.2. What we want to do is just put 
the homotopies together one on top of the other. To get the appropriate domain 
space, we have to reparametrize. 

Instead of having F' defined on J x [0,1], we would like to redefine it 


on I x [0, 5]: This is easily done by using the unique linear order-preserving 


Figure 3.1. Homotopic loops. 


h 
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Figure 3.2. Transitivity of homotopy. 
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12 
A (s,2t) F “ 1 : 

I x [0,5] +I x I—>X. We also want G defined on I x [5,1] instead 
of I x I. Thus we take the unique affine linear order-preserving homeo- 
morphism [4,1] — [0,1],t — 2t-— 1, and then take the composition 

(s,2t—1) G 4 ise A 
I x (1/2, 1] >IxI > X . Piecing these together at I x {5} gives the 


required homotopy H. Formally, 


homeomorphism [0,5] — [0,1],f — 2¢, and then taking the composition 


ant) |e fO<t< 
G(s,2t—1) ifi<t< 
His well defined since F(s,1) = g(s) = G(s,0) and these are giving H(s, 3) 
in the two parts of the definition. Thus homotopy of loops ~ is an equivalence 
relation; we will denote the equivalence class of f by [f]. The equivalence classes 
are the elements of the group 7(X, 2). 

Next, we need to define a multiplication on equivalence classes. We first define 
a multiplication on loops at x, denoted by *«. We then define a multiplication on 
equivalence classes of loops from this, which we denote by *, using the formula 
(f]*lg] = Lf * g]. We have to show that if fo ~ fi,go ~ gi, then fo * go ~ 
fi * gi to see that the definition of the multiplication * does not depend on the 
representative chosen from an equivalence class. 

Intuitively, fg is defined by first going along the loop f and then going along 
the loop g. The problem again is the domain of definition. We first reparametrize 
f to be defined on [0, $] and reparametrize g to be defined on [, 1] and then put 
them together. Formally, 


_ | f(2s) if0<s<5 
poate) = fe? fl<s<l. 


2 


2] 


s f 
a >[0, 1] >X for 0 <s < 4, and is the 


This is the composition [0 


composition [4, 1] = >(0, 1] a ee 4 <8 <1. The continuity of f « g 
follows from the piecing lemma. To see that * induces a well-defined operation 
on equivalence classes, we need to see that fo ~ fi, 90 ~ gi implies that fo *go ~ 
fi * gi. The idea is that if F' is the homotopy between fo and f; and G is the 
homotopy between go and g;, then we can form Fx G by composing homotopies 
as we have composed loops to get a homotopy between fp*go and f,*g1. The idea 
of the argument for independence of representatives for addition up to homotopy 


is illustrated in Figure 3.3. We leave the details as an exercise. 


Exercise 3.2.1. Fill in the details of the above argument to show that * is well 
defined. 


To show that 7(X,x) is a group, we have to show that f is associative 
and that there is an identity and inverses. The identity equivalence class will be 
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fi G1 fi 91 
fo go fo go 


Figure 3.3. Addition of homotopies. 


f El 
f Cx Cx bj 
Figure 3.4. f*xe, ~ f ~ ez * f. 


represented by e, : I > X,e,(s) = x; that is, the constant loop at X. Thus we 
need to see why f xe, ~ f ~ e, * f. Basically, f *e, goes along the loop f from 
0 to 4 and then stays at x from 4 to 1. The idea of the homotopy is to gradually 
increase the time it takes to traverse the path f until we go along f from 0 to 1. 
More formally, what we need is a one-parameter family of maps p; : [0, s:] — [0, 1] 
so that s9 = 4 and s; = 1, and po(s) = 2s, p1(s) = s. The simplest maps to take 
come from making t — s; affine linear and making p; affine linear. That t > s; 
is affine linear and 0 — 4, 1 — 1 means that s; = 4 + st since the affine linear 
map sending a; to b; and ag to by is given by t > b; + (b2 —b1)(t— a1) /(a2—a4). 
Then the order-preserving affine linear map p; : [0,5 + 5t] > [0,1] is given by 
using the same formula, p;(s) = 2s/(1+¢). Thus the homotopy is given by 


oe mee +t)) if0<s<(1+2)/2, 
, r if(1+t)/2<s<1. 

A picture of this homotopy (actually the reparametrization of f at various 
levels of t) is depicted in Figure 3.4. Since we are always using affine linear maps 
determined by their values on the end points, we will tend to emphasize the 
pictures that lead to the formulas, rather than the formulas themselves, which 
follow directly, though sometimes tediously, from the pictures. 

Note that F' is continuous by the piecing lemma since it is defined on 
the union of two closed sets, and restricts to a continuous function on each, 
with the definitions agreeing on the intersection. Note also that F(s,0) = 


fx €x(s), F(s, 1) = f(s). 
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f* g(12) = 


f(223) g (173 f * 8(2/3) 
f* g(1/6) 
f* 2(5/6) 
7 - x=fx g(1/2) 
E 
F,(1/3) = 2) 
F, (2/3) = 
Fy (1/4) = Fy 3 (1/2) 
Fp (3/4) 
Fy3 = Fy) 1a OA ey 


F,(0)= F, (12)= Fy, () 


Figure 3.5. The inverse of a loop. 


We leave it as an exercise to use the right half of Figure 3.4 and our method 
above to write down a homotopy between e, *« f and f. 


Exercise 3.2.2. Write down a formula for a homotopy between e, *« f and f. 


We next attack the problem of finding an inverse for [f] € 7(X,a). The 
idea is to just go along f in the opposite direction; that is, f(s) = f(1 — s) will 
represent the inverse. The homotopy between f * f and e, is found by going less 
and less along f and then retracing our steps, changing the parametrization so 
that at the end we are just staying at x. Figure 3.5 depicts this for a loop in the 
plane. 

The main problem in writing down a formula for this homotopy is just getting 
the reparametrization correct. During the first half of the time interval, we want 
fF, to go through the first ¢th part of f, and during the last half we want it to 
go through the last tth part of f. We use the affine linear functions (0, 3 
[0, t],s — 2st, and [3,1] > [1 -t, 1],s > (1—t) + 2¢(s — $) = 2t(s — 1) +1. The 
formula is 


| 


1 
Suzy 
<1. 


_ J f(2st) if0<s 
a ee -—1)+1) if}<s 


F will be continuous since f(2st) and f(2t(s — 1) + 1) are continuous on their 
domains and when s = 4, f(t) = f(1—t). Note that F(s,0) = x = e,(s) and 
F(s,1) = f « f(s). 


We leave it as an exercise to give a homotopy between f * f and e,. 
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Exercise 3.2.3. Write down a homotopy between f * f and eg. 


Finally, to show that the group operation is associative, we have to show that 
(f *g) *h is homotopic to f *(g*h). Here are the formulas for each composition: 


4 if0<s<l, 

(f*g)(2s) if0<s<4 f (4s) fO<s<4 

(f *g) *h(s) = ey g4e= 1) ais eS 5, 
AQs—1) fps s <1 v4 

h(2s—1) ifg<s<l, 

2 ores 

f(2s) if0<s<i f (2s) f0<e<4, 

fx*(g*h)(s) = (g * h)(2s — 1) ea ee a g(4s 2) ifi<s<3, 


Getting a homotopy is just a matter of homotoping the parametrization. 
Figure 3.6 is supposed to be suggestive of how to get the formula. Here is 
another way to see that the maps are homotopic. Each is a composition of 
k: 


({0, 3], {0,3}) — (X,a) with an order-preserving linear homeomorphism 
m : [0,1] — [0,3]. Here 


f(s) if0<s<1, 
g(s—1) ifl<s<2, 
h(s—2) if2<s <3. 


Now f *« (g xh) = km, where the map mz, is the piecewise affine linear map 
sending [0, 3] to [0, 1], [$, 2] to [1,2], and [2, 1] to [2, 3]. It is given by the formula 


2s if0<s< $, 
m,(s) = a 
4s—1 ifs<s<l 
Similarly, (f * g) *h is given by km2 where 


As if0<s<5, 
Qs+1 if} <s<1. 


ma(s) 


Laced 


f I oh 


Figure 3.6. Associativity of * up to homotopy. 
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The argument used in Chapter 2 to show that self-homeomorphisms of the 
interval that preserve order are isotopic can be used here to show that any two 
order-preserving homeomorphisms from [0,1] to [0,3] are homotopic, fixing the 
image of the end points during the homotopy. The homotopy between m, and 
mg is given by the formula M(s,t) = (1 — t)mi(s) + tma(s). This is called a 
straight line homotopy since for fixed s, we have M;(s) = M(s,t) moving along 
the straight line joining m1(s) to m2(s) in a linear fashion. Now a homotopy 
between f *(g*h) = km, and (f *g)*h = kmg is given by H(s,t) = kM;(s): we 
just compose the homotopy corresponding to the two parametrizations with k. 
Because of this fact, we could divide up the interval any way we want in forming 
f *g*h and get the same result up to homotopy; in particular, we could use f 
on [0, 3],g on [3, 3], and h on [%, 1] if we wanted to. 

This completes the verification that 7(X,x) is a group. We now look at 
the functorial properties of the correspondence (X,x) — 7(X,x). Suppose f : 
(X,x) — (Y,y) is a continuous map. Let p : (J, {0,1}) — (X,zx) represent 
[p] € 71(X,x). Then define the homomorphism F'(f) = fx : m(X,x) > m(Y,y) 
by fx([p]) = [fp] € m(Y,y). To see that this is well defined, we must show 
that if p ~ q, then fp ~ fq. But, if P: Ix I — X is a homotopy between 
p and q with P(s,0) = p(s), P(s,1) = q(s), P(0,t) = « = P(1,t), then we can 
define a homotopy between fp and fq by fP. For fP(s,0) = fp(s), fP(s,1) = 
fa(s), fp(, t) = fp(0,t) = f(a) = y. Note that f, is a homomorphism. For 


f«((pl#lal) = [f(p * @)] = [fp * fal = [fol*l fa] = felol*f[al- 


We next check that F(1x) = lp(x) = ly and F(gf) = F(g)F(f). First, 
(1x)elf] = [Lx f] = [7]. Also, (gf)«lp] = [(ofp] = [9(f)] = geLfp] = 9-Fe(Pl: 
Thus the association of 7(X,x) to (X,x) and F(f) = f, to f is a functor 
between (pointed) topological spaces with continuous maps and groups with 
homomorphisms. Thus homeomorphic spaces will have isomorphic fundamental 
groups (with corresponding base points). We depict the functorial properties of 
F by the following diagram: 


of 


(X, x) > (Z,z) 
if g 
ae a 

(Y,y) 

F |» F 
T1(Y,Y) 

fx Os 
. ge (of )« ~~ u 
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Figure 3.7. f ~ f’rel0,1. 


The role of the base point will be pursued later as a project. Informally, the 
main result is that the fundamental group of a path-connected space is independ- 
ent of the choice of base point up to isomorphism, and the isomorphism itself 
between 71(X, 21) and 71(X, x2) can be chosen to depend on a path connecting 
X1 to Lo. 

We end this section with a calculation. A path-connected space X with 
m1(X,x) ~ {e} is called simply connected. The next proposition says that R” 
and D” are simply connected. 


Proposition 3.2.1. 7(R”, x) ~ {e}. If D” denotes the unit disk in R”, then 
m1(D",x) ~ {e}. 


Proof. In either case, we have to show that any loop at a in the space is 
homotopic within the space to the constant loop at a. The idea is just to contract 
the loop via radial lines to x using a straight line homotopy. The homotopy is 
given by F(s,t) = (1—t)f(s) +ta. Then F(s,0) = f(s), F(s,1) = @ = e,(s), 
and F(0,t) = # = F(1,t) since f(0) = f(1) = a. Note that if f(s) € D”, then 
F(s,t) € D” as well. 


We close this section by noting that many of the constructions involved in 
forming the fundamental group apply to paths as well as loops. For example, 
if f,g are paths with f(0) = a, f(1) = 6,g(0) = b,g(1) =, then we can form 
a product f * g using the same formula as before. For paths f, f’ : (1,0,1) > 
(X,a,b), we say that f is homotopic to f’ rel0,1, written as f ~ f’rel0,1, if 
there is a continuous map fF’: I x I > X so that F(x,0) = f(s), F(s,1) = 
f(s), F(0,t) =a, F(1,t) = b. We illustrate such a homotopy with Figure 3.7. 
Then f ~ f’rel0,1, g ~ g’rel0,1 imply f *g ~ f’ * g’rel0,1. There are also 
corresponding statements about associativity, (f*g)*h ~ f *(g*h) rel0,1 when 
these are defined. 


3.3 The fundamental group of the circle 


In this section we will compute 7(S',1), where 1 = (1,0). Fundamental for 
this computation will be the map p: R — S$', p(x) = (cos 27a, sin 27x). Recall 
from Section 1.7 that p is locally a homeomorphism; that is, given x € R, there 
is an interval J, containing x (any interval of length less than 1 will do) so 
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Figure 3.8. Covering of neighborhood for p: R > S$?. 


that p | I, is a homeomorphism onto its image. Moreover, if U = p(I,), then 
po} = Lez Vn, where Vo = I, and V,, comes from Vo by translating it by n. 
Each V; is mapped homeomorphically to U by p and they are permuted by the 
family of translations T,,(x) = x +n (see Figure 3.8). 

Recall also that, if we put the equivalence relation ~ on R, a ~ 6 iff a — 
b € Z, then p induces a homeomorphism p between R/~ and St. The point 1 
corresponds to [0] under this homeomorphism. We divide the circle into two open 
sets A and B, where A = S'\{-1}, B = S'\{1}. Then p-1(A) = R\{n+$:ne€ 
Z} = Unez(n — $,n + $) and p-1(B) =R\{n:n € Z} =U, .2(n — 1,0). Note 
that p | (n — $,n+ 5) is a homeomorphism onto A for each n, and p | (n —1,n) 
is a homeomorphism onto B for each n. We call these homeomorphisms p,, 1/2 
and p, and denote their inverses by dn.1/2 and dn. Note that if f: X — S$ lis a 
continuous map and f(X) C A, then gn1/2f has the property that pdn1/2f = 
Pn,1/29n,1/2/ = f. A continuous map f: X — R so that pf = f is called a lifting 


of f. We depict the lifting f of f via the following diagram: 


ie 


x —> sg! 


We have seen that if f(X) C A, then f has a lifting. Of course, f has 
many liftings, one for each integer n. If, however, we specify that f(x9) € (no — 
50 + 4) and X is connected, then we claim that there is a unique lifting 
f for f. For f continuous and X connected we have that e (X) is connected. 
Since f(X) Cc A, f(X) Cc vege gent 9 4). Since f(X) is connected and 
f (xo) € (no $,no + ), this implies that re. @hetcr ee go +5 +); the details 
are left as an exercise. Now qno.1/2f = f gives a lifting of f. If f were another 


lifting with f’(xo) € (no—3,0+5), then pf'(x) = pf (a) and p | (mo—$,n0+5) a 
homeomorphism imply f’(z) = f(x). Analogously, if f(X) C B, then q,f gives a 
lifting for each n, and there is a unique lifting f = qn, f with f(ao) € (no —1, No) 
when X is connected. 

We can find liftings of continuous maps into A or B, and the lifting is unique 
once the image of a single point is specified. We now discuss the general problem 
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of finding a lifting of f : (I, {0,1}) — (S1,1). We note that J is a compact metric 
space and {A, B} gives an open cover for $1. Hence {f~1(A), f-1(B)} gives an 
open cover for J. Since I is compact, this cover has a Lebesgue number 6 > 0. 
Thus any set of diameter less than 6 has its image under f contained in either A 
or B. Choose an integer k with 1/k < 6, and divide the interval J = [0,1] into & 
subintervals of length 1/k,[ = 1, U---UIx, 1; = [(j — 1)/k, j/k]. By our choice 
of k, f(Z;) C A or f(Z;) C B. Thus we can find a lifting of f | I;; moreover, 
this lifting is unique if we specify the image of one point, f(G —1)/k). We now 
claim that f : J - S* has a unique lifting f with f(0) = 0. We first show that 
how to get f. Look at f | I). Since f(0) ¢ B, we must have f(I,) C A; thus 


there is a unique lifting (f | I,) : I, > R with (f | 1,)(0) = 0. We define f | I, as 
Caner In particular, this defines f on 1/k. Now look at f | Ip. Since f(Iz) C A 
or f(I2) C B, there is a unique lifting (f | I) with (f | Ie)(1/k) = f(1/k). We 
then define f | Ip = (f | I). We can continue in this fashion to define a unique 
lifting of f over successive subintervals, yielding the unique lifting f. Uniqueness 


follows inductively from the uniqueness properties of each of the liftings (f | J;). 
We leave the details as an exercise. 


Exercise 3.3.1. Let g : X — UJ; be continuous, where {J,} are pairwise 
disjoint open intervals, n € Z, and X is connected. Show that if g(a) € Ing: 
then g(X) C Ing: 


Exercise 3.3.2. Modify the argument outlined above to prove the unique path 
lifting property, Theorem 3.3.1. 


Theorem 3.3.1 (Unique path lifting property). Jf f : J — S' is a_continu- 
ous map with f(0) = 20 and p(%o) = xo, then there is a unique lifting f:I +R 
(i.e. f ts continuous and pf = f) with f(0) = Zo. 


We now want to use the unique path lifting property to define a homomorph- 
ism h : 7($1,1) — Z, which we will show is an isomorphism. Since 7($1, 1) 
consists of equivalence classes of loops, we will actually define a function h from 
loops at 1 to Z and show that h gives the same value to homotopic loops, 
hence determining a function h : 7(S!,1) — Z. We then show that h is a 
homomorphism, is 1-1, and is onto, and so is an isomorphism. 

Suppose f : (J, {0,1}) — (S*,1) is continuous. By Theorem 3.3.1 there is 
a unique lifting f : I > R with f(0) = 0. We define h(f) = f(1) € Z. f(1) 
is an integer since pf(1) = f(1) = 1 and p-!({1}) = Z C R. We then define 
h:7(S"',1) > Z by A([f]) = A(f). 

Well defined: To see that h is well defined, we have to show that if f ~ f’, 
then h(f) = h(f’); that is, f ~ f’ implies f(1) = f’(1). Denote a homotopy 
between f and f’ by F: I x I > $1 with F(s,0) = f, F(s,1) = f’, F(0,t) = 
1 = F(1,t). We claim that there is a unique lifting F of F with F(0,0) = 0, 
for {F—1(A), F~1(B)} is an open cover of the compact metric space I x I, and 
hence has a Lebesgue number 6 > 0. Choose n so that any square of side length 
1/n has diameter less than 6. Now subdivide I x I into n? squares I; x Ij, of side 
length 1/n,1< j,k <n. Hence F(J; x Ip) C A or FU; x I) C B. Now consider 
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F | I, x I). Since F(0,0) ¢ B, we must have F(, x I,) C A, and so qo1/2(F | 


qi x Ih) =f | ii x Ih = Vo gives a lifting of Fy, =F | ii xh with F (0,0) = 0. 
Moreover, Exercise 3.3.1 may be used as in the discussion preceding it to show 
that Fy, is the unique lifting of F,, sending (0,0) to 0. Next consider Fh; = F'| 
In x Jy (in general, let Fj, = F | I; x I,). Since Foi (Ig xh) C Aor Fa (fax hh) c 
B, there is a unique lifting Fy, : Ib x I, — R with Fo, (1/n,0) = F,,(1/n, 0). 
We may inductively define Pai, Pa te Beaches. vee Fes Pao Fin, Heady Fun with 
Fie(j/n, (k—1)/n) = Fy ye(d/n, (b—1)/m) and Fye(0,b/n) = Fray (0,k/n). 
That any two of these agree on their common interval of intersection follows 
from the fact that they agree at one point and the unique path lifting property. 
Call the map that they define F; that is, F | I; x I, = Fjp. It is continuous 
by the piecing lemma. F | {0} x J maps 0 x I to 1 and F(0,0) = 0; hence 
unique path lifting shows that F(0,t) = 0 since this is one lifting of F | 0 x I. 
Unique path lifting also implies F | I x {0} = f and F | I x {1} = f". Finally, 
F | {1} x Lis a lifting of F | {1} x I, which sends 1 x I to 1. Since F(1,0) = f(1), 
unique path lifting implies that F(1,t) = f(1). But these statements imply that 
F(1,1) = f’(1) = f(1). Thus h is well defined. We illustrate how the map F is 
defined when n = 3 in Figure 3.9. 


Exercise 3.3.3. Use the argument given above to prove the homotopy lifting 
theorem 3.3.2. 


Theorem 3.3.2 (Homotopy lifting theorem). Suppose F : I x I > S' is 
a continuous map. Then there is a continuous lifting F : I x I — R satisfying 
pF = F.. Moreover, this is unique if we also require F'(0,0) = %o, where p(%o) = 
F(0,0). 


Figure 3.9. Lifting a homotopy. 
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Homomorphism: We now show that h is a homomorphism. Suppose h([f]) 
m, h({g]) =n. Then we have to show that h([f]* g)) = =m-+n. But h((f] }*[g]) 


fl® 
A([f*g]) = h(f*g). Thus we need to find a lifting f * g of fxg with f * g(0 be 


and evaluate f * fxg(l ). But f and g (after we translate g to begin at f(1) = 
together give a lifting. Define g(t) = g(t) + m. Then 


—~ ft foesi<s 
fxg) = F( ) coat : 
Gulweal) ats Ste 


is the required lifting of f * g. Note that fx g(1) = 9m(1) = 911) +m=m+n. 


Exercise 3.3.4. Check that fxg as defined above is a lifting of f * g with 
f *9(0) = 


Onto: Next we have to show that h is onto. We do this by exhibiting 
[f] € m(S*,1) with h([f]) =n. We first define f as f(t) = nt. Then we define 
f =pf. Since f is a lifting of f and f(0) = 0, f(1) =n, then A([f]) = f() =n 
as required. Note that f just wraps around the circle |n| times (in the counter- 
clockwise direction for positive n, clockwise for negative n). It is given by the 
formula f(t) = (cos 27nt, sin 27nt). 

1-1: By Proposition 3.1.2 we only have to show that if h([f]) = 0, then [f] = 
[e1]. But h([f]) =0 means that f(1) =0, where f is the unique path lifting of f 
with f(0) = 0. Hence f : (J, {0,1}) — (R,0) and thus represents an element of 
m1(R, 0) ~ {e}. Thus [f] = [eo] and p,([f]) = ps [eo] = [e1] since a homomorphism 
must send the identity to the identity. Thus [f] = [pf] = p.([f]) = [ea]. 


We have proved the following theorem. 


Theorem 3.3.3. m(S", 1) 2. This isomorphism is given by the function 
h:m(S',1) > Z which sends [f] to f(1) where f is the unique lifting of f with 
f(0) =0. 


Much of the remainder of this chapter will consist of applications of this 
computation and its underlying ideas. 


Exercise 3.3.5. Show that if f, f’ are homotopic loops (rel0,1) at 1, and Ff! 
are the unique lifts with f(O ) = f’(0) =0, then there is G: Ix I > R ,G(s,t) = 
Gils), with Go= f, Gi: =f, 6G) =0,60.,) = f@ =7'H). Hint Exanine 
the proof of Theorem 3.3.3.) 


Exercise 3.3.6. Define a new multiplication on loops at 1 in $1 by f 0 g(s) = 
p(f(s) + g(s)) where f,g are the unique lifts of f,g with f(0) = 0 = g(0). Show 
that this multiplication is well defined on homotopy classes, that is, f ~ f’,g ~ g’ 
implies fog ~ f' og’. (Hint: Use Exercise 3.3.5.) 


Exercise 3.3.7. With the definition of the last exercise, show that the operation 
[f] ©[g] = [fog] makes the set of homotopy classes of loops at 1 in S' into a group, 
which we will denote by 7{($',1). (Hint: Utilize the group structure in R: for 
example, to define the inverse of [f], we want a [g] with p(f(s)+9(s)) homotopic 
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to the constant map at 1. But, if g(s) = —f(s), then p(f(s) + g(s)) = p(0) = 1. 


So choose g(s) = p(—f(s)).) 

Exercise 3.3.8. Using the notation of the preceding exercises, show that 
m™ (51,1) ~ 7} ($1,1). (Hint: As sets, they are the same, so try to use the iden- 
tity map and show that it is a homomorphism using the two group structures. 
It is useful, although not necessary, to use Theorem 3.3.3.) 


3.4 Applications to surfaces 


In Chapter 2 we used the Euler characteristic to give an argument that the 
surfaces S(p),T, Se and eS are pairwise nonhomeomorphic for distinct (k, p). 
However, the justification of the invariance of Euler characteristic for homeo- 
morphic surfaces was not given there. Distinguishing these surfaces can be based 
instead on the computations of their fundamental groups. The general case is 
deferred to later in the chapter when we discuss the Seifert-van Kampen the- 
orem which facilitates more efficient calculation. However, we will do some of the 
easier calculations in this section to at least show that $,7, and P have distinct 
fundamental groups. 

The easiest case to handle is the computation of the fundamental group of 
the torus. For this, we regard T’ as $1 x $1 and we choose (1,1) as base point. 
The result 71(T,(1,1)) ~ Z & Z follows from the following proposition on the 
fundamental group of a product space. 


Theorem 3.4.1. 7 (X x Y,(x,y)) ~ m(X,2) ® m1(Y,y). 


Proof. Let py: X xY — X, po: X x Y — Y be the projections. Then note that 
(ie: m1(X x ¥, (w,y)) > m1(X, 2) and (pa)a im (X x Y, (0,y)) > m(¥;y) are 
homomorphisms. Define a homomorphism P : 7(X x Y,(a,y)) > m1(X,x) ® 
m™1(Y,y) by P(a) = ((p1)«(@), (p2)«(a@)). It is a homomorphism since (p;), and 
(po), are and multiplication in a direct sum is done coordinatewise. Define a 
homomorphism Q : m1(X,21) ® m(¥,y) > m(X x ¥,(2,y)) by Q(Fl la) = 
[h], where h(t) = (f(t), g(t)). We leave it to the reader to check that Q is a 
homomorphism and Q is an inverse to P. 


Exercise 3.4.1. Show that Q is a homomorphism and is an inverse for P. 


We now compute 71(S7,1), where 1 denotes (1,0,0) here. We show that 
($7, 1) is the trivial group; that is, each loop at 1 is homotopic to the constant 
loop. The idea of the proof is that $?\{—1} ~ R?, and this allows us to homotope 
any loop that misses {—1} (via the image of a straight line homotopy in R?) to 
the constant loop. The argument reduces to this situation by first homotoping 
the loop in S?, which may hit —1 = (—1,0,0), to a loop which misses this point. 

Our argument will be similar to the argument computing 7(S',1). We 
first write S? as AUB, where A = S*\{1} and B = $?\{-1}. We saw in 
Chapter 2 that A,B ~ R? (via rotation and stereographic projection). Suppose 
f : (1, {0,1}) — (S?,1) is a loop at 1. Our goal is to homotope f to f’ so 
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that f’(I) C B. Since B is homeomorphic to R? and 7(R?,c) ~ {e}, then 
f' is homotopic to the constant loop. First note that if go,gi : [a,b] — R? 
are paths with g;(a) = 2x,gi(b) = y, then go is homotopic to gy relative 
to the end points; that is, there is a homotopy F : [a,b] x I — R? with 
F(a,t) = «,F(b,t) = y, F(s,0) = go(s), F(s,1) = gi(s). Just use the straight 
line homotopy; the details are left as an exercise. In particular, any g is homo- 
topic relative to the end points to the straight line path joining g(a) to g(b). 
Next note that if we take a loop g: [0,1] — X with [a,b] Cc [0,1] and if g | [a, }] 
is homotopic relative to the end points to g’ | [a,b], then g is homotopic to g” 
with g” | [a,b] = g’ | [a,b] and g” | [0,1]\(a,b) = g | [0, 1]\(a,b). The idea is to 
use the constant homotopy on [0,1]\(a,6) and the homotopy between g | [a, 0] 
and g’ | [a,b] on [a,b]; the details are left as an exercise. 

Now consider the cover f~!(A), f~1(B) of I. Let 6 be a Lebesgue number of 
this cover and choose n so that 1/n < 6. Subdivide [0, 1] into n equal subintervals 
with 1/n < 46, so that f([k/n, (k + 1)/n]) is a subset of either A or B. Let m(f) 
be the number of subintervals containing a point x with f(z) = —1. If m(f) = 0, 
then f(I) C B as desired, and so f is homotopic to the constant loop. Our proof 
is by induction on the number m(f). Since we know the result for m(f) = 0, 
we have started our inductive proof. We have to give a means of homotoping 
the given f to f’ so that m(f’) < m(f), for then knowing our statement for 
m(f) < p implies it for m(f) <p+41. Note that the first and last subintervals 
are sent to B (since f(0) = f(1) = 1), so they contain no points sent to —1. 
Note also that any subinterval containing a point sent to —1 is sent entirely 
to A. Now, moving from left to right, select the first subinterval [a,a + 1/n] 
containing a point sent to —1, and let [a,b] denote the interval formed from 
[a,a+1/n] together with all the consecutive subintervals containing points sent 
to —1. Note that f(a) 4 —1, f(b) 4 -1: if f(a) = —1, then [a,a + 1/n] would 
not be the first subinterval containing a point sent to —1; if f(b) = —1, then we 
could have included at least one more subinterval in our consecutive subintervals 
containing points sent to —1. Note that f[a,b] C A. Using the fact that A is 
homeomorphic to R?, we can show that f | [a,b] is homotopic to f’[a, b] relative 
to the end points, where f(a) = f’(a), f(b) = f’(b), and f’({a,b]) C B; that is, 
the image of this interval misses the point —1. Then f is homotopic to f” with 
i | [a, b] = f' | [a, b] and f” | (0, 1]\(a, 6) =f | (0, 1]\(a, b). But m(f") < m(f) 


and so by induction f” (hence f) is homotopic to a loop in B as required. 


Exercise 3.4.2. Show that if go,g1 : [a,b] —~ R? are maps with go(a) = 
gi(a), go(b) = gi(b), then go is homotopic to g; relative to the end points. 


Exercise 3.4.3. Using the notation of the previous proof, show that if g : 
[a,b] + A has g(a), g(b) 4 —1, then g is homotopic to g’ relative to the end 
points, where g’([a,b]) C B. (Hint: Just choose g’ with g’([a,b]) C AN B and 
show that there is a homotopy since A ~ R?.) 


Exercise 3.4.4. Show that if g | [a,b] is homotopic to g’ | [a,b] relative to the 
end points (where g : [0,1] — X is a loop at x), then g is homotopic (as loops) 
to g” where g” | [a,b] = g' | [a, 6] and g” | [0, 1]\(a,) = g | (0, 1]\(a, 6). 
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We give another approach to this calculation of 7($?,1). As before, start 
with f : (J,{0,1}) — (S?,1) and find a Lebesgue number 6 for the cover 
{f—'(A), f-'(B)}. Partition the interval into subintervals of length 1/n < 6. 
If we consider the path f; = f | [¢ — 1,7], then we can consider f as the product 
of the paths f = f, * fo *---* f,. This is a product of paths, not of loops. Now 
amalgamate the subintervals which are sent to A and the subintervals which 
are sent to B so that we can regard f = gi * hy * go * hg * +++ * Ge4i, Where gj 
is sent to B and h; is sent to A. The first and last subintervals are sent to B 
since the end points are sent to 1 € B. We alternately name the interior vertices 
V1, W1, V2, W2,... . Now each interior vertex v; of the subdivision of J will be sent 
to a point vj of AN B and the interior vertex w; is sent to wi of AN B. Since 
ANB is path connected, we can choose a path pj in AN B from v} to 1 anda 
path q; in ANB from w} to 1. Note that the paths p;*p; and q;*q are homotopic 
relative to the end points to the constant paths c;,d; that stay at vj, w;. Also, 
the compositions a * c;,a@ * d; are homotopic to a for any path a where this 
composition makes sense. We can use these homotopies to homotope f to 


gi * cy *& hy * dy *- ++ KAR * dy * Gee © G1 * Pi * Pi * Ay * GL * Ok * Gk 41 


Now let 9, = 91 * 71, hy = DPithit ai, 9, = U-14*9* Di, TAI,R+1, Gy = 
dk * Gk+1- Then f is homotopic relative to the end points to the composition 
gi * hi *---* hy, * G41. The advantage of this new composition is that each of 
gj, hi, is a loop at 1. The loops gj are loops in B, and the loops hi, are loops in 
A. Since each of A,B is homeomorphic to R?, then these loops are homotopic 
relative to the end points to constant loops at 1. Thus f is homotopic to the 
constant loop at 1. Since f was an arbitrary loop at 1, this shows that ($7, 1) 
is the trivial group. 

The argument above can be used to prove the following theorem. We leave 
the details as an exercise. 


Theorem 3.4.2. Suppose that A,B, and ANB are path connected open sets in 
X = AUB andcée ANB. Then if 7 (A,c) and m(B,c) are trivial groups, then 
m(X,c) is also the trivial group. 


Exercise 3.4.5. Prove Theorem 3.4.2. 


We now show that 71(P,[1]) ~ Za. We will just outline the argument and 
leave the details as an exercise. We use the description of Zz as {—1, 1} with the 
usual multiplication in R. Recall the map p : $2 — P given by regarding P as 
the quotient space of $?, where x ~ —a. For a small open set V about x € $7, 
we have VN T(V) = ¢, where T(x) = —a. Note that pT = p. Then the two sets 
V,T(V) will each map homeomorphically via p to an open set U about [a] € P, 
and the map T interchanges these two preimages p-'(U) = V UT(V). All that 
is necessary for U is that it has small enough diameter that it is contained in 
an open hemisphere. We will choose U so that it is path connected. We can 
then use compactness of P to get a cover Uj,...,U, of P of open sets with 
p '(U;) = Uj, UUj2, where p | Ui; : Ui; + Uj is a homeomorphism, T(Uj1) = Ui2. 
Now suppose [f] € 77(P, [1]). Then {(f~1(U;)} gives an open cover of J, and so 
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has a Lebesgue number 6 > 0. Choose & so that 1/k < 6 and subdivide I into 
k equal subintervals of length 1/k, J = 1, U---Ud,. Then f(Z) always lies in 
some U;. Thus f | Im lifts to S?; that is, there is a map (p | Ui;)"'f = qijf = of 
so that p - = f. Of course, there are two possibilities for 7, but we can argue as 
in the computation of the fundamental group of the circle that if we specify f 
on one point, then the lifting is unique. We can then piece together the liftings 
as in the proof that 7 (S1,1) ~ Z to show that there is a unique lifting fotf 
with f(0) = 1. Now define h : ™(P,[1]) — Ze = {—1,1} by 


Seeing that h is well defined requires an argument similar to the one used 
in showing 7(S1,1) ~ Z. If f ~ f’, then let F : I x I — P be a homotopy. 
Then F can be lifted to F : Ix I 3 S? with Fy = f,F, = f’, Fo(0,t) = 1. 
Then the unique path-lifting property (as applied to a lifting to $? using the 
unique liftings of maps to U; once one point is specified) is applied to show that 


F(t) =f) = FC). ; 

To see that h is a homomorphism, we need to piece together lifts f, g of f.g to 
get a lift of fg. If f(1) =1, then f *g will be such a lift. However if f(1) = —1, 
then f and g do not fit together since f ends at —1 and g begins at 1. In our proof 
that 7(S',1) ~ Z, a similar problem was surmounted by translating g; that 
is, replacing it by g,(t) = g(t) +n. The important fact about g,, used was that 
Gn(0) = n and pgn(t) = pg(t) = g(t). The map g,, is formed from g by composing 
with T, :R—R,T,(s) =s+n. Since pT, = p, p(Tng) = (pTn)g = pg = g. For 
p: S? — P, the map T : S? > $?,T(x) = —a, plays the same role as T;, above. 
For pT = p, p(Tg) = (pT )g = pg = g. Thus if f(1) = —1, we may lift f * g to 
fx (Tg), and use this lifting to verify that h is a homomorphism. 

We can show that h is onto by explicitly constructing a path a :I 3 9? 
which connects 1 to —1 and then getting f as pf. To see that h is 1-1, we use 
the calculation 7(S?,1) = {e} and an analogous argument to the proof used for 
computing 7($1, 1). 


Exercise 3.4.6. Fill in the details to show that 71(P, [1]) ~ Zo. 


As the reader may suspect, it is not just a coincidence that there are parallel 
proofs to show that 71($',1) ~ Z and 7(P,[1]) & Ze. For $', our proof used 
the map p: R — S', and for P it used the map p: S? — P. Both of these maps 
are examples of covering maps and (R, p, S'), (S,p, P) are called covering spaces. 


Definition 3.4.1. We will assume that in our treatment of covering spaces in 
this book that each of A, B are path-connected, locally path-connected Hausdorff 
spaces. If p: A — B is a continuous surjective map, we say p is a covering map 
and (A,p,B) (or just A if p,B are clear by the context) is a covering space 
if, for each b € B, there is a path-connected open set U containing x so that 
p ‘(U) is the disjoint union ],<, Ux of open sets and p | U, : U, > U isa 
homeomorphism. The set U is said to be evenly covered. Thus the requirement 
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can be rephrased as saying that there is a covering of B by path-connected, 
evenly covered open sets. 


Definition 3.4.2. Two covering spaces (A1,p1,B) and (Ag, p2, B) are said to 
be equivalent (or isomorphic) if there is a homeomorphism h: A, — Ag so that 


poh = pr. 


Exercise 3.4.7. Verify that (R,p, S'), (S?,p, P) are covering spaces. 


In the two examples in the last exercise, the base spaces S', P arise as quo- 
tients of the spaces R, S$? via actions of groups. In the case of p: R — S', we get 
S1 ~ R/x ~ T,x where T,7z = «+n. For the second example, P ~ $?/xa ~ Az, 
where Ax = —x generates a group isomorphic to Z. = (+1,-) consisting of A 
and the identity. There is a similarly constructed covering space p: T — K. If 
we regard T’ = $! x $', then there is a homeomorphism h : T — T which is given 
by T(z,w) = (—z,W), where we regard z,w as complex numbers and w is the 
complex conjugate of w. The quotient space is the same as formed from D! x $1 
by identifying (—1, w) to (1,@). When we look at a small disk neighborhood of 
a point, then A will rotate it half way around the first circle but reverse its ori- 
entation as it maps it to a disjoint disk. In the quotient T/(z,w) ~ h(z,w), 
these two disks get identified to a single disk. This image disk in the quo- 
tient is then evenly covered by the two original disks in JT’ and so the map 
p:T>T/(z,w) ~ h(z,w) & K is a covering map. 


Exercise 3.4.8. Verify that T/(z,w) ~ h(z,w) is homeomorphic to K where 
we use our original definition of K as a quotient of D! x D!. 


Just as we are interested in topological spaces up to homeomorphism or 
groups up to isomorphism, we are interested in covering spaces up to equivalence, 
regarding equivalent covering spaces as being essentially the same. One of the 
most important facts about covering spaces is the unique path lifting property. 
That is, if we are given a path f : J > B with f(0) = & and p(%) = a, then 
there is a unique lifting f : I > A with f(0) = = &; that is, f is a path in A with 
Pp f= f. This is proved by a Lebesgue number argument together with the fact 
that it is easy to lift paths whose images lie in an evenly covered open set in the 
definition. 

It turns out that there is an intimate connection between covering spaces and 
the fundamental group. In particular, if we have a covering space (A, p, B) with 
m™(A,a) ~ {e} (such covering spaces do exist for “nice” B) such as p: R = S? 
and p : S? — P, then we can use A to compute 7(B,b) by a path-lifting 
scheme analogous to the ones used for S' and P. Much more is true, however. It 
turns out that equivalence classes of covering spaces may be classified in terms 
of subgroups of 71(B,b). This interplay between topology and algebra is one 
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Figure 3.10. Generating loops for 7(T#T, ). 


of the most beautiful in mathematics. Theorems about covering spaces may be 
deduced from purely algebraic results, and, conversely, covering space theory 
may be used to give topological proofs of theorems in algebra. 

In Chapter 4, we give a development through a set of exercises of some of 
the most important features of covering spaces. For excellent fuller treatments 
of covering space theory (as well as the fundamental group), we recommend [18] 
and [13]. 

We indicate why T is not homeomorphic to T#T without giving the full 
computation of the fundamental groups which would distinguish them. An argu- 
ment showing T“*) % T) for k 4 p could be given by generalizing this argument. 
Basically, the idea is that in T, there are two generating loops for the fundamental 
group, but in T #7, at least four loops are required to generate it. Figure 3.10 
shows these generating loops, first without taking base points into account and 
then with a common base point. 

There is a continuous function g : T\D? — T arising as follows. Take a 
disk D? C T and a smaller disk D3 C D?. We can regard the pair (D?, D3) as 
being homeomorphic to the pair (D?, ($)D?) of standard disks of radii 1 and 
3, respectively. Then there is a map (D?,(5)D?) — (D?,0) which takes each 
radial line from 2/2 to 2 € S1 and sends it to the radial line from 0 to x. Note 
that this map is the identity on $1. Using the homeomorphism between (D?, D3) 
and (D?,(4)D?), there is a corresponding map (D?, D3) + (D7,2o) where xo 
corresponds to the center of the disk. The map from T\D? onto T which we 
want is the identity outside of D? and then uses the map (D7, D3) — (D7, 20). 
This has the property that there are loops in T\.D? which get mapped to the 
generating loops in 7(T,1) as in Figure 3.11. 

This map can be extended to give a continuous map f; : T#T —- T 
by regarding T#T as (T\D?),; U (T\D?)2 and just sending (T\D?); to T as 
above and sending (T'\D?)2 to 1. There is an analogous map f2 which collapses 
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Figure 3.11. Collapsing T\D to T. 


Collapse shaded CoD J 
regions to point 1 - 


Figure 3.12. Two collapses of T#T to T. 


(T\D?);. Figure 3.12 illustrates these maps. Now ((f1)«, (f2)«) : m(T#T) - 
m1(T) © 71(T) (with appropriate base points) is surjective since there are loops 
in T#T which are sent to each of the generating loops in each factor of T’. Hence 
m(T#T) maps onto Z@ZOZ@Z. But it is a fact from group theory that there 
is no surjective homomorphism from Z 6 Z onto Z@ZOZ OZ. Basically, this 
follows from the fact that Z @ Z has two generators and Z6Z6 ZZ requires 
four generators. 


Exercise 3.4.9. Give a formula for the map (D?, $D*) — (D?,0) sending S$! 
to S' via the identity and the circle of radius 5 to O as described above which 
sends radial lines to radial lines. (Hint: Use polar coordinates. 


Exercise 3.4.10. In linear algebra, it is shown that there is no surjective vector 
space homomorphism from R? onto R* (since the dimension of the image space 
of a homomorphism is always less or equal to the dimension of the domain 
space). Use this to show that there is no group homomorphism from Z @ Z 
onto Z®ZOZOQZ. (Hint: A group homomorphism from Z © Z is completely 
determined by its values on (1,0) and (0,1). A homomorphism to Z@ZOZOZ 
is surjective iff (1,0,0,0), (0, 1,0,0), (0,0, 1,0), (0,0,0,1) are in the image of the 
homomorphism. Go from an assumed group homomorphism to a corresponding 
vector space homomorphism. ) 
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3.5 Applications of the fundamental group 


In this section we will prove a number of results which use our calculation of 
m($',1) ~ Z. Our first application will be to show that any continuous map 
f : D? — D? has a fixed point; that is, there is ¢ € D? with f(z) = x. An 
analogous result is true for maps from D” to D”. For n = 1, it can be proved 
using the intermediate value theorem and the map g(x) = f(x) — x. For n> 2, 
there is a proof which utilizes homology theory in a role analogous to the way 
we will use the fundamental group. First we need a couple of results which will 
be useful in other applications as well. 


Lemma 3.5.1. If f : S! — A extends to a continuous map F : D? > A, 
then f, :7™(S',1) — 71(A, f(1)) is the trivial homomorphism, that is, f.(a@) = 
lera].- 

Proof. We have f = Fi where i is the inclusion of S! into D?. Hence f, = Fris, 


and i, is the trivial homomorphism since 7(D?,1) ~ {[ei]}. Thus f.(a@) = 
Fyi.(@) = F.([ea)) = [era]. 


Proposition 3.5.2. There does not exist a continuous map f : D? — S' with 
fates 

Proof. If there were, then (fi). = 1,,(91,1). But 1gi(a@) = a and (fi).(a) = 
Fx (ix(@)) = legay]. 


Definition 3.5.1. If A Cc X andi: A — X is the inclusion, then a continuous 
map r:X — A with ri = 1, is called a retraction. 


Proposition 3.5.2 is saying that there is no retraction from D? onto $1. The 
following result generalizes Proposition 3.5.2. 


Theorem 3.5.3 (No-retraction theorem). 
(a) If there is a retraction r : X — A, then the homomorphism ry, 
1™1(X,a) > 7 (A,a) is surjective. 
(b) If 71(A, a) is not the trivial group and 7™(X,a) is the trivial group, then 
there is no retraction from X onto A. 


Exercise 3.5.1. Prove Theorem 3.5.3. 


We now apply Proposition 3.5.2 to prove that any continuous map of the disk 
to itself must fix at least one point. 


Theorem 3.5.4 (Fixed point theorem for D?). Let f : D? — D? be 
continuous. Then there exists x € D? with f(x) =a. 


Proof. Suppose not. Then x — f(a) is never zero. Consider the ray going from 
f(x) in the direction of x. There is a unique point different from f(a) on this ray 
that is on the unit circle; call this point g(a). Since g(a) lies on the line through 
x and f(a), the point g(a) has the form # + t(a — f(a)), for some t > 0. See 
Figure 3.13 for an illustration of the construction of g. Calculation shows that t 
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g(x) 


Figure 3.13. Constructing g : D? > S$. 


depends continuously on aw (see Exercise 3.5.2) and hence g(a) is a continuous 
function from D? to $1. But, if x is already on the unit circle, we have g(a) = a. 
Thus the existence of g contradicts Proposition 3.5.2. 


Exercise 3.5.2. Show that the correspondence from a to t in the last proof is 
continuous. 


Exercise 3.5.3. Show that a continuous map f : D' — D! must have a fixed 
point. 


For our next applications, we need to introduce the notion of the degree of a 
map from S' to $1. Although this could be approached using the fundamental 
group, this involves technical difficulties involving the role of the base point, so 
we will just introduce degree using the ideas behind the computation of 71($", 1) 
rather than the fundamental group itself. 

First we need to define a homotopy of maps from A to B. 


Definition 3.5.2. We say that f: A — B is homotopic to g: A — B if there is 
a continuous map F': A x I > B with F(a,0) = f(x), F(x,1) = g(a). 


This is essentially the same definition that we gave for a homotopy of loops in 
defining the fundamental group, with the principal difference being that in that 
case we had requirements on where the points 0,1 go during the homotopy. The 
definition is also reminiscent of the concept of an isotopy, which is a special type 
of homotopy where all of the maps involved are embeddings or homeomorphisms. 

Let f : S! — $1 be a continuous map, and consider the composition f’ = 
fp: I — S', where p(t) = e?7*. Then using the unique path-lifting property, 
there is a lift f’ : J + R with f’ = pf’ once we choose the lift f’(0). Uniqueness 
implies that any two lifts Fics of f’ differ by f3(s) = f{(s) +n for the integer 
n= f3(0) — fi (0). For both f5(s),95(s) = fi(s) + n are lifts of f’ which satisfy 
f5(0) = g5(0). Since f’ is a lift of f’ and f’(0) = f’(1), we have pf’(1) = pf’(0), 
and so f’ (1) - oi (0) is an integer. Our argument above that two lifts differ by 
addition of an integer then implies that the difference f’(1) — f’(0) is an integer 
which is independent of the lift chosen. This leads to the definition of the degree 
of the map f. 
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Definition 3.5.3. Let f: Ss > S$? be a continuous map, with f’ = fp: I — S?. 
Choose a lift f’: J — R with pf’ = f’, and define the degree of f by 


deg f = f"(1) — f"(0). 


The discussion before the definition shows that deg f is well defined, inde- 
pendent of the lift chosen. We next show that homotopic maps have the same 
degree. 


Proposition 3.5.5. If f,g: 51 — S' are homotopic, then deg f = deg g. 


Proof. Let F : S' x I — S' be the homotopy. Define F’ : I x I > S! by 
F's,t) = F(p(s),t). Note that F’(s,0) = f’(s), F’(s,1) = g’(s). Theorem 3.3.2 
then says that there is a unique lift F’ : I x I — R of F’ once we specify 
F'(0,0) lying above F’(0,0) = f(0). Then F’(s,0) = fi! is a lift of f’ and 
F'(s,1) = @/ is a lift of g’. Moreover, F’ | {0} x I and F’ | {1} x I are lifts 
of F’ | {0} x I,F’ | {1} x I, respectively, and these maps satisfy F’(0,t) = 
F(1,t) = F’(1,t). Thus they are lifts of the same map from I to $', and so 
they differ by an integer constant (which is F’(1,0) — F’(0,0)). This means that 
F'(1,1) — F’(1,0) = F’(0, 1) — F’(0,0); call the common value N. We get 


F'(1,1) — F’(0,0) = (F’(1,1) — F@,1) + (F@,1) — F(0,0)) 
= (G'(1) — 9'(0)) +N = deg(g) +N, 

F'(1,1) — F'(0,0) = (F’(1, 1) — F(A, 0)) + (FC, 0) — FO, 0)) 
=N+(f'() — f(0)) =N + deg(f). 


Hence deg f = degg. 


The constant map f : S' > $1, f(z) =c € S', has f’ being constant and so 
lifts to a constant map to R. This gives the following lemma. 


Lemma 3.5.6. A constant map f : S' — S* has degree 0. 
The following lemma is the analog of Lemma 3.5.1. 


Lemma 3.5.7. If f : S' — S' extends to a map F : D? — S', then the degree 
of f is zero. 


Proof. Let G: $1 x I + D? be the continuous map G(z,t) = tz. This sends 
S' x {1} to the circle by (z,1) — z and sends $' x {0} to the center point of the 
disk, sending {z} x I to the radial line joining the origin to z. The composition 
FG: S$! x I — S' is a homotopy between f and the constant map that sends 
the circle to F'(0). Hence the degree of f is zero. 


It is useful to use the language of complex numbers in dealing with this. 
To a point (x,y) in the plane, we associate the complex number x + iy, 
thereby identifying R? with C. Then S$! corresponds to the complex numbers 
of length 1. The pair (cos 2zt,sin2mt) is associated to the complex number 


e2™t — cos2rt + isin27t. Our covering map p : R — S' becomes p(t) = e?7 
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in this notation. The notation is convenient because of the key property of the 
exponential function, e7*” = ee”. This gives 


p(t ae s) = e2ti(t+s) — e2titg2mis _ p(t)p(s). 
To compute degk, we first form k(p(t)) = k(e?™*). Lifting this to R means 
finding k : I > R with e?* = k(e?t*), We then take k(1) — k(0) = degk. 


Exercise 3.5.4. Suppose f : S' — S* factors as f(z) = f1(z)- fo(z), where 
the center dot denotes complex multiplication and f; : S! — $+. Show that 
deg f = deg fi + deg fo. (Hint: To compute deg fi, lift f/ = fip to fi so that 
pf, = fip. Use p(x+y) = p(x)-p(y) to show that f’(s) = f{(s) + f3(s) is a lifting 
of f' = fp.) 

For our next results, we need a couple of lemmas concerning the degrees of 
certain maps from S$! to S?. 


Lemma 3.5.8. The degree of the map f(z) = 2”, where z denotes a complex 
number of length 1 and z” denotes z multiplied by itself n times, is n. 


Proof. The map f’: I — S$" is f’(t) = e2"*, which lifts to f/(t) = nt. Then 


deg f = fl) - f/(O =n. 


Lemma 3.5.9. Let f : $1 — S! be a continuous map with f(—x) = —f(a). 
Then f has odd degree. 


Proof. We need to find a lifting of fp : [0,1] - $1. Suppose f(1) = a. Let fi 
denote the restriction of f to the upper half of the unit circle. Note that this 
determines f completely since f(—ax) = —f(a). Let p; denote the restriction of 
p to the first half of the unit interval. Let h denote a lifting of fp; to a map 
into R and denote by @ the image of 0. Since f(—1) = —f(1), h(4) will be of 
the form a+k+ s. Denote by f2,p2 the restrictions of f,p to the last half of the 
unit interval. Since f(—x) = —f(a), we have f2pe(t) = —fipi(t — 3), which is 
equal to 
e" frp, (t— 4) = eTig2mih(t—-1/2) _ Q2mi(1/2+h(t-1/2)) _ g2i(h(t—1/2)+k+1/2) 

This means that b(t) = h(t — 4) +k + 4 will be a lifting of fop2. Then h(t) and 
b(t) fit together to give a lifting of c of fp with c(0) = @ and c(1) =a@+4+2k+1. 
This means that the degree of f is 2k +1, which is odd. 


We next note that whenever we have a map f : rS' — R?\{0}, there is a 
standard way to get a corresponding map f : $1 — S'. Here rS' denotes the 
circle of radius r about the origin in the plane. We just define f = ufm,, where 
m,(z) = rz,u(z) = z/|z|. This allows us to define deg f as deg f. Here are 
some properties of deg f which follow from the properties of deg f by taking 
compositions of homotopies with u,m,. 


3.5. Applications of the fundamental group 183 


Proposition 3.5.10. If f,g:rS! — R?\{0} are continuous, then 
(1) af f is homotopic to g, then deg f = deg g; 
(2) if f extends to a continuous map F : rD* — R?\{0}, then deg f =0; 
(3) if A(ri1,re) = {2 : 11 < z < ro}, and F : A(ri,r2) > R*\{0} is 


continuous, then 
deg F | r2S1 = deg F | r,S!; 


(4) when restricted to any circle rS',r > 0, the map f(z) = z” has degree n 
as a map of rS! to R?\{0}. 


Exercise 3.5.5. Prove Proposition 3.5.10. 


We now use the degree to prove the fundamental theorem of algebra, which 
says that a polynomial must have a complex root. 


Theorem 3.5.11 (Fundamental theorem of algebra). Let P(z) = 2” + 
Gn—12" 1 +++-+a,z+a9 be a polynomial of the complex variable z with complex 
coefficients a;. Then P has a root; that is, there is a complex number zo with 
P(z) = 0. 


Proof. Suppose not. Let M = max(|ao|,...,|@n—-1|). Choose k > 1,2nM. 
Then on the circle kS! about the origin of radius k we have P(z) = z"(1 + 
An—1/2+++++a0/2") = 2"(1 + b(z)), where |b(z)| < 4 by our choice of k. Since 
P(z) is never zero, P maps the plane into the set R?\{0}. P(z) is homotopic to 
z” as maps on k S$! via the homotopy F'(z,t) = 2"(1 + tb(z)), and so has degree 
n. But this contradicts the fact that P must have degree 0 since it extends to a 
map of kD?. 


We now state a slightly more refined version of this result. 


Corollary 3.5.12. A polynomial P(z) = 2" + an_12" 1 +-+-+a z+ a9 with 
complex coefficient factors as P(z) = (z—11)++:(2—Tn). 


Proof. By the theorem, we can find one root, which we will call rj. Then 
P(r;) = 0 means that P factors as (z — r1)Q(z), where the degree of Q(z) is 
n—1. The result now follows by induction. 


Exercise 3.5.6. Suppose that P(z) = (z—11)---(z—1r,) and Ry < Re are radii 
of circles on which P(z) 4 0. 


(a) Show that if deg P | Ri $1 ¢ deg P | R2S', then there is a root r of P 
with Ry < |r| < Ro. 
(b) Show that if |r;| < R for all i, then deg P | RS! =n. 


Exercise 3.5.7. Suppose P(z) = P;(z)P2(z) is a polynomial with no roots on 
the circle of radius R. Show that 


deg P|RS' = deg P,|RS' + deg P2|RS". 


(Hint: Use Exercise 3.5.4.) 


184 3. The fundamental group and its applications 


Exercise 3.5.8. Suppose P(z) = (z—11)---(¢—Tn), where |r;| < R for i < 
k,|ri| > R for i > k. Show that deg P | RS! = k. (Hint: Let P,(z) = (2 - 
ri) (@— Tr), Polz) = (2 — Tep1) + (@—Tn):) 


Exercise 3.5.9. Show that deg P | R2S' — deg P | R,S' counts the number 
of roots (counting multiplicity) of the polynomial P in the annulus A(R1, R2). 
Note that we are assuming there are no roots on the boundary of the annulus so 
this will be defined. 


Our next result is known as the Borsuk—Ulam theorem. It has a generalization 
in higher dimensions. Two points on a sphere of the form # = (21,...,2n) 
and —x% = (—21,...,—Xp) are called antipodal points. Lemma 3.5.9 says that a 
continuous map from $+ to S$! which sends antipodal points to antipodal points 
must have odd degree. We use it to prove a version of the Borsuk—Ulam theorem. 


Theorem 3.5.13 (Borsuk—Ulam theorem). There does not exist a continu- 
ous map f : S? > S$! which sends antipodal points to antipodal points. 


Proof. Suppose there were such a map. Consider its restriction to the equator 
of the sphere, which is S!. Since the map extends over the upper hemisphere 
(which is homeomorphic to the disk), Lemma 3.5.1 implies that it has degree 0. 
However, Lemma 3.5.9 implies that it has odd degree; hence we are led to a 
contradiction. 


Here is another version of this result. 


Theorem 3.5.14 (Borsuk—Ulam theorem). A continuous map f : S? > R? 
must send some pair of antipodal points to the same point. 


Exercise 3.5.10. Prove Theorem 3.5.14 by using 
_ F(a) ~ fla) 
|fx) — f(-#)| 


to get a map to S$! where we can apply Theorem 3.5.13 if f did not send any 
pair of antipodal points to the same point. 


g(a) 


Here is an amusing corollary, where we are regarding the earth as being a 
sphere, and our function f as measuring temperature and pressure. 


Corollary 3.5.15. At any time there will be two antipodal points on the surface 
of the earth with the same temperature and the same barometric pressure. 


Our next result is another popular corollary of the Borsuk—Ulam theorem, 
although it is somewhat more complicated to set up as such. It is known as the 
ham sandwich theorem, where the three regions referred to are imagined to be 
two pieces of bread and a piece of ham. 


Theorem 3.5.16 (Ham sandwich theorem). Let R,,R2,R3 be three 
connected open regions in R?, each of which is bounded, with finite volume. Then 
there is a plane which cuts each of them in half by volume. 
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Proof. We will only give a sketch of the proof, leaving most of the details to 
the reader. First choose a large ball about the origin which encloses the three 
regions. For each point # on the boundary sphere, consider the family of planes 
perpendicular to the line joining x to the origin. Since our regions are connected 
and open, there will be a unique one of these planes that cuts the region R; in 
half by volume. Let d;(a) denote the directed distance of this plane from the 
origin, calling it positive if the plane is on the same side of the origin as x and 
negative if it is on the opposite side. It can be shown that the functions d; are 
continuous and that they satisfy d;(—x) = —d;(a). Let f : S? — R? be given 
by f(a) = (di (x) — d(x), di(a) — d3(x)). By Theorem 3.5.14 there is a point 
x with f(—ax) = f(a). But this implies that d\(x) = do(a) = d3(ax). This then 


gives a plane which cuts all three regions in half. 


Exercise 3.5.11. Fill in the details to prove the ‘ham sandwich theorem’. 


Exercise 3.5.12. Give an example to show that the analog of the ‘ham sandwich 
theorem’ is not true if there are four regions; that is, we cannot always slice a 
ham and cheese sandwich in half by volume without positioning the ingredients. 


3.6 Vector fields in the plane 


In this section, we will study vector fields in the plane. In the next section, 
we will extend our results to vector fields on surfaces, and prove a theorem of 
Poincaré (later generalized by Hopf) relating the index of the vector field to the 
Euler characteristic of the surface. These sections provide nice applications of 
the ideas developed in this chapter to surfaces as well as introducing some ideas 
of differential topology. They are independent of the remainder of the chapter 
following them, and so may be studied before or after the remaining sections. 
We first consider the case of a vector field defined on a subset X of the plane. 


Definition 3.6.1. A vector fieldon X C R? is a continuous function v : X > R?. 


We will think of a vector at x as emanating from a; that is, it will be thought 
of as a vector with initial point a and terminal point x + v(x). We give some 
examples with corresponding pictures. 

Let X = R? and v(x) = x. Then each vector points out from the origin in 
the direction of the initial point. Its length increases in terms of the length of the 
initial point. Figure 3.14(a) illustrates this vector field. For our next example, we 
again let X = R? but now v(x) = (1,0). This is a constant vector field pointing 
to the right. See Figure 3.14(b). Our third example again uses X = R?, and 
we consider each z € R? as a complex number; that is, we identify R? with C. 
We now define v(z) = z°, where we are using complex multiplication. We depict 
this vector field in Figure 3.14(c). Our final example is a vector field defined on 
X = R°\{0}; this vector field blows up at the origin and does not extend over 
the origin. Using the same convention as the last example, it is u(z) = 1/z. It is 
illustrated in Figure 3.14(d). 
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Figure 3.14. Examples of planar vector fields. 


We now restrict each of the vector fields in our four examples to the unit 
circle and describe how the vector moves as we move once around the circle 
in the counterclockwise direction. In the first example, the vector moves once 
around the circle since v(a) = a. In the second example, the vector field is 
constant at (1,0). In the third example, the vector field moves around the circle 
three times in the counterclockwise direction. In the last example, it moves once 
around the circle in the clockwise direction. In each of these examples, the vector 
field restricted to the circle is a function from S' to itself. The degrees of these 
four functions are, respectively, 1,0,3,—1. The degrees tell how many times the 
vector field moves around the circle as we move around the circle once. Of course, 
these examples are rather special in that each has unit length on the unit circle. 
However, we could still define the notion of degree of a vector field on the unit 
circle as long as the vector field does not vanish (i.e. it is not equal to 0) on the 
circle. Recall that we defined the degree of a map v : S' + R?\{0} by using the 
composition uv, where u(z) = z/|z| maps R?\{0} by radial projection. This is 
equivalent to considering the normalized vector field u(z) = v(z)/|v(z)| and its 
degree. We can also consider the degrees for vector fields defined on other circles 
about the origin besides the unit circle. We can then use Proposition 3.5.10 in 
Section 5 to show that as long as the vector field v does not vanish in the region 
between the two circles, the degree defined through the composition vm, will be 
the same on any circle of radius r about the origin. In the examples we gave, it 
is the case that vm, is the same map as v|S? instead of just homotopic to it as 
we would expect. This reflects the symmetry of these vector fields. 
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Suppose we are interested in the behavior of the vector field on some other 
circle besides one centered at the origin, say a circle about a point 2. Then we 
could get a function from S! to S' by first using mz,-(z) = a +7rz from $' to 
the circle about x of radius r and then composing with v. To do this, we only 
need to know that the vector field does not vanish on the circle of radius r about 
a. The degree that we get does not depend on the particular radius chosen if the 
vector field v does not vanish on the annular region between the two circles. 

If we do this at an a where v(x) 4 0 and choose a disk containing x over 
which v(a) 4 0, then properties of the degree imply that the restriction to the 
boundary of the disk has degree 0. Thus the only situation where the computation 
of the degree of vmz,, for small r is of interest is where the vector field vanishes 
inside the disk B(a,r). In this case, suppose that for a small disk about x, the 
only point where the vector field vanishes is at x itself. Then if we take any circle 
about x in this disk and compute the degree of the map umz,, for this circle, 
then the answer does not depend on the particular circle chosen. 


Exercise 3.6.1. Give the details for the claims made in the the preceding argu- 
ment that the degree of umz,, does not depend on the choice of radius r as long 
we are inside a disk where v only vanishes at a. 


Definition 3.6.2. A point a where a vector field v vanishes is called a sin- 
gularity of the vector field. A singularity is called isolated if there is a deleted 
neighborhood of the singularity where the vector field in nonzero. For an isolated 
singularity x, we define the indez of the singularity by first choosing a small disk 
about « of radius r so that the only zero inside this disk occurs at x, and then 
define i(a) as the degree of umz,-. If the vector field has only a finite number of 
singularities, all of which are isolated, then the index of the vector field is defined 
to be the sum of the indices of the singularities; that is 


where the sum is taken over all of the singularities of v. If a vector field has no 
singularities, then we define the index of the vector field to be zero. 


We look at some examples. For our first three examples, each has only one 
singularity, and the indices are 1,0,3. The last example had a different type of 
singularity, one where the vector field blew up rather than vanished, and so the 
definition does not strictly apply. We now consider an example with two isolated 
singularities. Suppose our vector field is given by v(z) = z(z — 2). Then the 
vector field vanishes only at 0 and 2 = (2,0), and each of these singularities is 
isolated. We first choose a circle of radius 1 about 0. Note that z — 2 extends to 
a map of the unit disk into R?\{0}. Let H(z,t) = tz—2. Then H is a homotopy 
into C\{0} between z—2 and the constant map —2. Consider V(z,t) = zH(z,t) 
and V(z,t) = V(z,#)/|V(z,t)|. Then V(z,t) gives a homotopy between v(z), 
whose degree we wish to compute, and —z, as maps from S! to $!. But —z is 
homotopic to z as maps of $1 to S', via the homotopy k(z,t) = e™!z,0<t <1. 
Hence the degree of the map is 1, and thus the index of the singularity at O is 
1. We now consider the index of the singularity at 2. We restrict to the circle of 
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radius 1 about 2 in order to compute it. We first look at um24(z) = (24+ z)z. 
As before, we can homotope the (2+ z) term to 2 and so get a homotopy of this 
to 2z. When we normalize, this gives a homotopy of vmz, 1(z) to z, so the index 
of the singularity at 2 is also 1. Then the index of this vector field is 2. 


Exercise 3.6.2. Give an explicit construction to the homotopy of vm2, to z 
that is described in the preceding argument. 


In our next example, we will not write down an explicit formula, but will give 
a description of it in pieces, referring to Figure 3.15. The vector field has isolated 
singularities at —2 and 2. On the circle of radius 1 about —2, the vector field 
spins once about the circle in the counterclockwise direction as we traverse the 
left half of the circle and is constantly vertical on the right half of the circle. On 
smaller concentric circles to this one, the vector field behaves similarly except 
that the length of the vectors goes to 0 as we approach the singularity at —2. On 
the left half of the circle about 2, the vector field points upward. On the right 
half, it moves once around the circle in the clockwise direction as we move from 
the bottom to the top. Again, the vector field is defined similarly on concentric 
circles with the lengths of the vectors approaching 0 as we go to the singularity 
at 2. The index of the vector field at —2 is 1, and the index of the vector field 
at 2 is —1. Hence the index of this vector field is 0. In the region between the 
two circles indicated in Figure 3.15, the vector field is vertical. On concentric 
oblong curves going to infinity, the vector field repeats its behavior on the oblong 
curve joining the two circles. This example shows how a vector field can have 
two singularities which cancel each other off as far as their contribution to the 
index. 

We now draw another example with canceling singularities in Figure 3.16. 
This vector field will be constantly (1,0) outside an oblong region where all of 
the action is taking place. The index of the two singularites is 1 and —1, and the 
total index is 0. This last vector field is useful in modifying a given vector field so 
that the number of singularities is increased but the index remains unchanged. 
What we will do is first modify the vector field near a nonsingular point to be 
constant there. Then we remove the constant vector field and replace it by a 


f f 


Figure 3.15. Example of canceling singularities. 
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Figure 3.16. Another example of canceling singularities. 


(a) (b) 


Figure 3.17. Vector fields for Exercise 3.6.3. 


copy of the one in Figure 3.16 near the selected point. By doing this, we can get 
examples of vector fields with arbitrarily high numbers of singularities but with 
a prescribed index. 


Exercise 3.6.3. Each part of Figure 3.17 depicts the vector field on a circle 
about an isolated singularity. Determine the index of each of the singularities. 


Exercise 3.6.4. Give an example of a vector field in the plane which has two 
singularities of index 1 and one singularity of index —1. (Hint: Start with a vector 
field with one singularity of index 1 and then introduce two new singularities that 
look like Figure 3.16.) 


Exercise 3.6.5. Show that f : $1 — $1, f(z) =c, is homotopic to g(z) = 1. 


Exercise 3.6.6. Show that, if f : S' — C\{0} satisfies f(z) = f1(z) fo(z) 
(complex multiplication of f; and f2) and f2 is homotopic to fs, then f is 
homotopic to g(z) = fi(z) f(z). 

Exercise 3.6.7. Show that, if f(z) : S' — C\{0} extends over the unit disk 
to F : D? — C\{0}, then f(z) is homotopic to g(z) = 1. (Hint: Use the map 
G:S!xI— D?,G(z,t) = tz composed with F to get a homotopy to F(0). 
Then use path connectivity in C\{0} to move F(0) to 1.) 
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Exercise 3.6.8. Give an explicit homotopy between f(z) = 2z—5 and g(z) =1 
as maps from $1 to C\{0}. 


Exercise 3.6.9. Suppose u(z) = v1(z)ve(z) (complex multiplication) is a vector 
field with an isolated singularity at x. Suppose vi(x) = 0,vo(x) # O, and the 
only singularity of v inside B(a,r) is at x. Show that the index of vu at x as 
computed on the circle of radius r about a is the same as the index of v; as 
computed on the same circle. 


Exercise 3.6.10. Suppose v(z) = (z — @1)---(z — &@) is given as a factored 
polynomial. Show that v has isolated singularities a,,...,2,, and that each has 
index 1, so the index of the vector field is n. (Hint: Use the preceding exercise.) 


We have already seen that if a nonzero vector field v extends over a disk, 
then the degree of the map used in defining the index on the boundary circle 
is 0. We prove a partial converse; that is, when a vector field v has an isolated 
singularity at a and the index of this singularity is 0, then there is a vector field 
w with w = v outside of a disk about x, and w has no singularity within the 
disk. This is equivalent to showing that a vector field which is defined on a circle 
of radius r about x and has umz,, with degree 0 may be extended to a vector 
field which is nonzero over the disk of radius r about a. 


Lemma 3.6.1. Let f : $1 — R?\{0} be a continuous map with the composition 
of a map of degree 0. Then f extends to a continuous map from D? to R?\{O}. 


Proof. Note that ui is the identity on S'. The map iu is homotopic to the 
identity on R?\{0}, via the homotopy H(z,t) = (1—t)z+tz/|z|. This homotopy 
pushes radially back to the boundary circle. That the degree of uf is zero means 
that ufp, p(t) = e?** is homotopic to the constant loop at uf (1). Hence (iu) fp 
is homotopic to a constant map, and using H, we see that fp is homotopic to a 
constant map. Call this homotopy K : I x I > (R?\{0}) x I. It will send {0} x I 
and {1} x I to a path a(t) joining uf (1) to f(1). Then K induces (regarding $* 
as a quotient space of I via p) a homotopy K : S'xI — R?\{0} with K|lxI =a 
and K(z,0) = uf(1), K(z,1) =f, 


IxlI 
ra | “SS 
K 
S! x I —~> R?\{0} 


But D? is a quotient space of S! x I via the map r: S$! x I > D?,r(z,t) = tz, 
so K induces an extension of f to the disk. 


Sixt 


IS 


Dp? ——> R*\{0} 


3.6. Vector fields in the plane 191 


Exercise 3.6.11. Verify that r: .S! x I — D? is a quotient map and that K’ 
gives an extension of f. 


By using the standard identification of the unit disk with a disk of radius r 
about x, this lemma impies that if vmz,, has degree 0, then it will extend over 
the disk of radius r about 2 to a map of R?\{0}. When we piece this together 
with v, we get the vector field w as claimed. 

We next study the situation where we have a vector field v which has all 
of its singularities inside a disk D,. We first look at the case where v has only 
singularities at z; and zg. Consider a straight line joining z,; and zg, and an 
oblong neighborhood about this line formed by taking small disks of the same 
radius about z; and zz together with lines connecting the right side of the one of 
the disks and the left side of the other, as depicted in Figure 3.18(a). Now replace 
the vector field with one which agrees with v outside of the oblong neighborhood 
and is defined inside the neighborhood by “radial damping”; that is, on smaller 
concentric oblong curves, the vectors will be in the same direction as at the 
corresponding point on the boundary curve but with decreasing length tending 
to 0 at the center point. See Figure 3.18(b) for an illustration. 

We compare the degree of the restriction of the normalized vector field on 
the large circle boundary of D, to the indices of the vector field at z, and zg. 
We claim that this degree is just the sum of the indices. First note that there 
is a homotopy between the standard map of S$! to the boundary of D; and the 
homeomorphism onto the boundary of the oblong region. This homotopy can be 
thought of as arising from a description of both the oblong region and the disk 
Dy, as unions of line segments from their boundaries to a center point x9 which 
lies inside the oblong region. During the homotopy the line segment going to 
the boundary of the oblong region is stretched to the larger segment going from 
Zo to the boundary circle of the disk. See Figure 3.19 for an illustration of the 
image of the boundary circle during the homotopy. 

We need a way to compare the degree of the composition of v with the 
standard map of the circle to the boundary of the oblong region (in terms of the 
construction above) and the sum of indices of the singularities at the two points. 


(a) (b) 


Figure 3.18. Merging two singularities. 
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Figure 3.19. Homotoping the boundary circle. 
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Figure 3.20. Computing the degree on the boundary. 


We do this by deforming, by a homotopy, the map of $1 to the boundary of the 
oblong region to the map which traverses each of the disks about z; and zz once 
in the counterclockwise direction and also goes back and forth along the line 
joining the centers of these disks. See Figure 3.20. The final map can be thought 
of as sending the circle to the union of the two circles and the line segment by 
sending the first quarter of the circle once around the circle C; about z,, sending 
the second quarter of the circle to the line segment from Cy to C2, sending the 
third quarter once around C2, and then sending the last quarter back along the 
line segment to our starting point. To compute the degree of this map, we first 
wrap the interval around the circle via p, then compose this map with the map 
described above. We compose with v to get a map of the interval into the circle. 
We then lift the map to a map of J into R and compare the lifting of 0 with 
that of 1. The difference gives the degree. We denote the composition we have 
formed by f and the lifting by f, with f(0) = a. Then f(4) = a+nj,, where 
mn, is the index of the singularity at z;. Now suppose f(4) =a+n,+b. The 
number 6 tells us how the image of the path joining the two circles lifts. Next 
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suppose #3) =a+n,+b+ne. Since we went around C2 once as went from 4 to 
3 the number nz = i(z2). From 3 to 1, we are going backwards along the same 
path that we used from $ to Tt and thus the lifting will be a reparametrization 
of that lifting (going backwards) shifted along the reals by some integer. This 
means that as we go from 3 to 1, the image points will be moved backwards by 
b units. Thus f(1) = f() b=atny tne =ati(z1) + i(z2), and the degree 
of the map is 2(z1) + 2(z). 

We are now ready to prove our main result concerning indices of vector fields 
in the plane. 


Proposition 3.6.2. Suppose v is a vector field defined on the disk B(a,r) 
centered at x which has isolated singularities at 21,...,z,%. The degree of the 
Map VUMg,r 1s the sum of the indices of the singularities; that is, the index of the 
vector field may be computed by computing the degree using the vector field on 
the boundary circle. 


Proof. We prove this by induction on the number k of singularities. If k = 1, 
then we may use a homotopy between the map mz,, and the map mz, ,,, onto a 
small circle around the singularity analogous to that in Figure 3.19 to show that 
the degree of uma, is the same as the degree of vmz,,,,. The details are left as 
an exercise. 

Now suppose that we know the result when there are k isolated singularities 
inside D and our vector field has k + 1 singularities inside D. Choose two singu- 
larities at z; and z2, so that the line joining z; and zz does not intersect the other 
singularities. Replace the vector field v by a vector field w which agrees with vu 
outside of the oblong neighborhood but is changed inside by radial damping as 
in Figure 3.18(b). This replaces two singularities by one singularity at the center 
point of this oblong region, and the argument just preceding this proposition 
shows that the index of this new singularity will be the sum of the indices of 
v at z, and z2. The vector field w only has k singularities, and the induction 
hypothesis shows that the sum of the singularities for w is equal to the degree 
of the map umg,,. Since the sum of the indices for w is the same as the sum of 
the indices for v, the result follows. 


Exercise 3.6.12. Verify the claim made in the first paragraph of the proof that 
the degree of umz,, is the same as the degree of umz,p,- 


We will need a slight refinement of this proposition. Consider the region R 
formed from the disk B(a,r) by removing & small disks about points z1,..., 2% 
in D. Suppose we have a vector field v defined in R. Then we claim that I(v) 
is given by the difference between the degree of the map vmz,, and the sum of 
the degrees of the map on the small circles about z;. We could define a vector 
field on D by making it equal to v in R and extending it over the small disks 
about the points z; by radial damping. This new vector field will have all of the 
old singularities of v as well as new singularities at z;. The sum of the indices of 
the new singularities will be the sum of the degrees of the maps vmz,,-,. Hence 
the difference of the degree on the outer circle and the sum of the degrees on the 
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small circles will be the sum of the indices of the original vector field. We state 
this result for future reference. 


Proposition 3.6.3. Let v be a vector field on a region R in the plane formed 
from a disk D by removing k small disks about points of z; of radu r;. Then the 
index of v may be calculated by taking the difference of the degree of umg,, and 
the sum of the degrees of the maps vmz, r;- 


3.7 Vector fields on surfaces 


We now discuss vector fields on surfaces and their indices. We first need to 
discuss the notion of a differential structure on a surface. Recall that a surface 
can by covered by open sets {U;} so that there are homeomorphisms h; : U; > 
V;, where V; is an open set in R?. We impose a differential structure on the 
surface by finding a cover so that if U; NU; # 0, then the homeomorphism 
hih;' »hj(U;NU;)  hy(U;NU;) is a diffeomorphism. This means that hih;* is 
required to be differentiable with differentiable inverse. By differentiable, we will 
mean infinitely differentiable here for simplicity. We will say that {(U;, h;)} gives 
a differential structure on the surface. A surface M together with a differential 
structure S will be called a smooth surface, and will be denoted by (M,S) 
whenever we want to emphasize the differential structure or just by M alone 
when the differential structure is implicitly clear. We say that two differential 
structures S; = {(U;,hi)},S2 = {(Vj,9;)} on M are equivalent if, whenever 
U;AV; 4 0, the composition hig; | : 93 UiNV;) > hi(U;NV;) is a diffeomorphism. 
We are only interested in equivalence classes of differential structures. 

Suppose we have selected equivalence class differential structures on the sur- 
faces M,N with structures coming from {(U;,h;)} on M and {(V;,g;)} on N. 
We say that a map f : M — N is a diffeomorphism if f is a homeomorphism 
and the maps g; fh; ' (where they are defined) are diffeomorphisms. This does 
not depend on the particular representative of the differential structure since 
corresponding local descriptions of the surface are related by diffeomorphisms. 
Basically, we are determining whether a map is differentiable by referring it back 
to a local description of the domain and range as being open sets in R?. We get 
the same answer independent of the particular local description we take because 
the two local descriptions are related by a diffeomorphism. 

Although our definition of a differential structure is rather abstract, differ- 
ential structures frequently arise in rather concrete ways, such as having the 
surface embedded smoothly in some R” with well-defined tangent planes. In this 
case the local descriptions can come from projections onto these tangent planes, 
together with identifying the tangent plane with R?. 


Exercise 3.7.1. Suppose S),S2 are equivalent differential structures on M. 
Show that f : M — R is differentiable in terms of S, iff it is differentiable 
in terms of Sy. Thus equivalent differential structures have exactly the same 
differentiable maps to R. 
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There are two important questions to be asked about differential structures on 
surfaces. The first is whether every surface possesses a differential structure. The 
answer is yes, and this is easy to see for the compact, connected surfaces that we 
have classified. For the orientable ones, we can use an embedding of the surface 
into R® to get our differential structure. For the nonorientable ones, we could 
either use an embedding into R* or break it up into pieces and impose consistent 
differential structures on the pieces. We could get a differential structure on the 
Mobius band (e.g. by using an embedding into R*) and then impose a consistent 
structure on a disk which overlaps the Mobius band slightly so that their union is 
the projective plane. Our answer is relatively easy for compact connected surfaces 
since we know that each one is homeomorphic to one of our model surfaces and 
so we can just work with the concrete models. 

The next question is whether (MW, S) and (N, T) being homeomorphic implies 
that they are in fact diffeomorphic. The answer to this question turns out 
to be yes as well. That is, if Mf and N are considered as smooth surfaces, 
then M is homeomorphic to N iff M is diffeomorphic to N. The subject of 
differential topology studies smooth manifolds up to diffeomorphism. Some ref- 
erences for an introduction to differential topology at a beginning graduate level 
are [5,15,21,25]. One of the big breakthroughs in topology happened when it was 
shown that the answers to the corresponding questions of existence and unique- 
ness of differential structures above were sometimes no in higher dimensions. 
That is, there exist manifolds which do not possess differential structures as well 
as differentiable manifolds which are homeomorphic but not diffeomorphic. This 
last result was discovered first and is due to John Milnor in 1956. Shortly after 
Milnor’s discovery, Michael Kervaire produced an example of a manifold which 
has no differential structure. These two results led to a great flourishing in differ- 
ential topology in the late 1950s and 1960s. Later, Robion Kirby and Laurence 
Siebenmann produced similar results for PL structures on a manifold which arise 
from nice triangulations of the manifold. A PL structure can be thought of as 
lying somewhere between the structure as a manifold and a differential structure. 
There has been a great deal of work in comparing the notions of a topological 
manifold structure, a PL structure, and a differential structure. Much of the 
analysis has relied on constructions in algebraic topology. Most of the results 
obtained early on concerned manifolds of dimension > 5. More recently, in the 
1980s and 1990s, there has been another explosion of results in studying similar 
questions about four-dimensional manifolds. Here it turns out that “most” com- 
pact, connected 4-manifolds do not have differential structures, and, of those 
that do, there are frequently infinitely many distinct differential structures. A 
surprising result, completely different from what happens in any other dimension, 
is that R* itself has uncountably many distinct differential structures. These last 
results arise out of gauge theory, which is a part of differential topology which 
was motivated by ideas in physics. 

For surfaces, all three types of structures turn out to lead to the same res- 
ults. This is in itself useful, however, since it means that we are allowed to use 
techniques in differential topology and PL topology to study questions about 
surfaces, and our results do not depend on the particular structure used. This 
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can lead to an exciting interplay between ostensibly very different ideas. We will 
see this interplay as we discuss vector fields on surfaces. 

We indicate how differential structures on M and N can be used to get a 
differential structure on M#N. We earlier defined the connected sum in terms 
of removing disks from M and N and sewing in a cylinder. Suppose Dy, Dy 
are the disks whose interiors to be removed, and hy : D> M,hy(0) =p,hn : 
D — Dy,hwn(0) = q are diffeomorphisms (in terms of the given differential 
structures). Now int D\{0} is homeomorphic to the interior $1 x (0,1) of a 
cylinder $1 x I, so sewing in the cylinder is equivalent to identifying int Dj,\{p} 
and int Dy\{q} to what will be the sewed-in cylinder. Note that $1 x {0} is 
supposed to correspond to ODjy and S$! x {1} is supposed to correspond to 
ODy. Hence the identification required is to identify int Djy\{p} to int D\{0} 
via hy, compose with a diffeomorphism r : int D\{0} — int D\{0},r(tx) = 
(1 -—t)#,0 <t <1, and then identify int D\{0} to int Dy\{q} via hy. Note 
that hyrhjp is a diffeomorphism in terms of the differential structures on M\{p} 
and N\{q} coming from those on M, N. Hence these differential structures piece 
together to give a differential structure on M#N = (M\{p}) U (N\{q})/a ~ 
hyrh3y, (x), where x € int Dy\{p}. A picture of this construction is given in 
Figure 3.21. 

Note that a radial line segment (in terms of hay) running from OD), toward 
p is being identified with a radial line segment (in terms of hy) running from 


M#N 


int D)\p= 
5“ (0,1) = int D\O = 
int Dy\q 


Figure 3.21. Forming connected sum differentiably. 
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q out to ODy. This is illustrated in Figure 3.22. The circle hyy($S") is iden- 
tified to hn($8S") by identifying has(x) to hy(a). We can think of M#N as 
M\hxw (ints D) Unyh=? N\hy(int5D). The curve ¢ (which is differentiable) then 
becomes the union of two curves ¢, £2 as indicated in Figure 3.23. Thus we can 
think of M#N as being formed by removing the disks hy (ints D), hy (ints D) 
and gluing their boundary circles. 

We comment briefly on orientation conventions. To form oriented connected 
sums consistent with given orientations on M and N, it is necessary for one of the 
embeddings hyy, hy to preserve orientation and the other to reverse orientation. 
Then we can extend the orientations on M\$D and N\4D to M#N as the 
orientations on the circles hyy($S1) and hy($S') will disagree as required. From 


Figure 3.22. Identified radial lines. 


M\ hy (12D) NS h,yU/2D) 


Figure 3.23. Connected sum via gluing along a circle. 
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the point of view of r, it reverses orientation and so the map hyrhj, will preserve 
orientations as the two manifolds are glued together. 

We now define the notion of a tangent vector field on a surface. If the surface 
already sits differentiably in some R” so that there is a well-defined notion of a 
tangent plane to the surface at each point on it, then a tangent vector field is just 
a continuous selection of a tangent vector at x for each point x on the surface. By 
a tangent vector at z, we mean a vector in R” (thought of as emanating from z) 
which is tangent to a differentiable curve in the surface which passes through 2; 
that is, it is f’(0), where f : R + M C R" is differentiable and f(0) = x. The set 
of all tangent vectors at x (usually thought of as elements of the plane of points 
x+tf’(0) for f as above and t € R) is called the tangent plane at x. Suppose we 
have a tangent vector field in this sense, and that U; is an open set in M and h,; 
is a homeomorphism from U; onto an open set in R? that is part of the differ- 
ential structure imposed on M via its embedding into R” from projection onto 
the tangent plane. This last condition means that h; extends to a differentiable 
function from an open set in R” to h;(U;). The differential of this function will 
then map tangent vectors at x € U; linearly to vectors in R? at h;(a). Thus a 
vector field on M determines through the differential a related vector field on 
h,(U;) for all i. These vector fields are related as follows: if vz, represents the vec- 
tor field on hy (Ux), then vj(hj(x)) = D(hjhz')(hi(ax))v;(hi(z)). Here Df (a) is 
the differential of the differentiable map f evaluated at a. It is a linear map from 
IR? to R? and is represented by the matrix of partial derivatives. Since hj lig is 
a diffeomorphism, the differential D(h;h;')(a) is an invertible linear transform- 
ation for all values of a where it is defined. Thus we may regard a vector field 
on M as being given by consistent vector fields in each of the open sets h;(U;), 
where consistent means that the equation v;(hj(x)) = D(hjh;')(hi(x))vi(hi(2)) 
holds. Given a vector field in this latter sense, we can use the differential struc- 
ture maps to reconstruct a vector field in the sense of an embedded surface. We 
will work with the local definition since it will allow us to refer our questions 
back to questions about vector fields in R? where we can apply the results of the 
last section. 

We need an alternate description of the induced differential. Suppose f : 
U c R? = V CR?’ is a differentiable map and v is a tangent vector to U at 2. 
Then there is a differentiable curve g : R — U with g(0) = x,9'(0) = v. Then 
Df(x)v = w means that w = (fg)'(0). Thus, to determine the differential, we 
just have to see what f does to certain curves through a point. Moreover, the 
fact that the differential is a linear map means that we only have to determine 
what is happening to the two curves gi, g2 with g;(0) = x and g/(0) = v;, with 
V1, V2 linearly independent. 

We look at what this means for M#N where we glue the two circles together. 
Then the curve £ is differentiable. In terms of hee it is sent to a curve that cuts 
38 ! perpendicularly going inward. In terms of fies it is sent to a curve that cuts 


38 ! perpendicularly going outward. Thus the differential will identify an exterior 
normal vector to 0(M\hj,($int D)) to an interior normal to O(N\hyn (dint D)). 
Since the circle $8 ! is identified to itself via the identity, a tangent vector 
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M \h,, (12D) N\ h, (1/2 D) 


hy hy (I) 


Figure 3.24. Identifying vectors for a connected sum. 


to 0(M\hy,(Sint D)) will be identified to the corresponding tangent vector to 
O(N\hn(Zint D)). See Figure 3.24. 

We now apply these ideas to study vector fields on the sphere. We will take 
our covering of the sphere to be given by $?\{S},.9?\{N}, where 9, N denote 
the south and north poles. We then take the homeomorphism hsg,hy to be 
given by stereographic projection from the appropriate poles. Using our earlier 
computations of hg,hy, we may compute hyhg'(a,b) = (1/s?)(a,b), where 
s? =a” +b?. The map sends the circle of radius r to the circle of radius 1/r via 
rz — (1/r)z, where z € S'. In particular, it sends the unit circle identically to 
itself. Qualitative features of this calculation can be found geometrically using 
the projection maps. For example, if C denotes a circle formed from the sphere by 
intersecting it with a plane parallel to the ry-plane, then stereographic projection 
from either pole will send C to a circle in the plane. If C' lies in the southern 
hemisphere, then projection from the south pole sends C to a circle of radius 
greater than 1 and projection from the north pole sends C’' to a circle of radius 
less than 1. Moreover, starting from a point in the plane, hyhs' will send the 
point a in the same plane containing x, N, 0, so it will preserve radial lines. What 
our calculation does is make precise how the radii of these circles correspond. 

We compute the differential of the map h why" by computing the matrix of 
partial derivatives, giving 


A=5 ("55 ay) 

~ g4\ —2ab a? —b?)}° 

It is easiest to see how this matrix works on a vector by choosing an appropriate 
basis. The most useful basis is v; = (a,b),v2g = (—b,a). The first vector is an 
exterior normal to the circle of radius s, and the second is a tangent vector to the 
circle. Computation gives Av; = —(1/s”)v1, Ava = (1/s”)v2. Again, we could 
have seen this geometrically except for the exact eigenvalues. Our map sends 
a circle to a circle along radial lines, so a tangent vector to the circle must be 
sent to a tangent vector to the image circle and hence to a multiple of itself. 
The fact that a ray perpendicular to the circle is sent to a ray perpendicular to 


the image circle with its orientation reversed implies that an exterior normal to 
a circle is sent to an interior normal to the image circle. A vector field on S$? 
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corresponds to two related vector fields on R?, where they are related by matrix 
A at corresponding points. Note that we can retain all of the information just 
by looking at the vector fields on the two unit disks, and their relationship via 
A restricted to the unit circle, which hy he? sends identically to itself. For each 
z € $1, what A(z) does is reflect each vector through the line perpendicular to 
the line from the origin to z. A useful way to describe this reflection is that it is 
the composition of first rotating the circle to send z back to 1 (which is achieved 
by multiplying by 7 = z~' where Z denotes complex conjugation), then reflecting 
in the vertical line (which sends z to —Z), and then rotating back to z (which 
is achieved by multiplying by z). The composition, which is A(z)v(z), sends the 
vector field v(z) to the vector field —z?v(z). 

We will assume that our vector field has already been normalized to have 
length 1 where we are doing our computations since we will be doing this nor- 
malization as part of computing the index. Suppose that our initial field has 
degree n. Then v(z), considered as a map from $1 to $1, is homotopic to the 
map z”. Hence the map —z?0(z) is homotopic to the map —2z227” ms 
which is homotopic to z?~”, and hence has degree 2 — n. Thus aeliGaten 
by A(z) converts a unit vector field of degree n on S' to a vector field of degree 
2—n. Thus a vector field on S? with no singularities on the equator corresponds 
to two different vector fields on the unit disk, say v1,v2, where v, and v2 are 
related on the unit circle in such a way that if n is the degree of the normalized 
vector field v, on the circle, then 2 — n is the degree of the normalized vector 
field vo. 

We now describe what we mean by the index of a (tangent) vector field on a 
surface. We first define the index of a singularity; that is, the index at a point 
where the vector field vanishes. The way that this is done is to refer the vector 
field back to a vector field in an open set of the plane via one of the defining 
homeomorphisms giving the differential structure, and compute the index of the 
singularity there. For this to be well defined, we have to show that the result 
is independent of the particular homeomorphism h; chosen. This turns out to 
be true, and the proof is an interesting exercise in advanced calculus using the 
differential as a linear approximation to hjh*. It works by showing that up to 
homotopy (which is all right for the purpose of calculating the degree) we can 
assume that the map hh; ' is linear and orthogonal (so that it maps circles to 
circles) in a neighborhood of the singularity. This leads to comparing the degrees 
of v(z) and the composition AvA7~!(z). The fact that the degrees of compositions 
multiply and the degrees of A, A~! are +1 since they are orthogonal shows that 
the two degree computations give the same result. Thus we can compute the 
index of the singularity by referring the problem back to the plane. We then 
define the index of the vector field on the surface with a finite number of isolated 
singularities to be the sum of the indices of those singularities. We will show by 
expressing the vector field in terms of related planar vector fields that the index 
of a vector field on a compact, connected surface without boundary is just the 
Euler characteristic of the surface. 

We now consider the index of a vector field on the sphere which has only a 
finite number of isolated singularities. After a small perturbation of the vector 
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field that does not change the index, we can assume that the vector field has no 
singularities on the equator. Then we can regard the vector field as two vector 
fields v1,vq on the unit disk related as we described above. But we showed 
in the last section that for a vector field on the unit disk, the degree of the 
normalized vector field on the boundary circle gives the sum of the indices of the 
singularities inside the disk. Thus the index I(v) of the vector field v on S$? will 
be the sum of the indices I(v,) and I(v2) of the two vector fields on the disk. 
Our discussion above shows that these are related by I(v2) = 2 — I(v1). Hence 
I(v) = I(v,) + (2—I(v1)) = 2, independent of the particular vector field chosen. 
In particular, this means that there does not exist a vector field on $? which 
never vanishes. We state this as a theorem. 


Theorem 3.7.1. Let v be a (tangent) vector field on S? with a finite number 
of isolated singularities. Then the index I(v) is 2. In particular, this means that 
there does not exist a nonvanishing tangent vector field on S?. 


Exercise 3.7.2. Draw a picture to show the effect on the vector field v(z) = 2” 


on the unit circle when we reflect v(z) through the line perpendicular to the line 
from the origin to z. Your picture should show the images of the vectors pictured 
in Figure 3.25. Verify from your picture that the degree of the new vector field 
is 0. 


Exercise 3.7.3. An orthogonal linear transformation from S$! to S! is the com- 
position of the reflection r(z) = Z with multiplication by a number in $1 (i.e. 
g(z) = az, where a € S') or a map of the form of g itself. Show that the degree 
of r is —1. Show that the degree of an orthogonal linear transformation is +1. 
Determine the inverses of g and r, and show that they have the same degree as 
the original map g or r. 


Exercise 3.7.4. Prove that any continuous map f : 9! — S$! is homotopic to 
z" for some n. (Hint: Use the information that it has degree n for some n and 
reinterpret what that means in terms of certain maps from the interval being 
homotopic to show that f and z” are homotopic.) 


Figure 3.25. The vector field u(z) = z?. 
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Exercise 3.7.5. 


(a) Give an example of a vector field on the sphere with one singularity. 


(b) Give an example of a vector field on S$? with one singularity at the north 
pole and one singularity at the south pole. 


(c) Give an example of a vector field on S? with four isolated singularities 
of indices 1,1,1,—1. 


Exercise 3.7.6. Show that, if f : S? — R® is continuous, then there must be 
some « € S? so that f(a) = ka, where k € R and @ is thought of as a point 
in R*. (Hint: Reinterpret f as a (not necessarily tangent) vector field on S$? and 
get a tangent vector field from it by projection onto the tangent plane at a.) 


We now consider vector fields on the torus. This time we will start with a 
description of the torus and its differential structure that is akin to the descrip- 
tion of the sphere as the union of two disks. This comes from thinking of the 
torus as sitting in R® symmetrically with respect to the xz-plane and then sli- 
cing it into two halves by that plane. The two halves are each homeomorphic 
to annuli and the two pieces are glued together by identifying points on the 
boundary circles. We need to understand how tangent vectors on the circles in 
the two pieces correspond. Since the circles are sent identically to each other, 
vectors tangent to the circles must be sent to the corresponding tangent vector 
on the other circle. The more interesting phenomenon occurs for vectors that 
are normal to each of the circles. To see what happens there, we must consider 
a curve on the torus that goes from the front half to the back half and cuts the 
equator circles perpendicularly. In terms of our description of the torus as the 
union of two annuli, this curve is represented by the union of two radial lines. As 
the curve leaves one of the annuli, it enters the other one at the corresponding 
point. Hence an exterior normal to one of the annuli must get identified to an 
interior normal at the corresponding point of the other annulus. We picture this 
identification in Figure 3.26. 

The way these vectors are being identified on corresponding circles is exactly 
the same way they were identified for the equator of $?. Our work there tells us 
the relationship between the degrees of the vector fields on the circles which get 
identified: “the sum of the degrees must be equal to 2”. 


A) y 


Figure 3.26. Corresponding vectors in the torus. 
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Suppose we have a vector field on the torus with no singularities on the 
two equator circles coming from cutting the torus in half as described. This 
can always be arranged without changing the index by a slight change in the 
vector field if there are only a finite number of singularities. This vector field 
can be thought of as being given by two related vector fields on two annuli, 
where the vector fields on corresponding boundary circles are related so that 
the sum of their degrees is 2. Suppose that our vector field on the torus has 
only a finite number of isolated singularities so that we can define the index. We 
call the vector field v and denote the vector fields on the two annuli by vj, v2. 
We call the degrees of the vector fields on the annuli as djo,dji, where o, i are 
used to denote the outer and inner circles and 7 = 1,2 denotes the copy of the 
annulus. Then we have I(v) = I(v1) + I(v2) and I(v;) = djo — djj. We also have 
dig + dog = 2 = di; + dai. Putting these together gives 


I(v) = I(v1) + I(v2) = (dio — dij) + (dao — dai) = (dic + dao) — (diy + dai) = 0. 


Theorem 3.7.2. Let v be a tangent vector field on the torus T with a finite 
number of isolated singularities. Then the index I(v) = 0. 


Note that by this theorem it is possible to have a vector field on T with no 
singularities. We leave it as an exercise to construct such a vector field. 


Exercise 3.7.7. Give an example of a vector field on T with no singularities. 
(Hint: First find a nonvanishing vector field on a circle.) 


We next consider vector fields on the projective plane P. We use the map 
p: S? — P to impose a differential structure on P. We saw earlier that there 
was a cover {U;} of P so that p~!(U;) = Uj, U Uj2, and plUiz 2 Uiz > U; 
is a homeomorphism with inverse q;. Also, T(a) = —ax is a homeomorphism 
interchanging U;; with Uj. In terms of the differential structure on S$”, T is 
in fact a diffeomorphism since it is the restriction of a diffeomorphism of R*. 
We could impose the differential structure on S? by taking diffeomorphisms 
hit : Uia — U; onto open subsets of R? (diffeomorphisms in terms of the given 
differential structure on S$”) together with diffeomorphisms hj : Uig > U; given 
by hjg = hjyT. We then use this to impose a differential structure on P by using 
the maps h; : U; — U;,hy = hada = hiegig. Because of this correspondence of 
differential structures on S$? and P, a vector field on P can be thought of as a 
vector field on S$? which is equivariant with respect to J. Equivariance means 
v(T(@)) = DT (v(2)). 

Suppose we have a vector field on P with a finite number of isolated sin- 
gularities at x1,...,2%. Then the vector field determined on $? will have 
isolated singularities at 711,...,U1,%12,---,U2, where p(x;;) = v;. To com- 
pute the index at x; and the index at x;;, we refer both vector fields to the 
same vector field in U; and so i(a;) = i(xij),j = 1,2. But this implies that 
2 = Yo i(ai;) = 2()0 i(a,)), and hence the index of our vector field is 1. 

We have thus shown the following theorem. 


Theorem 3.7.3. Let v be a tangent vector field on the projective plane P with 
a finite number of isolated singularities. Then the index I(v) = 1. 
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Exercise 3.7.8. 


(a) Show that the map p : S? — P is differentiable in terms of the differential 
structures on S? and P as defined above. 


(b) Show that the map p: $? — P is locally a diffeomorphism. 


(c) Show that a map f : P — R is differentiable iff the composition fp : 
S? — R is differentiable. 


Note that in the last three theorems, we have shown that for $,7,P, the 
index of a vector field is equal to the Euler characteristic of the surface on which 
it lies. We might conjecture that this is true for any compact connected surface. 
In fact, this is true and was first proved by Henri Poincaré in 1885 and extended 
to n-manifolds by Heinz Hopf in 1926. We will prove this by comparing the index 
of a vector field on the connected sum M#N with the indices on M and N. This 
approach is fruitful since all compact connected surfaces are homeomorphic to 
connected sums of 5,7, P. Suppose that we know that for any vector field on 
M,N, its index is given by the Euler characteristic. We want to show that the 
same is true for M#N. The connected sum M#WN is formed from M,N by 
removing a disk from each and gluing together corresponding boundary points. 
There are two important curves we need to examine on M#N. The first is just 
the curve that runs around the circle that is formed when the circle in M\int D? 
is identified to the boundary circle in N\int D?. If we consider a vector field on 
M#N as determining vector fields on M\int D? and N\int D?, then the tangent 
vectors to this circle in M\int D? will be identified with corresponding tangent 
vectors to the boundary circle in N\int D?. The second curve we need to con- 
sider is one which runs from M\int D? into N\int D? and cuts the identified 
circles perpendicularly. This curve will have its tangent vector on the bound- 
ary circle of M\int D? an exterior normal and it will be an interior normal for 
the boundary circle of N\int D? at the corresponding point. The vector field 
on Dj,z\int D? extends to a vector field on M by radial damping of the vector 
field over the disk, so that this new vector field will have all of the old singular- 
ities as well as a singularity at the center point of the disk. We may similarly 
extend the vector field on N\int D? to a vector field on N. Denote the original 
vector field on M#N by v and the restrictions of the extended vector fields on 
M,N to M\int D?, N\int D? by vyz, un. We assume as before that v has only a 
finite number of isolated singularities and that none of them occur on the circle 
where the connected sum is formed. Let djz,dy denote the degrees of the vector 
fields vjz, vn on their boundary circles. Then by our initial assumption we have 
I(uy) + du = x(M),I(un) + dy = x(N). The vector fields on the two disks 
are related on their boundaries on the same way that they were for the sphere. 
Hence dy + dy = 2. This implies that 


I(v) = Tom) +I (ow) = x(M)—du +x(N)—dw = x(M)+x(N)—2 = x( MEN). 
This proves the following lemma. 


Lemma 3.7.4. Suppose M,N are surfaces so that the index of any vector field 
on each is given by the Euler characteristic. Then the same is true of M#N. 
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We may use this lemma together with our results for $,7,P to show by 
induction that the index of a vector field on any compact connected surface is 
given by the Euler characteristic. 


Theorem 3.7.5. The index of a vector field on a compact connected surface is 
given by the Euler characteristic. 


Exercise 3.7.9. Prove Theorem 3.7.5 as outlined above. 


Exercise 3.7.10. Give an alternate proof of Theorem 3.7.5 for the surface T*) 
as being formed from two regions in the plane with k holes in it, by identifying 
points on the boundary circles. Such a description arises from thinking of T“*) 
as sitting in R® symmetrically with respect to the xz-plane and then slicing it 
by that plane and flattening out the two halves. Give an analysis of how tangent 
vectors on identified circles correspond similar to our analysis for T' to relate the 
indices of the vector fields on the two halves. See Figure 3.27 for a picture of this 
decomposition in the case of T“). 


Our result above is indicative of the interplay between topological ideas and 
ideas from analysis provided by a differential structure on a surface. The exist- 
ence of a vector field requires a differential structure. Somehow the index still 
manages to measure something topological on the surface, independent of what 
vector field is chosen. Thus we can use topological ideas to say something about 
vector fields on the surface from the Euler characteristic, and we can use differ- 
ential notions to actually compute the Euler characteristic by imposing a vector 
field on the surface and computing the index of that vector field. We could use 
this last method to identify an unknown surface. Interplay of this type leads to 
many exciting areas of research in differential topology. A very nice introduction 
to differential topology can be found in [21]. 


Exercise 3.7.11. Suppose M is a compact, connected oriented surface with a 
vector field of index —2. Identify M. 


Exercise 3.7.12. Show that there are vector fields on D? with a prescribed 
integer as index and so Theorem 3.7.5 does not apply to surfaces with boundary 
without some additional hypothesis. 


vi 


Figure 3.27. Corresponding vector fields from T). 
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Exercise 3.7.13. By adding disks to a surface with boundary, find a formula 
for the index of a vector field on a surface with boundary where the vector field 
is required to be an exterior normal vector field on each boundary circle. 


3.8 Homotopy equivalences and 7 


We showed earlier that the fundamental group was invariant under homeo- 
morphisms. It has the stronger property that it is invariant under homotopy 
equivalences as well. We first need to define some terminology. 


Definition 3.8.1. Two continuous maps fo, f1 : X — Y are homotopic if there is 
a continuous map F': X xI > Y, F(a2,t) = Fi(a), so that Fo(2) = fo(x), Fi(x) = 
fi(a). If fo, fi: both send X’ c X to Y’ CY, then we say that they are continuous 
maps of the pair f; : (X,X’) — (Y,Y’). They are called homotopic as maps of 
pairs if F, : X' — Y’. If, in addition, both of them send X’ by the same map 
(ie. fo|X’ = fi|X’), we say that they are homotopic rel X’ if the additional 
condition F;|X’ = fo|X’ = fi|Xo is satisfied. 


Note that our definition of homotopy of loops in forming the fundamental 
group is using homotopy rel {0,1} of maps of pairs (J, {0,1}) — (X,a). An 
important special case of a homotopy of maps of pairs is when X’ = {xo} and 
Y’ = {yo}. Homotopy of maps of pairs behaves nicely under composition. 


Proposition 3.8.1. Let fo, fi : (X,X") — (Y,Y’) be homotopic maps with 
homotopy F, and go,g1 : (Y,Y") — (Z, 2’) be homotopic maps with homotopy 
G,. Then gofo,gifi : (X,X') > (Z, Z') are homotopic maps. 


Proof. The composition GF; gives the homotopy as maps of pairs. 


We specialize the last proposition to get a result on the induced map on the 
fundamental group. 


Proposition 3.8.2. If go,g1 : (X,20) — (Y, yo) are homotopic continuous maps 
of pairs, then (go)« = (g1)* : ™1(X, 20) > m(Y, yo). 


Proof. Equality means that, if f : (1, {0,1}) — (X,2o) represents an element 
of 7,(X, 29), then gof is homotopic to g,f as maps of pairs. This follows from 
the last proposition using the constant homotopy for f. 


We now introduce the concept of a homotopy equivalence, which is a 
generalization of a homeomorphism. 


Definition 3.8.2. The continuous map g : X — Y is called a homotopy equival- 
ence if there is a continuous map h: Y — X with hg homotopic to the identity 
lx on X and gh homotopic to the identity ly on Y. The map h is called the 
homotopy inverse of g. If g : (X, Xo) — (Y, Yo) and h: (Y, Yo) — (X, Xo) and the 
homotopies are homotopies of maps of pairs, then we say that g is a homotopy 
equivalence of pairs. A special case of importance is where g : (X, Xo) — (Xo, Xo) 
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and g|Xo is the identity, h : (Xo, Xo) — (X, Xo) is the inclusion, and the homo- 
topies are the identity on Xo. Then we say that g is a deformation retraction 
of X onto Xo, or that X deformation-retracts onto Xg with deformation retrac- 
tion g. In the case when Xo = {zo} is a point in X and X deformation-retracts 
to 2, we say that X is strongly contractible to xo. A deformation retraction to 
a point is a homotopy between the identity map and the constant map to the 
point. When X is homotopy equivalent to a point (but with no condition on 
what happens to the point during the homotopy to the identity), then we say 
that X is contractible. When two spaces are homotopy equivalent, we say that 
they have the same homotopy type. We can also talk of the homotopy type of a 
pair (X, Xo). 


We give some examples. 

Any convex set in R” deformation-retracts to a point xo in it. The deforma- 
tion retraction uses the straight line homotopy F(x) = (1 — t)x + tao. This 
homotopy also works if the set X € R” is star shaped at xp, which means that 
line segments joining x to any x € X lie in the set. 

Sets can be contractible but not deformation-retract to every point in them. 
A standard example is the comb space C = {(a,y) € R?: x = Oorl/n,n € 
Z,y € [0, 1]}. This is depicted in Figure 3.28. The figure is deceptive, however, 
as the collection of vertical line segments approaching x = 0 which are getting 
closer and closer together appear as a black area there due to the resolution. If 
we zoomed in, they would look more like the line segments to their right. The 
comb space deformation-retracts to any point on the interval [0,1] on the x-axis 
by first deforming to the interval via F;(z, y) = (a, (1 — 2t)y) on the first half of 
the time interval, 0 <t< 4, and then contracting via a straight line homotopy 
on the last half of the time interval via F;(z, y) = ((2 — 2t)a + (2t—1)a0,0),5 < 
t <1. However, there is no deformation retraction to the point (0,1). For this 
point would have to stay fixed during the homotopy, requiring points (1/n, 1) 
converging to it to stay nearby by a continuity argument. The fact that C is not 
locally path connected at (0,1) can be used to show that this is not possible. The 
details are left as an exercise. Hatcher [13], p. 18 gives an example of a space X 
which is contractible but does not deformation-retract to any of its points. 


Figure 3.28. Comb space. 
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Figure 3.29. Deformation retraction of M6bius band onto the center circle. 


Exercise 3.8.1. Show that the comb space C' is contractible but does not 
deformation retract to the point (0,1). 


An important example of a space that deformation-retracts to a subset is 
where C\{0} deformation-retracts to S'. The deformation retraction is given 
by Fi(a) = (1 — tha + t(a/|a]). Another example is where the Mébius band 
deformation-retracts to its center circle (see Figure 3.29). If we think of the 
Mobius band as a quotient space M = D1! x D'/(-1,y) ~ (1,—y), then the 
deformation retraction is the map F; induced from the map F; : D! x D! = 
D' x D! given by F;(x,y) = (a, (1 — t)y). 

We give an example of a homotopy equivalence of pairs, where the full space 
is the same and the subspace changes. Let X = R,Y = {x ER: |2| > $},Z7 = 
{x € R: |a| > 1}. Let f : (X,Y) — (X,Z) be given by f(x) = 2a and 
g: (X, Z) — (X,Y) by g(x) = x. Then f is a homotopy equivalence of pairs since 
F(x) = (1+1t)z is a homotopy between the identity on (X,Y) and gf(x) = 2a 
and also a homotopy between the identity on (X,Z) and fg(x) = 2a. Now form 
the quotient spaces of all of these spaces by identifying the points of Z to a single 
point. Then the map h: X > S!, 


ent ip es oy 
p(t) = , 
(—1,0) if |é] > 1, 


induces homeomorphisms of (X/Z,Y/Z, Z/Z) to (S1,A,(—1,0)) where A is the 
subset of S' with nonpositive first coordinate. The homotopy equivalence of pairs 
above induces a homotopy equivalence of pairs ($1, A) to ($1, (—1,0)). Note that 
A deformation-retracts to (—1,0) and our homotopy equivalence is an extension 
of this to a homotopy equivalence of pairs. 


Exercise 3.8.2. By using a rotation of the circle, use the example above to 
show that there is a homotopy equivalence of pairs (S51, B) — ($1, (1,0)), where 
B is the subset of points in S$! with nonnegative x-coordinate. 


For another example involving surfaces, consider the torus with one point 
removed. We think of the torus as a quotient space of D' x D', where we identify 
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(-l,y) ~ (1, y), (@, -1) ~ (2,1). We remove the point p = (0,0) and then push 
points radially to the boundary of D! x D!. This uses the map F;, induced by 
F,: D! x D! > D! x D! given by Fi(z, y) = ((1—t)x + ta/|zx|, (1—t)y+ty/lyl). 
This deformation-retracts the torus minus a point onto the one point union of 
two circles. In general, the one point union of two spaces is called the wedge 
product, and is denoted by V. Thus we have a deformation retraction of T\{p} 
onto S! Vv S!. Using the exact same map but different identifications to give the 
Klein bottle results in a deformation retraction of K\{p} onto S' V S! as well. 
Instead of removing a point, we could also remove a disk from the middle and use 
the same maps to give deformation retractions from T(,) and K() onto S' VS". 

Any surface can be expressed as a disk with identifications on the 
boundary (see Exercise 2.9.57). The surface T) results from a disk with 
the boundary divided into 4k equal edges and identified by the pattern 
a,b,a; 1b; ! a Gxbeag bi; We depict this in Figure 3.30 for k = 2. Then the 
radial deformation retract of a disk minus a point (or a disk minus a smaller disk) 
radially onto its boundary circle induces a deformation retraction of T“)\{p} or 
a onto S} V-++V 95,, the one point union of 2k copies of the circle, which 
is what we get as a quotient space of the boundary circle when we make these 
identifications there. Similarly, P“) is expressed as the quotient space of the 
disk with the boundary circle divided into 2k equal edges and identified in the 
pattern a1a1...a,.a, = a}...az. Then P®)\ {p} or Py deformation retracts 
onto Si V---V Sj. 

If we look at S(,), then this deformation-retracts onto the one-point union 
(wedge) W,_1 of p—1 circles when p > 1. For p = 2, this is just pushing an annu- 
lus out onto a boundary circle radially. For p > 2, it is a little more difficult to 
write down a formula, but we will give a description in terms of a handle decom- 
position with one 0-handle and then (p — 1) 1-handles attached symmetrically 
about the boundary. In Figure 3.31 we show this for p = 3. For each 1-handle, we 
extend the attaching arcs radially into the center of the 0-handle. The union of 
the core arcs D! x {0} with this extension from the two attaching points give us 


Figure 3.30. The surface T(?)\{p} as a quotient space. 
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Figure 3.31. Deformation-retracting (3) onto Sy se, 


an embedding of W2 = $1 v St into S(3) here. Then we can deformation-retract 
this as illustrated in the figure onto a thickened version of Wj. We then deform- 
ation retract this to W2 by collapsing the orthogonal line segments that extend 
into the coning regions the deformation retraction of D! x D! onto D1 x {O}. 
Putting together these deformation retractions (and reparametrizing) gives a 
deformation retraction from S(3) onto the wedge W2 of two circles. The general 
case is analogous and gives a deformation retraction of S(,) onto the one-point 
union W,_ 1 of p— 1 circles. 

The idea of the last example can be modified to show that whenever we attach 
k 1-handles disjointly to the boundary of a 0-handle, then the result deformation 
retracts onto a homeomorphic copy of the wedge product W; of k circles. Note 


that ae can be described in this way with 2k 1-handles used to form ‘oy and 


p—1 more 1-handles used to form T a: Similarly, we can form as using a 
single 0-handle and k + p—1 1-handles. Thus we get the following result. 


Proposition 3.8.3. [fp > 1, then there is a deformation retraction of: 


a) S(,) onto a subset which is homeomorphic to the wedge Wy_-1 of p— 1 
(p) g Pp 
copies of the circle; 
b) T? onto a subset which is homeomorphic to the wedge Wag4y—-1 of 2g + 
(p) g+p 
p—1 copies of the circle; 
c) P™ onto a subset which is homeomorphic to the wedge Wh4y-1 of h+ 
(p) +P 
p—1 copies of the circle. 


Here is another approach; it gives a homotopy equivalence of pairs instead 
of a deformation retraction, but has the advantage that the maps are easier to 
understand. We take X to be a surface with boundary with a handle decompos- 
ition with a single 0-handle and k 1-handles attached disjointly. We look at the 
pair (X,p), where p is the center of the 0-handle. The other pair is (Y, p), where 
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Y is the subset of X which consists of radial lines from p out to the attaching 
spheres of the 1-handles together with the cores D' x {0} of the 1-handles. We 
first take the deformation retraction of the disk to its center and let the attaching 
regions follow along. At the end of this retraction, the image of the 1-handles 
is stretched into cone-shaped regions emanating out from the center together 
with the 1-handles. Then use a deformation retraction from the 1-handles to 
their cores extended over the cone-shaped regions to get to Y. Note that p stays 
fixed over the homotopy but Y moves within itself with the part within the disk 
moved to p and the rest of Y stretched to fill up Y. 

Note that the number of copies of the circle that we have can be rephrased 
as 1 — y, where y is the Euler characteristic of the handle decomposition. If we 
started with another handle decomposition of the surface, then the methods of 
Section 2.10 can be used to show that we can deform the handle decomposition 
to another one so that the Euler characteristic does not change (e.g. by merging 
a pair of 0-handles and a connecting 1-handle to get a new 0-handle) so that 
the new handle decomposition is of the type used above and has the same Euler 
characteristic. Thus the Euler characteristic of a surface codes the homotopy 
type of the surface in terms of the wedge product of 1 — y copies of the circle. To 
see that the Euler characteristic is an invariant that can be used to distinguish 
surfaces, we need to see that the wedge product of k copies of $+ is not homotopy 
equivalent to the wedge product of | copies of S$! when k 4 1. To do this, we 
will use the fundamental group. First we will need to see that how a homotopy 
equivalence of pairs relates to the fundamental group. 


Proposition 3.8.4. Let g : (X,%) — (Y,yo) be a homotopy equivalence of 
pairs with homotopy inverse h. Then gx induces an isomorphism on fundamental 
groups. 


Proof. We apply Proposition 3.8.1 to gf, which is homotopic to the identity. 
It says that g.f, = id. Similarly, f,g, = id. Thus f, is an isomorphism with 
inverse gx. 


In the next section we will compute the fundamental group of the wedge 
product of k copies of the circle, showing that it is the free group Fy on k 
letters. We will also show in Section 3.10 that the fundamental group of a path- 
connected space does not depend on the choice of base point and the conclusion 
of the proposition holds whether the homotopy equivalence is one of pairs or not. 


Exercise 3.8.3. 


(a) Show that the relation of homotopy equivalence is an equivalence relation. 


(b) Show that the relation of homotopy equivalence of pairs is an equivalence 
relation. 


Exercise 3.8.4. Show that there is a homotopy equivalence between the letter 
@ and the symbol 8. (Hint: The map g from @ to 8 collapses the middle line to 
the center point of 8. The map h from 8 to @ sends the center point of 8 to the 
midpoint of the central segment. Then nearby parts of 8 are mapped to the rest 
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Figure 3.32. R?\{x1 Urg U x3} deformation-retracts to Ws. 


of the central segment and the remainder of the 8 is mapped to the top and 
bottom parts of @. You need to show that hg is homotopic to the identity on 0 
and gh is homotopic to the identity on 8. Just give a clear description of your 
homotopies—exact formulas are not required.) 


Exercise 3.8.5. Show that the complement of p points in the plane is homotopy 
equivalent to the wedge W, of p copies of S 1 (Hint: Draw p teardrop-shaped 
circles joined at the center point of the plane and use a radial homotopy from the 
outside and inside of these circles to describe a deformation retraction onto this 
set. Here the p points removed are in the inside of the teardrop-shaped circles. 
See Figure 3.32 where p = 3. Again, a geometric description of the homotopy in 
terms of radial homotopies is being sought, not a formula.) 


Exercise 3.8.6. For the letters of the alphabet as typed below, classify each 
letter as homotopy equivalent to either a point, a circle, or the wedge of two 
circles: 


ABCDEFGHIJKLMNOPQRSTUVWXYZ 


We next look at the union X of the unit circle Y and the segment s from 
C= (3, 0) to y = (1,0). We claim that there is a homotopy equivalence of pairs 
f : (X,x) — (Y,y). The map f sends the segment s to y and is the identity 
on Y. The homotopy inverse g: Y — X takes a small arc A = A; U A_ onto 
sUA. Here A, is the arc from 1 to e?** and A_ is its reflection in the z-axis. Now 
Ax can be identified as the union of two arcs, each of which is homeomorphic 
to a line segment and parametrized by the angle A; ~ [0,€] U [e, 2e]. The union 
s UA can be identified as the union of the two intervals s U [0, 2e]. The map 
g from A; to sU A; then comes from sending [0,¢] homeomorphically onto 
s using an affine linear map from [0,¢] to [4,1] and sending [e,2e] to [0, 2e]. 
Putting all of these together we get a homeomorphism from A; to sU A. The 
map from A_ to s U A_ is described similarly; it is just the conjugate of this 
map using reflection. The definition of g on Y \int A is the identity. Now look at 
the map gf : (X,x) — (X,x). This sends X\(s U A) via the identity. It sends 
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sUA, — sU A, to itself. This set is homeomorphic to an interval [0,1] where 
s ~ (0, 3] and Ay ~ [5, 1]. The self-map is equivalent under this homeomorphism 
to the map that sends [0, $] to 0, sends [5, #] to [0, 5], and sends [3, 1] to [5, ]]. 
But any self-map [0,1] to [0,1] which sends 0 to 0 and 1 to 1 is homotopic 
to the identity. Going back to gf : sU A — s UA, this implies that this is 
homotopic to the identity. This then leads to a homotopy between the identity 
and gf : X — X. This homotopy preserves x so is a homotopy of pairs (X, 2). 
Now consider fg : Y — Y. This is the identity on Y\int A. If we identify A+ 
with [0,2«] ~ [0,1], then this map preserves 0 and 2c, so is homotopic to the 
identity. Hence fg: (Y,y) — (Y,y) is homotopic to the identity. We record this 
result for future use. 


Proposition 3.8.5. Let X denote the union of the unit circle and the line 
segment s from (4,0) to (1,0). Then the map f : (X,($,0)) — ($1, (1,0)) that 
collapses s to (1,0) and is the identity on S* is a homotopy equivalence of pairs. 
In particular, it induces an isomorphism f, : 7™(X,($,0)) > (St, (1,0)). 

A loop which corresponds to the generator is the composition a*~y*@, where 
7(s) = e?7!§ is a standard generator for 7($1,(1,0)) and a is the path running 
along s from (4,0) to (1,0). This path is sent to the constant path in Y at (1,0) 


and so a@* 7 * @ is sent to c * y *c which is homotopic to y. 


Exercise 3.8.7. Show that the proposition can be extended to prove that if 
we take the wedge W;, of & circles and add an interval J joined by identifying 
1 to the wedge point, the pair (X,0) = (J U; Wx, 0) is homotopy equivalent to 
(W;,,w) where w is the wedge point. 


Now consider D?\{0}. This space deformation-retracts to Z = D?\int $D?. 
Then the space Z deformation-retracts to X = s US! from Proposition 3.8.5. 
To see the latter deformation retraction, consider Figure 3.33. It shows that 
there is an arc on iS ' and each point on the arc can be joined via a straight 
line to a point on s. The deformation retraction maps these line segments along 
themselves to points on s. The rest of Z then is described via line segments from 


Figure 3.33. A deformation retraction. 
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the remaining arc in +S) to $1 as illustrated in Figure 3.33. This part then 
deformation retracts onto the circle along these line segments. Putting these 
together, we get the following result. 


Proposition 3.8.6. If X = sUS" is the union of the unit circle and the segment 
from (4,0) to (1,0), then there is a deformation retraction from D?\{0} onto X. 


When we look at the circle at radius 3, then the image of a loop running 
around it once under the deformation retraction is a loop of the form a * y * @ 
which gives a generator of 7(X,(4,0)). 

Now we look at the case of a surface without boundary again. We regard it 
as coming from a disk with identifications on the boundary, such as forming T*) 
by identifying edges via the pattern aba, ‘by * ee anbna, bp. Earlier in this 
section we saw how this led to a deformation retraction from D?\{0} onto the 
quotient space of the boundary, which we identified to the wedge W2;. We want 
to point out here that there is another deformation retraction of this quotient 
space minus the center point to the space X = s U Wa, where we add to the 
boundary an edge s connecting (4,0) to (1,0), which we choose as one of the 
identified vertices. We just take the argument in Proposition 3.8.6 and use it for 
this quotient space of the disk. This also works for P“) and gives the following 
result. 


Proposition 3.8.7. (a) Consider the surface T) as given by the quo- 
tient of the disk under identifications on the boundary circle with the pattern 
aba; by! ae aubya, bp Let p be the center point in the disk and q = (1,0) a 
vertex on the boundary where a, begins, and r = (3, 0). We denote the identified 
boundary as Wo. Let s be the linear edge joining r to g and X = sUWo. Then 
T)\{p} deformation retracts onto X. 

(b) Consider P as given by the quotient of the disk under identification on 
the boundary circle with the pattern a,a,...az,ax. Let p be the center point in 
the disk and q = (1,0) a verter on the boundary where a, begins, and r = (5,0). 
We denote the identified boundary as W;,. Let s be the linear edge joining r to q 
and X =sUWg. Then P“)\{p} deformation-retracts onto X. 


Although the first deformation retraction we gave onto the quotient of the 
boundary is much simpler, it has a disadvantage in computations of the fun- 
damental group involving the Seifert-van Kampen theorem of the next section 
which the above deformation retraction avoids. If we look at the interior of 
the disk, it is embedded into this quotient space. When we delete the center 
p, this deformation-retracts onto the circle 5S). The loop G(s) = germs which 
runs around this circle once generates the fundamental group of the circle and 
hence the fundamental group of the interior of the disk with p deleted, which 
deformation retracts to it. When we look at its image under the deformation 
retraction onto s U Wz, this loop 3 is mapped to a loop a * y * @ where a runs 
along s from r to q and ¥ gives a loop in the wedge W which is described by 
aba; 'b;* wits aba, +b; in the case of T*) and by a a1... Gaz in the case 
of P\), 
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Exercise 3.8.8. (a) Show that the boundary connected sum of two surfaces 
with boundary is homotopy equivalent to the union of the two surfaces with a 
line segment joining their boundaries. (Hint: The line segment is the core of the 
1-handle forming the boundary connected sum. Reduce the problem to finding 
a deformation retraction from D' x D! onto {+1} x D'U D! x {0}.) 

(b) Show that the boundary connected sum of two surfaces with boundary is 
homotopy equivalent to the wedge product of two surfaces. 


3.9 Seifert-van Kampen theorem and its 
application to surfaces 


We return to calculating the fundamental group. The most powerful technique 
besides using covering spaces is the Seifert-van Kampen theorem, which com- 
putes the fundamental group of a path-connected space X which is expressed as 
the union of two path-connected open sets A, B with path-connected intersection. 
A great deal of difficulty in stating the theorem is understanding the algebraic 
construction of a free product with amalgamation used in describing the result. 
If G,, Go are groups, then the free product G; * Gp is the group which is formed 
from words in the elements of G,, G2, where the only relations involved are rela- 
tions in G1, relations in G2, and identifying the identity of G, with the identity 
of Gg. That is, an element of G; * Gg can be written as a product 112%2---%y 
where x; € G, or 2; € Gg. When elements of G; are adjacent, they may be 
replaced by the product in G;. In this way, we can always represent an element 
as an alternating product of elements in G, and G2: this expression is called a 
reduced word. 'The only relation between elements of the two groups is that we 
identify the identity element of G with the identity element of Gz and may inter- 
change these to change the word. There are natural injective homomorphisms 
71,42 from Gy, G2 to Gy, * Gg. The free product is characterized algebraically up 
to isomorphism by the universal property that whenever there are homomorph- 
isms ¢; from G1, G2 to another group H, then there is a homomorphism ¢ from 
G * G2 to H satisfying ¢i; = ;. 


G1 


G2 


If we write an element of G * Gg as a reduced word w = 21 y1 ++: XpYx, then 
d(w) = $1(41)b2(y1) +++ b1(ee)b2(ye). Here x; € Gi, y; € Go, and the first and 
last elements could be missing. 

For our purposes, one of the most important examples of a free product is 
formed when G = G2 = Z. Here G * G2 is the free group F> on two letters. By 
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iterating the construction, we can take the free product of k copies of Z, giving 
the free group Fy on k& letters. Elements are just words in these k letters, with 
the group operation being juxtaposition. There are some delicate algebraic issues 
in the construction of free products. We will treat this somewhat informally and 
refer the reader to more advanced texts such as [5,13] for details. 

A more refined algebraic construction uses a pair of homomorphisms 7, : 
K > Gi,v2 : K — Gp» to form the free product with amalgamation G, *x 
G2. This can be defined as the quotient group of the free product where we 
take the quotient by the normal subgroup generated by elements of the form 
wi(k)Wo(k)~!. There is a natural homomorphism i; : G; > G1 *x G2 which 
is induced by the composition i; : G; — G1 * G2 with the quotient map Gj, * 
G2 — G1 *K Gg. These homomorphisms no longer are injections in general. 
More informally, we are allowed to change a word by replacing the element 
wi(k) € Gy with the element ¢%2(k) € Gz as well as the earlier operations of 
replacing an element of G; by an equivalent expression of the element as a product 
and identifying the two identity elements. Note that the free product itself is 
a special case of the free product with amalgamation where K is the trivial 
group with one element. A special case of importance is when G2 is the trivial 
group. If N denotes the normal subgroup generated by the image of ~(K), 
then G) *x G2 ~ G;/N. The amalgamated free product is characterized by the 
following universal property. Suppose ¢) : G; — H,¢2 — H are homomorphisms 
so that ¢1W1 = ¢gure. Then there is a unique homomorphism ¢ : G1 *x Gz — H 


We now state the Seifert-van Kampen theorem. 


Theorem 3.9.1 (Seifert-van Kampen theorem). Let X be a path-connected 
space with base point x9. Suppose X = AUB, where A,B are path-connected 
open sets in X with path-connected intersection AN B containing xp. Let wa : 
™ (AN B, 29) — 1(A, 20), YB: T(ANB, 2x0) — 71 (B, x0) be the homomorphisms 
induced by the inclusions. Then 11(X,Xo0) is isomorphic to the amalgamated free 
product 7(A, £0) *n;(ANB,xo) T1(B, £0). 


Corollary 3.9.2. 


(a) If m(ANB,x) is the trivial group, then 1(X,x) ts the free product of 
w1(A, x) * 71(B, x). 
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(b) If m(B,x) is the trivial group, then ™(X,x) ~ ™(A,x)/N where N 
is the normal subgroup of 7(A,x) which is generated by the image of 
™m(AN B,x) > m1 (A, 2). 


We want to note some important special cases of this result. Before doing so, 

however, we need to introduce some more algebraic terminology. If we start with 
a free product F,,, with generators x1,...,2,%, we will write Fy = (a1,...,@,). 
Suppose we pick a finite number of elements r1,..., 7m € Fy. They are express- 
ible as words in the symbols 21,...,7,%. Let N(r1,..-,1%m) denote the smallest 
normal subgroup of Fj, which contains 71,..., 1m. Elements of N(r1,...,1%m) are 
expressible as finite products of conjugates gr;g~! of the elements 11,...,1m.- 
Then we denote by (11,...,2%|T1,---,1%m) the quotient F,./R(r1,...,7%m). We 
call this the finitely presented group with generators x,,...,2, and relations 
T15-++5Tm- 
We first look at a wedge of circles W2. When k = 2 and W2 = Si V $3, let x 
be the wedge point. We can decompose this into two open sets AU B, where A is 
the union of S} and a small arc about x in $3. Similarly, let B be the union of $3 
and the union of a small arc about x in S}. Then AM B deformation-retracts to 
x, so case (a) of Corollary 3.9.2 applies. Also, A deformation-retracts to S} and 
B deformation-retracts to $3. This means that 71(W2, x) ~ 7 (A, x) *71(B, xz) & 
m(St,x)*71(S3,x) ~ F,*F, = Fy. This argument can then be adapted to prove 
the following proposition. 


Proposition 3.9.3. 7(Wz, x) ~ Fr. 
Exercise 3.9.1. Prove Proposition 3.9.3. 


Applying Proposition 3.8.3, which says that surfaces with boundary 
deformation-retract to wedges of circles, and Proposition 3.8.4, which says that 
a deformation retraction induces an isomorphism on the fundamental group, we 
get the following theorem. 


Theorem 3.9.4. 
(a) 771 (S(p), 2) > Fy-1, poi. 


(b) m (Ti), 2) = Fog+p-1; p > lec 


(c) il PLY a) ~ Frip-1, p> 1. 


Strictly speaking, this only applies as indicated to some base point in the 
wedge where we are deformation-retracting the surface. However, we will show 
in Section 3.10 that the fundamental group of a path-connected surface is 
independent of the base point up to isomorphism. 

We have already shown that 7(S,x2) ~ {e}. To deal with another surface 
without boundary, we regard it as the quotient of a disk with identifica- 
tions. For T\%, the identifications on the boundary are given by the word 
aybja,'by*...dgbgaz1bz'. For P\, the identifications on the boundary are 
given by the word a,qa1...ap;apn. The Seifert-van Kampen theorem then leads to 
the following result. 
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Theorem 3.9.5. 


(a) m1 (TY, 2) ~ (a1, 61,...,Ag, bglaibia, ‘by * as Giglight, Ug"): 
(b) m(P™, x) ~ (a1,...,an|a?...a2). 


Proof. We prove part (a). The argument for (b) is essentially the same. In 
writing T as a quotient of a disk, let A be the complement of the center point 
p of the disk, and let B be the interior of the disk. Let q be the point (1,0) 
which is taken as the vertex of a; and r = (3, 0). We take the point r as our 
base point for the calculation. Note that since B is contractible to r,7(B,r) is 
trivial. Then ANB deformation retracts onto the circle at radius Tt and so we can 
identify 7(ANB,r) to 7(4S1,r) ~ Z. The generator is represented by the loop 
B(s) = $e?"8. The set A deformation retracts onto the union of the boundary 
of the disk, which is a wedge Wa, of circles, with the segment s running from r 
to q by Proposition 3.8.7. By Proposition 3.8.7, there is a homotopy equivalence 
of pairs between (s U Wa,,r) and (W2,,q). This induces an isomorphism of 
fundamental groups and so this fundamental group can be identified with Fo,. By 
part (b) of the corollary to the Seifert-van Kampen theorem, 7;(T'?%),r) is the 
quotient of 71(A) by the normal subgroup generated by the image of 71(ANB,r). 
This last group is generated by 3. When we look at the image of 3 under the 
deformation retraction of A onto sUWag, it is sent to a*y*a@. Here a runs along 
s from r to q and y runs once around the unit circle and considers the image in 
the quotient space. But the pattern of identifications means that y represents the 
word aybya;, by" ee Agbga,'b," € 11(Wog,q) ~ Fog = (a1, b1,...,Gg,b,). Note 
that under the isomorphism 7(A,r) ~ ™(s U Wag,7) ~ 71(Wa,,¢), the class 
[3] maps to the class [7] = aibiay'b;'... agbga,'b>', so m(A,r)/N(imm(AN 
Byr)\) Sag, bier peigybglaqbya;y O° sx! Ggbigd, 0°) 


The above proof is complicated by having to deal with the base point r in 
the intersection. In the next section we will show that if X is path connected and 
a,b € X with a a path from a to b, then there is an isomorphism from 7 (X, b) to 
m1(X, a) given by sending [y] € 7(X, b) to [a*y*d]. This is just the inverse of the 
isomorphism that we were using in the argument above, which we found existed 
because there was a homotopy equivalence of pairs. Let us use this isomorphism 
instead in the argument and use the standard deformation retraction of A to the 
boundary W2,. We start with ™(T°9,r) ~ 7(A,r)/N(im7(AN B,r)). But 
now we use the isomorphism of 7(A,r) with 71(A,q) and see where the class 
[G] maps to under this isomorphism. It is sent to the class [@ * 3 * a]. Thus we 
can identify the fundamental group as 71(A,q)/N([@ * @ * al). We then use the 
radial deformation retraction of A onto the quotient W2, of the boundary circle. 
The path a@ just maps to a constant path at the base point q here and G maps 
to the loop y which goes once around the boundary circle, which in the quotient 
space represents a,b,a; by! se GigbgG, “Ua” € Fog = 71 (Wag, 9)- 

In general, this last argument proves the following result. 


Theorem 3.9.6. Suppose X is a quotient space of D? where we divide the 
boundary up into p edges and make identifications of edges in a pattern so that all 
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vertices are identified. The quotient of the boundary will be a wedge product Wx. 
Call this common verter q and write ™(Wz,q) = F(ai,...,a~), where we use 
the same notation for generators as edges after identifications. Let w be the word 
in these generators which is the image of the standard generator [y| € ™(S',¢q) 
under the quotient map 7(S1,q) — ™(Wz,q). Then ™(X,q) & (a1,.--, a4|w). 


Proof. From the proof, the Seifert-van Kampen theorem applies to compute 
m(X,r) ~ m(A,r)/N([G]). We then use the isomorphisms from 7(X,r) ~ 
m™1(X,q), 71 (A,r) ~ 7™(A,¢) to reduce the problem of computing 71(A,q) and 
the image of @ * @ * a within it. Using the radial deformation retraction of A 
onto the boundary, we can identify 71(A,q) with 71(W,,q), and so need to see 
where what element @ * 3 * @ represents. As before, this represents the image of 
a generating loop y of 7(S',q) which we have defined as the word w. 


We used above the result from Section 3.10 that the fundamental group 
of a path-connected space does not depend on the base point chosen up to 
isomorphism as well as the specific description of the isomorphism. It is also 
shown in Section 3.10 that a homotopy equivalence f : X — Y induces an 
isomorphism f, : 7(X,x) — 7(Y, f(x)) whether it is a homotopy equivalence 
of pairs or not. 

The fundamental groups that are occurring are complicated since they are 
nonabelian in general. In particular, it is a nontrivial problem to distinguish 
such groups up to isomorphism. One way of dealing with this is to abelianize 
the fundamental groups by taking their quotients 72° by the commutator sub- 
group, which is the smallest normal subgroup which contains each commutator 
ghg~'h7! of elements g,h of the group. For T, this abelianization is 2gZ, the 
direct sum of 2g = 2 — y copies of Z. The Euler characteristic is detected as 
2—2g in this abelianization. For P“), the abelianization is (n—1)Z@ Zz. To see 
this, rechoose the generators to be g; = a) ...@n,42,...,@p, and the abelianized 
relation to be g? = 1. Thus nonorientability can be detected by the presence of 
Zy in the abelianized fundamental group, and the Euler characteristic y = 2—h 
is detected through the occurrence of h — 1 in the number of copies of Z in 
the fundamental group calculation. Since the fundamental group is an invariant 
of homeomorphism type (in fact, of homotopy type), this can be used to show 
that the Euler characteristic is also an invariant under homeomorphism and is 
independent of the handle decomposition as claimed earlier. Alternatively, we 
can just use the abelianization of the fundamental group in the same manner 
that we used the Euler characteristic to prove that the abelianized 7, and the 
number of boundary circles will distinguish a surface up to homeomorphism. 


Exercise 3.9.2. Apply the Seifert-van Kampen theorem to compute the 
fundamental group of the following spaces: 

(a) Si v S?; 

(b) S”, n > 3; 

(ce) S'VS" n> 2. 
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a 


Figure 3.34. Dunce hat. 


Exercise 3.9.3. Consider the dunce hat D, which is made from a triangle by 
making identifications of its three edges via the pattern aa~'a~! as indicated in 


Figure 3.34. 


(a) For a point x in the interior of the triangle, compute 7 (D\{x}, y), where 
y is also in the interior of the triangle. 


(b) Using the decomposition of D with A = D\{x}, B = interior of triangle, 
compute 7 (D, y). 

(c) For a standard neighborhood N of a point x on the edge of the triangle, 
compute 7(N\{x},y). Note that N is the union of three standard half- 
disk neighborhoods of the three points that are being identified where 
the small edge segments near those points are also being identified. 


(d) For a vertex x of the triangle (note all three vertices are being identified 
to one point) and a standard neighborhood N, compute 7™(N\{<}, y). 
Here N is formed from three wedges of disk neighborhoods with certain 
identifications. 


Exercise 3.9.4. The projective plane can be considered as the quotient of the 
disk, where we identify 2 ~ —a for x € S'. The pseudoprojective plane Py, is the 
quotient of the disk, where we identify a ~ e?7'/"ax for a € S?. 


(a) Show that S!/a ~ e?7!/* is homeomorphic to S$". 


(b) Use the Seifert-van Kampen theorem to compute 71(Px,2). (Hint: Use 
A to be the complement of the center of the disk in P, and B to be the 
interior of the disk.) 


Exercise 3.9.5. Consider the torus T = S$! x S' = AUB, where A= S'x CU 
{1}x S1 and B = S1x DU{1}xS!. Here C = {a € S1:2, <$},D={xeS!: 
x1 > —4}. Use the Seifert-van Kampen theorem to compute 7 (T’, (1,0)). (Hint: 
In computing the induced maps, see where generators are sent geometrically.) 


Exercise 3.9.6. Compute 7??(/) for the surfaces in Figure 3.35, and use your 
results and the number of boundary components, to classify the surfaces. 


Exercise 3.9.7. Compute 72?(/) for the surfaces in Figure 3.36, and use your 
results and the number of boundary components, to classify the surfaces. 
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attach 2-handle as indicated 


(a) (b) 
oO & 


Figure 3.35. Surfaces for Exercise 3.9.6. 


attach 2-handle as indicated 


Sa 


Figure 3.36. Surfaces for Exercise 3.9.7. 


In order to prove the Seifert-van Kampen theorem, we will need some 
preliminaries. 


Lemma 3.9.7. Suppose that f is a loop in X = AUB, where A,B open in 
X and A,B,AMB are path-connected sets containing xo. If the interval I is 
subdivided into subintervals, each of which is mapped to A or to B in order to 
express f = f, *-++* fn as a product of paths in A or B, then we can homotope 
f relative to the end points to re-express it as f = fi *---* f),, where f} is a loop 
in A or B at xo. 


Proof. Let v; = f(j/n),j =1,...,n—1. If v; is in the intersection AN B, then 
we can find a path p; in AN B which runs from v; to zo. If it is in A (resp., 
B) but not in the intersection, we can choose such a path in A (resp., B). We 
first compose f : (I, {0,1}) — (X,a9) with a map I — I which sends a small 
subinterval about j/n to j/n and stretches out the intervening subintervals via 
affine linear maps to cover [(j — 1)/n,j/n]. The composition of this map with f 
will give fy * cy) * fo * +++ * Cn—1* fn. Here c; denotes the constant map at v;. 
This is homotopic to f relative to the end points by the argument we used in 
proving the constant map serves as the identity in 7. Up to homotopy, we can 
replace the maps on the small subintervals mapped to v; by the composition 
pi*pi. Then f is homotopic to fi *---* ff, with fj = fir*pi, fj =Dj-1* fi * Dj, 
j =2,...,n-1, fi, = Pn—1 * fr. 
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Lemma 3.9.8. Let X = AUB as in the statement of the Seifert-van Kampen 
theorem. Then the map dap : ™1(A, 20) *71(B, xo) > 71 (X, 20) which is determ- 
ined from induced maps from the inclusions ¢4 : ™(A,xo) > m(X,20) and 
op :™1(B, x0) > 71 (X, x0) is surjective. 


Proof. Let f represent an element of 71(X,a9). Then {f~1(A), f-+(B)} is an 
open cover of IJ. Since J is a compact metric space, there is a Lebesgue number 
5 > 0 for this cover. Choose n so that 1/n < 6 and subdivide the interval into n 
subintervals of length 1/n. Each subinterval is mapped to A or B, so Lemma 3.9.7 
says that f is homotopic relative to the end points to a product fj *---* fi, 
where each f* is a loop at xo on the jth subinterval. Then [fj] *--- * *[f;,] is an 
element of 71(A, 20) * 71(B, 20) which maps to [f]. 


Since d4Wa = pvp, the map dp induces a surjective map 
baB : 71 (A, 20) *m(ANB,xo) 71 (B, £0) 4 71 (X, 20). 


To show that this map is an isomorphism, we show that any element 
[f;] ®---*[f/] which maps to the identity element is the identity in the amal- 
gamated free product. What this means is that we can reduce the product 
[fi] *--- * *[f%] to the identity element by using relations in 71(A,2o), rela- 
tions in 7(B,xo), and identifying w4(a) with wp(a) to transfer an element 
from 7(A, 20) to 71(B, xo). The condition that [f{]*--- * *[f/] represents the 
identity of 71(X,2o) means that there is a homotopy F': I x I > (X,xo) which 
satisfies F'(s,0) = f{*---*f/(s), F(s,1) = F(0,t) = F(1,t) = 20. We need to use 
F to get the required equivalence of [f/] *---*[f/] to [ex,] in the amalgamated 
free product. We first use F’ to pull back the cover {A, B} to I x I. Using the 
fact that I x I is a compact metric space, we find its Lebesgue number 6 > 0 
and choose m so that V2/mn < 6. Letting k = mn, we then subdivide I x I into 
k? subrectangles of side length 1/k. Each of these subrectangles maps to A or to 
B. When adjacent rectangles map to A and B, this means that the edge joining 
them maps to AM B. In the next lemma, we prove the analogue of Lemma 3.9.7 
for maps from the square. 


Lemma 3.9.9. Suppose that F: I x I> X = AUB, where A,B are open in 
X and A,B,ANB are path-connected sets containing xo, and if K = {0,1} x 
IUI x {1}, then F|K(s,t) = ao. If the rectangle I x I is subdivided into k? 
equal subrectangles, each of which is mapped to A or to B, then there is another 
map F’:I x I — X which agrees with F except in small disk neighborhoods of 
the vertices where the rectangles come together, changing the map on those disks 
where the vertex is not sent to xo, and F'|K = F|K. On I x {0}, the new map 
F§, represents the same map in the free product as the map Fo. 


To prove this lemma, we need another technical construction. What we first 
do is compose F' with a map G': I x I, which is the identity outside small disks 
about those vertices that are not sent to zo. On these disks, we use a map which 
sends a smaller disk to the center and then stretches the annular region between 
the smaller disk and the whole disk onto the whole disk. These maps are modeled 
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on the map from D? to itself which in polar coordinates sends re’? — 0 if r < 5 
and sends re? 2(r s)e? if 4 <r<l. After composing F with G, disks 
about each vertex (i/k, j/k) are sent the single point v,; where (i/k, j/k) was 
originally sent. If uj; € AN B, then choose a path pj; in AN B from v,; to x. 
If uj; ¢ ANB, then select the path to lie in A or in B, depending whether 
uij € A or viz € B. Now replace the composition GF on the small disks about 
the vertices with a map on the disk about the ij-vertex so that on radial line 
segments it is the path p;;. This new map will be F’. Now it will send each vertex 
to zp. Note also that on the bottom edge of the rectangle, we will have replaced 
each f; by a product of loops in the same set A or B as f; which represents the 
same element in 71(A, xo) or 71(B, 20). Hence it represents the same element in 
the free product. 

On each level I x {j/k}, our subdivision expresses the map restricted to that 
level as 1; * fo; *-++* fej, which determines an element in the free product, with 
fio * foo *- ++ * fxo determining our original element and each f;,, always the map 
sending the edge to 2. We look at the vertical edge of the rectangle connecting 
(i,7) to (t,7 — 1). The restriction of F’ to this edge (directed downward) deter- 
mines a loop which we denote as h;;. Note that ho; and hz; each send the edge to 
xo. We start replacing the element f19* foo*---* fro by hor * fio* foo *: + -* feo using 
the fact that ho, represents the identity and so the new product is homotopic 
to the old one, using the equivalence in 7(A,29) or 71(B,x09), depending on 
whether the lower left rectangle Ry; is sent to A or to B. In general, we denote 
by Ri; the rectangle in the jth row and 7th column when J x J is subdivided; 
this notation uses the second index to index the height of the rectangle, with the 
height changing from 1 to k as we move upward. 

We illustrate in Figure 3.37 the subdivision and component loops when k = 3. 


fis f23 fs3 


hos 


hoa 


hoi 


fio foo fo 


Figure 3.37. Subdivision when k = 3. 
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U6 fi vs VA W1 = We fi W5 
Xo Xo ho hi 
V1 ho v2 fo U3 w2 fo W3 = W4 
FG F 


Figure 3.38. Reparametrizing a homotopy. 


Let us suppose R1, is sent to A. We want to replace ho; * fig by hiy * fir 
in this product. Since the first rectangle is sent to A, we can do this in the free 
product as long as these represent the same element of 71(A, 29). We now prove 
a lemma that says that this is true. 


Lemma 3.9.10. Consider a map F from a rectangle I x I — C' which sends the 
corner points to x9. Let ho, hy denote the restriction to the vertical edges (directed 
downward) and fo, f1 denote the restriction to the horizontal edges (directed to 
the right). Then fo * ho and hy x f, represent the same element of 7(C, 20). 


Proof. We need to compose F' with an appropriate map G from I x I to itself. 
The map we choose will use a subdivision of I x J into six triangles, and we will 
map each triangle affine linearly to either a triangle or edge in Ix I. The map G is 
determined by where the vertices are mapped. The vertices in the domain J x I are 
v1 = (0,0), v2 = (5,0), vs = (1,0),v4 = (1,1), 05 = (3 1), v6 = (0,1),u= (3; 5): 
Their image vertices under G are given by w, = we = (0,1), wo = (0,0), ws = 
wa = (1,0),ws = (1,1),w = (,5). The map G sends v; to w; and v to w. 
Figure 3.38 depicts the image of vertices under G and the images of edges under 
F and the composition FG. 


Using the above lemma, we can then say that ho * fio represents the same 
element of 7(A, 29) as does fi1 * hii. This means that hoi * fio * foo *+-+ * fro 
and fi, * hi, * foo * ++: * feo represent the same elements of the free product. 
We then look at the next rectangle R21. If R2, is still sent to the same set A as 
Ry, then Lemma 3.9.10 can be used to replace the term hy, * foo with fo, * hoy 
as elements of 71(A,20). This allows us to say that fii * hi * foo * --- * fro 
and fi. * for * ho, * +--+ * fro represent the same element in the free product. 
The other possibility is that Ro, is sent to B. This means that the common 
edge of the two rectangles is sent to AM B. Hence hy, represents an element 
of m(AM B,2o9). In Ri, we need to consider this as an element of 71(A, 20), 
whereas in rectangle Rj, we need to consider this as an element of 71 (B, xo) 
in order to homotope hiy * foo to for * hai in 71(B, x9). Although this is not 
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allowable in the free product, this identification of y,([hii]) with we([hii]) is 
precisely what the amalgamated free product allows. 

We then proceed across the bottom row of rectangles, using the rectangle 
Rj, that is sent to A (resp., B) to replace the product of terms h(j~1)1 * fjo 
with fj: *hj1 in m(A, 20) (resp., 71(B,xo)). Whenever there are adjacent rect- 
angles Ryj—1); and Rj, sent to distinct sets A and B, then we have to work 
in the amalgamated free product to identify ~a([Ag—11]) with Ye ([hyj—1)1))- 
At the end of working our way down the bottom row of rectangles, we have an 
equivalence within the amalgamated free product of the elements represented by 
ho1 * fio * foo *-+ + * feo and fy * for *- ++ * fri * Agi. Since hy, is the map to the 
base point x9, we may omit this term in the amalgamated free product. Thus 
we conclude that in the amalgamated free product the loops fio * foo *--- * fro 
and fi1 * for *---* fer represent the same element. We then use the same argu- 
ment on the jth row of rectangles to show that fi(j—1) * fog—1) *--°° * Se(g—1) 
and fi; * fo; *-+:-* fe; represent the same elements of the amalgamated free 
product. In the move from one row to another, there may be some vertically 
adjacent rectangles Rj(,-1) and Rj, which are sent to different sets A and B. 
In this case, the loop fj(p»-1) is in AN B, and we will have to use the identifica- 
tion of Ha([fj(p—1)]) with Ya ([fj(p—1)]) in the amalgamated free product. After 
moving over all rows of rectangles, we get an equivalence in the amalgamated 
free product between [fio] *--- * [fxo] and [fix] *--- * [fax] = [ex,]. This says that 
éap is an isomorphism between the amalgamated free product and 7(X, 2‘). 

As an example to clarify and illustrate the proof, we suppose that k = 3 and 
the rectangles Ri1, R13, Ro1, Ro3, R33 are sent to A and the others are sent to 
B. We then indicate the steps used in getting the equivalence of the classes in 
the amalgamated free product represented by the bottom map fio * foo * fg9 and 
the top map f13 * fo3 * f33. We use subscripts A, B to indicate equivalences in 
™(A, Xo), 71(B, 20), the symbol id to indicate insertion or deletion of the identity 
element, and AB to indicate an identification using ~4, wg in the amalgamated 
free product. Even in this simple case, the complete details become rather com- 
plicated; however, they consist of applying the same basic steps over each square 
of the subdivision. 


[fio] a * [fools * fsola ~ia [hoi] 4*| fio] 4*|f20] B*1f30] 4 
~a [fila*lhii)4*[ foo] B*[f30] 4 
~aB [fiuila*lhii)e*| fools *lfsola 
~B [fula*lfoile*{hei)B*[fso]a 
~aB [fii] a*|foile*[hai)a*| fo] a 
~a [firla*lfei]B*[fsi)*[hai]a 
~ia [fula*lfarle*lfaila 

~ia [hoz] 4*(fiila*lfoile*lfaila 
|e*[faila 


B*(fsi] 


~a [fiz)a*[h12] 4*/ fot 
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~aB [fi2|a*{hi2)B*|feilB*lfsila 
~B [fi2)a*[ foo] B*[h22] B*| fai] a 
~aB |fi2]4¥[fo2]B*[h22] 4*|fsi)a 
~a [fiz] 4*|fo2]B*[f32] 4¥[h32] 4 
~ia [fiz] 4*[fo2] 8 *[f32] 4 

~aB [fizle*|fo2le*[faela 
~ia [hos] B*[fi2] 8 *[ foo] B*[ fae] 4 
~B [fis)B*[his]B*|fo2] B*fs2] 4 
~B | fi3a]B*|fos)B*(h23] B*|f32] 4 


~B |f13)B*| 23] B*[h23] 4*|f32]4 


~a [fis] B*[ fos] 8*[f33]4¥[h33] a 


~ia [f13]B*[fe3] B*[f33] A- 


This last product is the product of three representatives of the identity, and 
so represents the identity in the amalgamated free product. 


3.10 Dependence on the base point 


This section is a project which explores the way the fundamental group depends 
on the base point. You should verify all of the claims being made during our 
discussion. We will have a standard assumption here that our space is path 
connected. If a space is not path connected, it can be written as the disjoint 
union of its path components, which are path connected. The path component 
containing x is just the set of all y © X so that there is a path joining y to z. 
Then the fundamental group 71(X, x) will depend only on the path component 
containing the base point x and will be unaffected by other path components. 

Let a be a path in X which connects a(0) and a(1). This will induce an 
isomorphism a. : 7(X,a(1)) — m(X, a(0)), defined by 


ax([f]) = [a « f * a]. 
Here a(t) = a(1 —¢) just gives the path from a(1) to a(0) formed by traversing 
a backwards. Because of our argument proving associativity, we will adopt the 
convention that a * f *@ uses a on (0, 3], f on [3, 3], @ on [3,1]. See Figure 3.39 
for an illustration of the path a * f * a. Verify that the homotopy class of the 
result is well defined, independent of the choice of f within [f] since if f ~p f’, 
then ax f*a~ ax f’*a@. Just use the constant homotopies on the part mapped 
via a,a@, and the homotopy F' in middle. This is illustrated in Figure 3.40. You 
should also verify that the result depends only on the homotopy class of the 
path arel0,1. That a, is an isomorphism comes from the fact that a, gives its 
inverse. One step of verifying this is the equation 


GixO4[f] = [Axa f*&* a] = [&* al[fl[G*a]~* = [eawl[flleaw!- 
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‘i 


a(1) = f(0) 


a =f) a1) = g(1/3) 


0. = g(2/3) 


a) (0) g=O*f FOL 


Figure 3.39. Isomorphism a, : 71(X,a(1)) — m(X,a(0)). 


Figure 3.40. f ~ f’ implies ax f*@~ ax fl * a. 


The key idea here is that the parametrization does not affect the result up to 
homotopy and running along a and then following that by going back along a 
is homotopic relative to the end points to the constant map at a(0). The details 
are analogs of arguments in Section 3.2 and are left as an exercise. 

Now suppose that a is a path from x to y and ( is a path from y to z. Then 
the path a * 6 from z to z satisfies the functorial property (a * 3), = a,3,. To 
see that use the representative a * 3 * f * G* a, and note that, up to homotopy, 
we may choose to spread the parametrization within the five maps in whatever 
proportion we wish. 

Now suppose f,g : A — B are homotopic, and we choose a as the base 
point of A. Suppose that F' : A x I — B gives a homotopy between f and g. 
Let a(t) = F(a,t). Then a(0) = f(a) and a(1) = g(a). The map a induces an 
isomorphism a, : 71(B, g(a)) > 71(B, f(a)). 
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Proposition 3.10.1. Let f,g: A — B be homotopic maps with homotopy F 
and a(t) = F(a,t). Then we have the following commutative diagram, which 
means that Aaxgx = fx- 


m(A,a) —> ™(B,g(a)) 


aoe 


m™(B, f(a)) 


Give a proof of the proposition by following the outline below. Let p: [ — A 
represent an element [p] € 7(A,a). Then f,([p]) is represented by fp and g..([p]) 
is represented by gp. Now G = F(px1):IxI — Bhas G(s,0) = f(s), G(s,1) = 
g(s), G(0,t) = a(t) = G(1,t). There is a continuous map Q : Ix I > Ix I which 
sends {0}xJ to (0,0) and {1} xJ to (1,0), sends Ix {1} to {0} x UI {1}U{1} xJ, 
and sends I x {0} via the identity to itself. Figure 3.41 illustrates how to construct 
Q. To construct @ you should divide the region up into triangles and map the 
triangles affine linearly so that the maps on triangles are determined by the values 
on the vertices. The images of the two “corner triangles” will be intervals—there 
is collapsing occurring in Q. Then show that H = GQ: I x I — B provides the 
required homotopy to show that the diagram commutes. 

Now consider the situation where a, 3 are paths in S! connecting a to b. Then 
we want to show that 7 (s+; a) ~ Z being abelian implies that a, = (3,. The 
key is to understand what happens when we look at 7, : 71(S',a) > 71(S',a) 
when ¥ is a loop at a. Then 


(Lf) = by * f #71 = 1 #01 Al = Dl Fe. 


Show that 71(S1,a) being abelian implies y,([f]) = [f]. Applying this to y = 
a* 3, show that this implies 3, = a,. This means that we can identify 7(S!, a) 
with 7,(S',1) using any path from 1 to a. After making this identification, we 
will just write 7,(S') for the fundamental group, ignoring the choice of base 
point since this standard identification exists between the fundamental groups 
using two different base points. Using this identification, we can consider an 


X2 X3 LA 


LIA LG 


x6 Y1 = Y2 Ys = Y6 
Q(xi) = vi 


Figure 3.41. Reparametrizing the homotopy. 
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induced map f, : 71($') — 71($') as being a homomorphism from the integers 
to themselves. Any such homomorphism from the integers to the integers is 
completely determined by its value on 1 € Z. If we identify 7(S') with Z, 
then f.(1) will be some integer, which we will define to be the induced degree 
of the homomorphism, or, more informally, the induced degree of the map. 
You should formulate this homomorphism as a composition of homomorphisms 
involving paths and induced maps. With all of these identifications, then show 
how Proposition 3.10.1 says that homotopic maps from the circle to the circle 
have the same induced degree. You should then prove that the induced degree 
agrees with the degree of the map using our earlier definition of the degree of a 
map f:S1— S!. 

We now look at the case of general X. Use the argument above to show that 
if a, are paths connecting x to y, then a,([f]) is conjugate to 3,([f]). This 
means that there is an element 7 € 7(X,2) so that 3.([f]) = *a.([f]) *n71. 
Form a new group 72°(X,2x) by abelianizing the fundamental group 7(X, 2). 
This may be expressed informally as identifying y with 7 *y*n7! for any n, or, 
more formally, by taking the quotient of 71(X, 2) by the commutator subgroup of 
m1(X,«), which is the smallest normal subgroup generated by the commutators 
nx y*n !x y+. Then show that after going to the abelianization, the induced 
map a, induces a map a’, : 1%°(X,y) — 12°(X,x). Show that this map is 
independent of the path a; that is, a, = G.. This allows us to make a standard 
identification of 7?°(X, x) with 1?°(X,y) for any x,y € X. 

With this identification, denote this common group 7?°(X). Then show that 
any continuous map f : X — Y induces a map f, : 7?°(X) > 1%°(Y). Show 
that if f is homotopic to f’, then f, = ff : 7?#°(X) — 72°(Y). Show that this 
map has the functorial properties: 


(1) (x). = 1,6(x)} 
(2) (of )« = Gufs. 


Use the functorial properties above to show that, if f is a homotopy 
equivalence, then 7?°(X) ~ 12°(Y). 

Returning to the regular fundamental group, use Proposition 3.10.1 to show 
the following result. 


Proposition 3.10.2. If X and Y are homotopy equivalent via f : (X,x0) - 
(Y,yo) and g : (Y,yo) — (X,20), then fx : m1(X,20) — m1(Y,yo) ts an 
isomorphism. 


In your proof it will be useful to note that f, : 71(X,20) — 7(Y,yo) and 
gx : T1(Y, Yo) — ™(X, 2). You can also use the induced homomorphism f, : 
m™1(X, 20) > 71(Y, f(Zo)). It is easiest to first show that g, is an isomorphism 
and then use this to get the result. 
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3.11 Supplementary exercises 


Exercise 3.11.1. Check whether the following sets together with their opera- 
tions form groups: 


(a) irrational numbers under addition; 
(b) S3 = {(z, 22) : |za|? + |z2|? = 1, 21, 22 € C} with the operation 


(21, 22) + (ui, U2) = (2141 — 22U2, 2142 + 22%1), 
where we are using complex multiplication and u = a — bi denotes the 


complex conjugate of u = a+ bi. (Hint: |z|? = zz.) 
(c) ({1, 2,3},-), where 1-a =a-1=a,2-2=3,3-2=2-3=1, and3-3=2. 


Exercise 3.11.2. Let (R/~,-) have as its set the equivalence classes of real 
numbers, where a ~ 6 if there is an integer n with a = b+ n. The operation on 
equivalence classes is given by [a] - [6] = [a+]. Verify that this operation is well 
defined and that (R/~,-) forms a group. 


Exercise 3.11.3. Let p : R/~ — S! be induced from p: R > S$", p([a]) = 
(cos 27a, sin 27a). Show that p is well defined and is an isomorphism of groups. 


Exercise 3.11.4. Suppose G is an abelian group and H is a nonabelian group 
(ie. there exist hi, ho € A with hy : ho x ho : hy). 


(a) Suppose f : G — H is a homomorphism. Show that f is not onto H. 
(Hint: Show that the image is an abelian group.) 


(b) Suppose g: H — G is a homomorphism. Show that g is not 1-1. (Hint: 
Look at hy - hg and hg - hy.) 


Exercise 3.11.5. Show that if H C G is closed under multiplication (a,b € H 
implies a- b € H) and taking inverses (a € H implies a~' € H), then H is a 
subgroup of G. 


Exercise 3.11.6. Find all of the subgroups of (Z, +). 


Exercise 3.11.7. Show that the relation fo homotopic to f;rel0,1 is an 
equivalence relation on paths {f : (I,0,1) > (X,, y)} connecting «x to y. 


Exercise 3.11.8. Denote the set of equivalence classes of paths f : (J,0,1) - 
(X, x,y), as above, by 7 (X,z, y). Suppose X is path connected. Show that there 
is a bijection of sets g : 71(X,2,y) — 71(X, x). (Hint: Pick a fixed path a from 
x to y and use it to get from a path from z to y to a loop at z.) 
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Exercise 3.11.9. 


(a) Compute 71(J,0,1) and give a representative for each equivalence class. 


(b) Compute 71(S',1,—-1) and give a representative for each equivalence 
class. 


Exercise 3.11.10. 


(a) Show that addition of paths determines a well-defined map A(z, y,z) : 
m(X,2,y) D m(X,y, 2) vs m(X, 2, z). 


(b) Show that there is associativity; that is, there is a formula 


A(x, z,w)(A(a, y, 2)(la], (4), fy) = Ale, y, w) (La, Ay, 2, w) (TI, [7]) 


and that this common value is represented by 


a(3s) if0<s <5, 
h(s)= 4 B(s—1) if} <s< 2, 
y(3s—2) if$<s<1 


Definition 3.11.1. A topological group is a group (G,-) which is a topological 
space so that the multiplication G x G — G,(g1,92) — 91-92, and the map 
taking inverses, G — G, g — g~', are continuous. Here G x G is given the 
product topology. 


Exercise 3.11.11. 


(a) Show that R with the usual addition forms a topological group. 

(b) Show that $1 with multiplication coming from complex multiplication is 
a topological group. 

(c) Show that p : R — S', p(t) = e?*, is a continuous group homomorphism. 


Exercise 3.11.12. Consider the group of 2 x 2 real matrices with nonzero 
determinant 
f 2 & -) . 
a21 422 


By identifying these matrices with a subset of R* using the four coordinates, we 
can make this into a topological space. This space is denoted GL(2,R) and is 
called the general linear group of 2 x 2 real matrices. Show that GL(2,R) forms 
a topological group with the operation of matrix multiplication. 


Exercise 3.11.13. (a) Continuing with the matrices in the last exercise, con- 
sider the matrices O(2) C GL(2,R) which are the orthogonal matrices Q 
satisfying QQt = Q*Q = I. Show that O(2) is a subgroup of GL(2,R) and 
is itself a topological group. 

(b) Use the Gram-Schmidt orthogonalization process which writes a given 
element A in GL(2,R) uniquely as a product A = QR, where Q € O(2) and R 
is an upper triangular matrix with positive diagonal entries to show that there 
is a deformation retraction of GL(2,R) onto O(2). 
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(c) Let SO(2) denote the matrices in O(2) with determinant 1. Show that 
SO(2) is a topological group. Show that there is a homeomorphism between O(2) 
and the product space SO(2) x {+1}. 

(d) Show that SO(2) is homeomorphic to $', and this homeomorphism is a 
group isomorphism. 

(e) Compute the fundamental groups 7 (SO(2),I), m1(O(2),7) and 
m™1(GL(2,R), I). 


Exercise 3.11.14. Consider the set GL(2,C) of 2 x 2 complex matrices with 
nonzero determinant. Give it a topology by identifying it with a subset of C’. 
Show that GL(2,C) is a topological group. 


Exercise 3.11.15. Consider the subset U(2) C GL(2,C) of unitary matrices U 
satisfying U*U = UU* = I, where U* = Ut is the adjoint of the matrix U. Show 
that U(2) is a subgroup of GL(2,C) and is a topological group. Use the complex 
Gram-Schmidt algorithm which decomposes a complex matrix A = QR with 
Q € U(2) and R an upper triangular matrix with positive diagonal entries to 
show that GL(2,C) deformation-retracts onto U(2). 


Exercise 3.11.16. Consider the subset SU(2) C U(2) of unitary matrices which 
satisfy the additional condition det U = 1. Show that SU(2) is a topological 
group and that it is homeomorphic to $°. (Hint: Identify $° as a subset of C? 
of points (21,22) with |z,|? + |z2|? = 1. For such a point, consider the special 


unitary matrix 
_ [4% 22 
U (21, 22) = @ z ) . 


Show that this correspondence gives a homeomorphism. ) 


Exercise 3.11.17. Consider the unitary group U(1), which is the set of 1 x 1 
complex matrices which satisfy U*U = UU* = I. Show that U(1) is a topological 
group which is homeomorphic to S$! via a group isomorphism. 


Exercise 3.11.18. 


(a) Show that there is a continuous map S$! x SU(2) — U(2) which is also 
a group homomorphism given by p(¢, A) = ¢A, where every element of 
the matrix A is multiplied by the unit complex number ¢. 


(b) Show that the inverse image of I is the pair {(—1, —J), (1, J}. 


(c) Show that the map p is a covering map for the covering space p: S! x 


SU (2) > U(2). 


Exercise 3.11.19. Suppose (G,-) is a topological group with identity e. Define 
an operation on loops at e by (f 0 g)(s) = f(s) - g(s). Show that this respects 
homotopy classes in that if f ~ f’,g ~ g’, then fog ~ f’ og’. Hence we can 
define an operation on homotopy classes of loops by [f]6[g] = [f og]. Show that 
the homotopy classes of loops with this operation form a group, which we will 
denote by 7{(G,e). (Hint: Use the group properties of G to find identities and 
inverses, denoting by E(s) = e the constant loop at e.) 
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Figure 3.42. Exercise 3.11.22(a). 


Figure 3.43. T?)\C. 


Exercise 3.11.20. Use the fact that f~ fxE~ Exf,gr~gxE~ E xg to 
show that 7 (G, e) is abelian. 


Exercise 3.11.21. Define a map from 71(G,e) to 1{(G,e) by the identity at 
the set level. This is necessarily a bijection since the underlying sets are the same 
and only the group operations are different. Prove that this is an isomorphism 
and thus the fundamental group of a topological group is abelian. (Hint: By 
Proposition 3.1, we need only show that it is a homomorphism, and for this 
we need to see why f * g is homotopic to f o g. Consider the facts cited in the 
previous exercise for this.) 


Exercise 3.11.22. 


(a) Show that the region in Figure 3.42 is strongly contractible. 
(b) Show that if X is contractible, then it is path connected. 
(c) Show that if X is contractible, then 7(X,x) ~ {e} for any x € X. 


Exercise 3.11.23. 
(a) Let T = Si x S}. Show that T\(S1 x {-1}) deformation-retracts to 
SS edit: 
(b) Show that T\(S! x {—1}) deformation retracts to a subset which is 
homeomorphic to S(). 


Exercise 3.11.24. Consider the curve C in Figure 3.43. Show that T)\C 
deformation-retracts onto a subset which is homeomorphic to T(.). 
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Exercise 3.11.25. Find two disjoint circles C1, Cz in T°) so that T?)\(C1UC2) 
deformation retracts onto a subset homeomorphic to S(4). Identify the subset 
and give a description of the deformation retraction. (Hint: Use ideas from the 
previous two exercises.) 


Exercise 3.11.26. Show that there are g disjoint circles Ci,...,Cg in T so 
that T{9\(C, U-+-U Cy) deformation-retracts onto a subset homeomorphic to 
S(2g)- Identify the subset and give a description of the deformation retraction. 


Exercise 3.11.27. 


(a) If C denotes the center circle in the Mébius band M, then show that 
M\C deformation-retracts onto OM. 


(b) Show that there is a circle C' in the projective plane P so that P\C 
deformation-retracts onto a disk in P. 


Exercise 3.11.28. Show that there is a circle C’ in the Klein bottle so that 
K\C deformation-retracts onto an annulus contained in the Klein bottle. Give 
a description of the subset and the deformation retraction. 


Exercise 3.11.29. Show that there are hf disjoint circles C),...,C;, in P™ 
so that P\(C, U--- U Cp) deformation-retracts onto a subset which is 
homeomorphic to Sp). Give a description of the subset and the deformation 
retraction. 


Exercise 3.11.30. 


(a) By regarding P®) as P#T, show that there are two disjoint circles 
C1,C2 Cc P® go that PAV\(C, U Cy) deformation-retracts onto a sub- 
set homeomorphic to S(3). Give a description of the subset and the 
deformation retraction. 


(b) Generalize the above argument to show that there are k+1 disjoint circles 
C1,..+, C41) 80 that PEF+D\(C,U- - -UCk41) deformation-retracts onto 
a subset homeomorphic to S(2441)- 


(c) Show that there are k disjoint circles C1,...,C, so that P@")\(CyU---U 
Cy) deformation-retracts onto a subset homeomorphic to S(2x). 


Exercise 3.11.31. Two paths fo, fi : [ — X are said to be freely homotopic if 
there is a continuous map F’: I x I > X, F(s,t) = F;(s), with Fo = fo, Fi = fi. 
Show that any two paths in a path-connected space X are freely homotopic. 
(Hint: First show that f : I — X is freely homotopic to the map sending I 
to (0).) 

Two loops f,g : I — X are called freely homotopic loops if there exists 
a continuous map Ff: I x I — X with G(s,0) = f(s), F(s,1) = g(s), and 
F(0,t) = F(1,t) = w(t) is a path between f(0) = f(1) =a and g(0) = g(1) =8. 
Note that we are not requiring a = b as in the definition of 7|(X,a) and, even 
if a = b, we are not requiring the homotopy to keep the image of 0 and 1 
fixed at a. We are requiring, however, that the image of 0 and 1 move in the 
same way during the homotopy—this distinguishes freely homotopic loops from 
freely homotopic paths as in Exercise 3.11.31. Denote by 7{(X) the set of free 
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homotopy classes of loops in X. We can no longer compose loops since they do 
not always begin and end at the same point—hence there is no group operation. 


Exercise 3.11.32. Define a map r : 71(X,2o) — 7{(X) by ignoring the base 
point; that is, the equivalence class [g] of g : (I, {0,1}) — (X, 20) in m1(X, x) 
is sent to the equivalence class [g] of g : I + X in m{(X). Show that any loop 
g is freely homotopic to a loop g’ with g’(0) = g’(1) = xo, and hence r is onto. 
(Hint: Suppose g(0) = g(1) =a. Let a: I > X be a path joining zo and a, so 
a(0) = 2%, a(1) =a. Let g! = axg*a. The homotopy should gradually use more 
of a and @.) 


Exercise 3.11.33. Suppose f,g : (I,0,1) — (X, 20) are freely homotopic loops. 
Show that there exists a loop a at x9 with [f] = [a][g][a]~! € m1(X, a9). Show 
that the converse is also true; that is, [f] = [a][g][a]~! in 71(X, 70) implies that 
f,g are freely homotopic. (Hint: Let F’': I x I — X be the free homotopy, with 
F(s,0) = f(s), F(s,1) = g(s), F(0,t) = F(1,t) = a(t). Now consider the proof 
of Proposition 3.10.1.) 


Exercise 3.11.34. Show that r: 71(X, 20) — 7{(X) is a bijection iff 71(X, 20) 
is abelian. 


Suppose X,Y are path-connected spaces and they have base points xp € X, 
yo € Y. Consider the set of homotopy classes of continuous maps from (X, xo) 
to (Y, yo) which we denote as [(X, 2), (Y, yo)]. In the equivalence relation here, 
homotopies have to preserve the base point. If we ignore the base point, then 
there is a corresponding set [X, Y]. 


Exercise 3.11.35. By using the identification $1 = I/0 ~ 1, show that 71(Y, yo) 
corresponds bijectively to [($', 1), (Y, yo)]. 


Exercise 3.11.36. Show that 7/(Y, yo) corresponds bijectively to [S1, Y]. 


Exercise 3.11.37. Show that if X and Y are homotopy equivalent, then 7/(X) 
and /(Y) correspond bijectively. 


Exercise 3.11.38. Show that the map j : 71(S1, 1) > 7/{(R?\{0}) is a bijection, 
where for f : (I, {0,1}) — ($',1), the map j sends [f] to the equivalence class 
of f, considered as a map f : I > $1 c R?\{O}. 


Exercise 3.11.39. Show that a handlebody H = h°Uh! is homotopy equivalent 
to a circle. (Hint: First collapse h° to a point, then push ht = D1! x D? to 
D* x {0}.) 

Exercise 3.11.40. Show that H = h°Uh{U---Uhj (where we assume that the 


ht} are all attached disjointly to 0h°) is homotopy equivalent to the one-point 
union of & circles (see Figure 3.44). 


Exercise 3.11.41. Call a continuous map f : St > S$! regular if 


(a) f-*{1} = {a1,...,a@,} consists of a finite number of points; 


(b) for each a; € f~'{1}, there is a small are A; about a; with A;N f~1{1} = 
a; and Aj\{a;} = Aj | | Aia so that if f = (fi, fo); we have fo(Ain) <0 
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is homotopy 
equivalent to 


Figure 3.44. A homotopy equivalence. 


and fo(Aj2) > 0; that is, as we cross a; the image crosses 1. If, when 
traversing S! in a counterclockwise direction, we encounter Aj first and 
then Aj2, assign e(a;) = 1. If we encounter Ajz first and then Aj1, assign 


e(a;) = —1. In other words, if the image curve goes from the negative 
side of 1 to the positive side as we pass a;, then e(a;) = 1; if it goes from 
the positive side to the negative side, e(a;) = —1. 


Let d(f) = >> e(a;). Show that d(f) = deg(f). 


Exercise 3.11.42. Calla map f : S' — $1 quasiregular if (1) above is satisfied. 
Generalize the previous exercise to quasiregular maps. 


For the next group of exercises we need to review some results from advanced 
calculus which we will be using. A differential 1-form w = M(a, y) dv+N(a, y) dy 
defined in a region R of the plane is closed if M, = Nz. It is exact if there is a 
function F : R — R with F, = M, F, = N. Exact forms are closed, but closed 
forms need not be exact in general. The region R should be an open set, or 
at least the functions involved should extend to an open set containing R. The 
relationship between closed 1-forms and exact 1-forms measures something about 
R which is closely related to 7(R). If y = (71,72) : [a, 6] — R is a differentiable 
curve, then 


/ M dx + Ndy = / M((t) h(t) + N(a(t)) 40) at. 


Thus integrals over curves are evaluated by changing to one-variable integrals. 
The change of variables formula in one variable then implies that the integral 
does not depend upon the parametrization of the curve other than its orientation. 
If we reverse the direction in which we traverse the curve, then the integral 
is multiplied by —1. Thus the integral really only depends on the “oriented 
curve” y. Another way to phrase this integral is that we are taking the integral 
over the defining interval of the dot product of the vector field (M/(y(t)), N((t))) 
with tangent vector y’(t). 
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This definition is extended to piecewise differentiable curves by defining 


fo-f weet f Ww, 
Y 71 Yk 


where [a,b] is partitioned into subintervals [a;,a;41] so that y|[a;,ai41] = %.- 
Green’s theorem implies that if y is a loop given by a union of paths which 
traverse the boundary of a compact R exactly once (oriented consistently on 
boundary circles so the exterior normal followed by 7 gives the orientation of 
the region or its negative), and w is closed on R, then ds w = 0. For example, if 
R is a disk of radius r and y(t) = r(cost, sint), then ue w = Oif w is closed in R. 
This does not apply if R is the disk minus a point, however, as our exercises will 
show—R must be a compact region, which is a surface with boundary. However, 
when R is an annulus on which the closed form w is defined, it applies to say that 
the integral over the outer circle is the same as the integral over the inner circle, 
as long as each is oriented in the same way (clockwise or counterclockwise). 

If w is exact in R and y¥ is any piecewise differentiable loop in R, then the 
fundamental theorem of integral calculus implies that fw = 0. Conversely, if 
J, w = 0 for all differentiable loops y in R, then w can be shown to be exact. 

Suppose f : S — R is differentiable and ¥ is a differentiable curve in S. 
Suppose f is given by « = f(u,v), y = f2(u,v). If w = Mdx+ Nady, is 
a 1-form in R, let f*w be the 1-form in S defined by f*w = Pdu+Q dv, with 


P=(Mof)fat(Nof)fa, Q=(Mof)fi + (Nof)fi- 


Then the definitions and the chain rule imply that joy = ih f*w as each 
integral is being pulled back to the same integral over the parameter domain. 

It is a fact that every continuous loop in R is freely homotopic to a differenti- 
able one, and homotopic loops are differentiably homotopic. Henceforth, we will 
assume that all loops and paths are (piecewise) differentiable and our homotopies 
are differentiable as well. 


Exercise 3.11.43. Show that if w = Mdx+ Ndy is closed in R, f : S > R, 
then f*w is closed in S. 


Exercise 3.11.44. Suppose y : [a,b] — R is a loop in R. Show that ifa: 
[c, d] — [a,b] is an affine linear homeomorphism, and 3 = ya, then J, w= Se w 
if @ preserves order, and Je w=-f gw if @ reverses order. Use this to show that 
Ler = is w+ J;w, where 7 * 5 denotes the usual addition of loops. Also, show 
that jew =— i w. 


Exercise 3.11.45. Suppose that fo, f; : rS' — R? are differentiable maps which 
are differentiably homotopic. Let a; = f;(rS') be the loops which come from 
composing f; with the standard parametrization y,(s) = re?™* of rS*. Show 
that if w is a closed form which is defined on an open set containing the image of 
the homotopy, then les w= Te. w. (Hint: Use the homotopy to pull the problem 
back to integrals on the boundary circles of an annulus.) 
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Exercise 3.11.46. Suppose 7, 72 : [0,1] — R are differentiably homotopic 
loops in R and w is a closed 1-form in R. Show that J) w = f° w. (Hint: Use 
the homotopy to show that they can be computed as the integrals of a closed 
form F*w over the boundary circles of an annulus.) 


This last exercise says that the integral only depends on the differentiable 
homotopy class (hence on the free homotopy class) of the curve. The previ- 
ous exercise allows us to define a function d from differentiable maps f from 
rS' — RC R? to R given by using a fixed closed 1-form w and defining 
d(f) = f, f*(w) = J,.y, w: Here R is some open set in R*. This has the 
property that if two maps f,g are differentiably homotopic, then d(f) = d(q). 
Moreover, if the two maps are defined on the boundary circle of an annulus and 
they extend to a differentiable mapping of the annulus into R, then they have 
the same value. Also, Green’s theorem also implies that if the map f :rS!— R 
extends to a differentiable map of rD? to R, then the integral of the closed form 
f*w over 7S! will be zero. These properties of d are similar to those where we 
defined the degree. We will see that if we choose R = R?\{0} and choose w 
appropriately, we will have d(f) = deg f. 


Exercise 3.11.47. Show that 
~y x 


y2 + y? 72 + y? Y 
is a closed 1-form in R?\{0}. 
We will now restrict to R = R?\{0} and 
-y 8 
w= oa dx 4 ee dy. 


Exercise 3.11.48. Evaluate d(z”) for 7,(t) = re?" = (cos 2rt, sin 2rt). 
Exercise 3.11.49. Suppose d(t) is a lift for a(t) = f(7,(t)); that is, 


a(t) = (rcos 27 G(t), r sin 27G(t)). 


Show that d(f) = a(1) — (0). This integral thus gives the same definition of 
degree which we had earlier. 


We now look at implications of these results about closed 1-forms in R?\{O}. 
Note that all paths are freely homotopic to a multiple of y;. Thus a 1-form is 
exact precisely when it integrates to 0 on this loop since it would then integrate 
to 0 over any multiple of the loop and thus over any differentiable loop. 


Exercise 3.11.50. Suppose 7 = M dx + N dy is a closed differential 1-form in 
R?\{0}. Let y(s) = (cos 27s, sin 27), 


-y x 


Taga | eae 


dy. 
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Show that if (1/27) fn =a, then 7 = aw + v, where v is an exact 1-form in 
R?\{0}. Thus, modulo exact forms, all closed forms in R?\{0} are multiples of 
w. (Hint: A 1-form v in R?\{0} is exact iff [,v = 0 for all loops 6 in R?\{O}. 
Exercise 3.11.38 says that any loop in R?\{0} is freely homotopic to a multiple 
of ¥.) 

Exercise 3.11.51. Show that closed forms in R C R? form a vector space C(9) 
under addition and scalar multiplication. Show that exact forms form a subspace 


E(S). 

Exercise 3.11.52. Show that J : C(R*\{0}) > R,J(n) = f\n, where 
7(t) = (cos 2zt, sin 2zt) is a surjective vector space homomorphism whose kernel 
is €(R?\{0}). Hence I induces a vector space isomorphism from the quotient 


vector space C(R?\{0})/E(R?\{0}) to R. 


Many of the applications of 7,(S1) rely only on a few basic functorial prop- 
erties of the fundamental group. We illustrate this in the following exercises by 
asking you to prove analogous theorems in higher dimensions based on the exist- 
ence of the appropriate functor. Such a functor is provided by singular homology 
theory, which we study in Chapter 6. Suppose h,, (hereafter just denoted h since 
we will assume n is fixed) is a functor from topological spaces and continuous 
maps to abelian groups and group homomorphisms; that is, for any topological 
space X, there is a corresponding abelian group h(X), and for each continu- 
ous map f : X — Y, there is a homomorphism h(f) : h(X) — h(Y) so that 
h(lx) = Incx) and h(gf) = h(g)h(f). Suppose that h also has the following 
properties. 

(1) A(S”) ~ Z via an isomorphism k. 

(2) h(p) ~ {e}, where p is a point. 

(3) If f,g: X — Y are homotopic maps, then h(f) = h(g). Define the degree 

of f : S” — S” by using the composition 
-1 
z *— ns") *B asr) 4 z 
by 
deg f = kh(f)k-1(1). 
Thus (3) says that homotopic maps have the same degree. 
(4) If f(—w) = —f(a), then deg f is odd. Here —a# = —(2),...,2n41) = 
(—21,---,—@n41) is the antipodal point of a. 
Exercise 3.11.53. Show that if there are maps f: X — Y,g: Y — X so that 
gf is homotopic to 1x and fg is homotopic to ly, then h(f) : h(X) — h(Y) and 
h(g) : h(Y) — h(X) are isomorphisms (and h(f) and h(g) are inverses to each 
other.) The hypotheses could have been stated in terms of X being homotopy 
equivalent to Y. 


Exercise 3.11.54. Show that the inclusion 0 — Dt! and g : D™t! = 0 


have gi = 19 and ig homotopic to 1pn+1. Conclude that h(D"*t') ~ fe}. (Hint: 
Contract D"*! to 0 along radial lines.) 
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Exercise 3.11.55. Show that there does not exist a continuous map g : D?t! > 
S” with gi = 1gn. 


Exercise 3.11.56. Show that a continuous map f : D°+! > D”+! must have 
a fixed point. 


Exercise 3.11.57. Show that if f : S” — S$” extends to a continuous map 
F:; Dt! _ §” (ie. f = Fi), then deg (f) = 0. 


Exercise 3.11.58. Show that there does not exist a continuous map f : S”+! > 
S” satisfying f(—a) = —f(a). 


Exercise 3.11.59. Show that if f : 97+! — R"*!, then there is a point x € 
S”*! with f(a) = f(—a). 


Exercise 3.11.60. Assuming f(z) = z* : 5! > $1 has degree k, use h to prove 
the fundamental theorem of algebra. 


Part II 


Covering Spaces, CW 
Complexes and Homology 


A 


Covering spaces 


4.1 Basic examples and properties 


This chapter elaborates upon the ideas used in Chapter 3 to compute the fun- 
damental group of the circle using the covering space p : R — S$! to develop 
the theory of covering spaces. We will show that there is an intimate connection 
between the covering spaces of B and the subgroups of the fundamental group 
71(B,b). As before, we are assuming that the spaces A,B in a covering space 
p: A-— B are each path connected and locally path connected. We start with 
some basic examples and properties. 

Our first examples and exercises involve making new covering spaces from 
old ones. For example, if we start with the covering p : R > S!,p(t) = e?™*, 
we can get a covering space of the plane over the infinite cylinder by taking 
P:R? =RxR-—S!' xR with P(t, s) = (p(t), s). To show that this is a covering 
space, we note that if U Cc S! is evenly covered so that p~'(U) = Lez U5 with 
p:U; + U a homeomorphism, then U x RC S' x R is also evenly covered since 
POs Ry = Lez U; x Rand P: U; x R— U x R is a homeomorphism. Here 
we can choose U to be any arc and get a covering of S! with two such arcs. 


Exercise 4.1.1. Show that whenever p : A — B is a covering map and C' is 
a path-connected, locally path-connected Hausdorff space, then P : A x C > 
Bx C,P(a,c) = (p(a),c) is a covering map. 


We can also take the product of a covering space with itself and get a new 
covering space. For example, we can take the product of the covering space of 
the reals over the circle with itself and get the covering space of the plane over 
the torus, P : R? — $1 x $1, P(s,t) = (p(s), p(t)). We just use the fact that if 
U,V cS! are evenly covered open sets, then U x V C S! x S! is also evenly 
covered since P~'(U x V) = LG pyezxz U3 X Ue with P: Uj x Up >UxVa 


homeomorphism. The next exercise generalizes this example. 


Exercise 4.1.2. Show that if p, : A; — Bi, p2 : Ag — Bo are covering maps, 
then so is P: Ay x Ag > B, x Bo, P(a1, a2) = (pi(a1), p2(aa)). 
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The next exercise gives another important cover of the circle where the 
covering space is the circle itself. 


Exercise 4.1.3. Show that pn : S' — S,pm(z) = 2™ (com- 
plex multiplication)—or, equivalently, p(cosz,sinx) = (cosmz,sinma)—is a 
covering map. 


We now explore the properties of p~'{x} for different x. 


Exercise 4.1.4. Show that if A is compact, and p: A — B is a covering map, 
then for any b € B,p~'(b) consists of a finite number of points. (Hint: Use limit 
point compactness. See Exercise 1.9.19.) 


Exercise 4.1.5. Using the framework of Exercise 4.1.4, show that since B is 
assumed path connected, then the number of points in p~1(b) does not depend 
on b. (Hint: Show that {y : |p~+(b)| =n} is both open and closed.) 


Definition 4.1.1. We define the number of points in the inverse image p~'() 
to be the order of the cover. When the order is a finite number k, the covering 
is called a k-fold cover. 


Exercise 4.1.3 can be crossed with another such map of the circle to get 
examples of the covering spaces of the torus by itself. 


Exercise 4.1.6. 


(a) Show that Prin: S'x S' > $1 x $1, Pan (z,w) = (z™,w”), is a covering 
space. 


(b) Show that the order of this cover is mn. 


Consider the cover P2 : T — T given by Exercise 4.1.6. We give a picture of 
this cover in Figure 4.1(a). Now we change the base space to T) by using the 
same construction we used to get T from $7; that is, doing surgery by removing 
two disks and replacing them by a cylinder. In the top space T’ we now do this 
twice. This is pictured in Figure 4.1(b). 


Exercise 4.1.7. 
(a) Show that the construction described above leads to a double covering 
PTO) 3 FO). 
(b) By starting with P,,1, construct an m-fold cover p: TO™+) — TO), 
Exercise 4.1.8. Continuing with the ideas in the previous exercise and starting 


with P,,,; but now performing n surgeries on the base space, construct an m-fold 
cover p: T+) _, P(r+1), 


We now consider some covering spaces of nonorientable surfaces. Recall that 
in Section 3.4 we discussed the examples of 2-fold covering spaces p: S — P and 
p:T — K. We can get new covering spaces from these by doing surgery as in 
the preceding exercises. 


Exercise 4.1.9. Show that there is a 2-fold covering space p, : T(?”) — P@rt), 
(Hint: Do n surgeries in small evenly covered disks in P.) 
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Figure 4.1. Constructing a cover p: T®) — T®). 


Exercise 4.1.10. Show that there is a 2-fold covering space p, : TC?"t) = 
Pera, (Hint: Start from the covering space p: T — K and do n surgeries to 
K = P®) in small evenly covered disks in K.) 


Here is another example dealing with surfaces which is motivated by a similar 
construction as the one forming p: T — K. Start with K = S! x $1/(z,w) ~ 
(—z, Ww). Form a new space K,, with a similar construction K, = S'xS$1/(z,w) ~ 
(e™/" w) when n is odd. Note that for n = 1, this is just the usual construction 
of K. There is a natural map from K to K,, which is induced from the identity 
map of T to itself. That this does induce a map uses the fact that n is odd so that 
(z,w) ~ (—z,W) is part of the equivalence relation in the quotient construction 
of K,. If we take a small disk in K,,, it will be evenly covered by n small disks 
in K where we get from one to the next by rotating by e™'/” in the first S! and 
then reflecting via w — w in the second factor. That we get back to the first 
disk in n steps uses the equivalence relation in K. The next exercise asks you 
to show that K,, is homeomorphic to K, and so the construction gives an n-fold 
cover py, : K — K for n odd. 


Exercise 4.1.11. Show that K,, is homeomorphic to Kk. (Hint: Use the function 
h: T — T given by h(z, w) = (z", w) and show that it induces a homeomorphism 
h: Ky, — K.) 


In each of the examples of finite coverings dealing with surfaces, we can 
compute for p: A — B how the Euler characteristics of A, B are related. In the 
next exercise you are asked to do this calculation to show that y(A) = ky(B), 
where & is the order of the cover. This is a general result for finite covers of 
surfaces (actually much more generally). 
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Exercise 4.1.12. Verify in the last four exercises that there is a formula y(A) = 
kx(B) where k is the order of the cover. 


Exercise 4.1.13. Assuming the formula x(A) = ky(B) for surfaces, show that 
the only surfaces without boundary that can cover themselves with order k > 1 
are T and K. 


One explanation for the Euler characteristic formula comes from equivariant 
handle decompositions. For example, consider the covering of the sphere over the 
projective plane. The projective plane is the union of a Mobius band and a disk. 
Lying above the M6bius band is an annulus about the equator of the sphere. 
Lying above the disk are two disks in the sphere, one in the upper hemisphere 
and one in the lower hemisphere. These will take the role of 2-handles in the 
equivariant handle decomposition of the sphere. For the Mobius band, it has a 
handle decomposition with a 0-handle and a 1-handle. Looking above this in the 
sphere, there will be two disks lying above the 0-handle, which can be considered 
0-handles there that the antipodal map will interchange. Similarly, lying above 
the 1-handles are two disks, which take the role of 1-handles in the cover as well 
since they are each attached along a pair of intervals (up to homeomorphism). 
The next exercise generalizes this discussion. 


Exercise 4.1.14. Suppose that p: A — B is a covering map of finite order k 
from one surface to another and we have a handle decomposition of B where 
each handle lies within an evenly covered neighborhood. 


(a) Then there is an equivariant handle decomposition of A with ki-handles 
for each i-handle of B. 


(b) Use (a) to show that y(A) = ky(B). 


We look next at some covering spaces of the wedge W of two circles. We 
determine how the covering spaces of order 2 should to look like (up to equival- 
ence). We label the circles with a,b and label the cover with aj, a2, b1,b2. We 
picture one example of how to do this in Figure 4.2. In this example, each circle 
is double covered by a single circle. 


Exercise 4.1.15. There are two other nonequivalent 2-fold covering spaces of 
W. Give pictures of them. (Hint: Consider cases where one of the circles is 
covered by two disjoint circles mapped homeomorphically. ) 


Figure 4.2. A double cover of $1 v S?. 
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> 


w 


Figure 4.3. A three-fold cover of $1 v $?. 


Figure 4.3 shows a one 3-fold cover of W. Here the edges labeled a are mapped 
to one circle and those labeled b are mapped to the other. 


Exercise 4.1.16. Give pictures of two different nonequivalent 3-fold covering 
spaces of W from that given in Figure 4.3. (Note: There are more than two 
others, so there are many answers possible.) 


The ability to lift paths in the base space to the covering space represents one 
of the most important properties. We have to first give a version of Theorem 3.3.1 
to a general covering space. 


Lemma 4.1.1. Suppose p: A — B is a covering map and U C B is a path- 
connected open set which is evenly covered with p~\(U) = ||Ui,b € U. Let 
a; € U; satisfy p(a;) = b. If X is connected and f : X — B is continuous with 
f(X) CU, f(x) =), then there is a unique lift fi of f with fi(x) = a;. Moreover, 


fi(X) c. U;. 
Exercise 4.1.17. Prove Lemma 4.1.1. 


Theorem 4.1.2 (Unique path lifting theorem). Suppose p: A > B is a 
covering map with p(a) = b. Given a path f : I > B with f(0) = b, there is a 


unique path f:I > A with f(0) =a and pf = f. 


Exercise 4.1.18. Prove Theorem 4.1.2 by mimicking the proof of the unique 
path lifting property for the circle, Theorem 3.3.1. 


Exercise 4.1.19. Suppose r : J — Bisapath in B with r(0) = b; and r(1) = bg. 
Define a map from p~'(b,) to p-+(b2) as follows: For each a € p~'(b;), let 7a 
be the unique path lifting of r with 7,(0) = a. Then send a to 7,(1). Show that 
this defines a bijection between p—!(b,) and p~!(b2). (Hint: Find an inverse for 
this map.) 


We now want to extend the unique path lifting property to homotopies. 
The idea is to modify the argument given in Chapter 3 during the proof of the 
isomorphism 7(S!,1) ~ Z to get the following result. 


Theorem 4.1.3. Suppose that F : (I x I,{0} x I,1 x I) > (B,b,b2) is a 
homotopy between fo, fi, and p(a) = by. 
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(a) There is a unique lifting F with F(0,0) =a. 
(b) If ae are liftings with fo(0) = fi(0) =a, then fo(1) = fi). 
Exercise 4.1.20. Prove Theorem 4.1.3. (Hint: Lift the homotopy F’ connecting 


fo, fi to F and utilize unique path lifting as in the proof that h is well defined 
in Theorem 3.3.3.) 


Exercise 4.1.21. Utilize the previous exercise to define a map from 7(B,b) to 
p +(b) as follows. Assign to [f] the point f(1), where f is the unique path lifting 
of f with f(0) =a. 
(a) Use the assumption that A is path connected to show that this map is 
onto. 


(b) Let G C 7(B,b) be the subset of [f] with f(1) = a. Show that G is a 
subgroup of 71(B, b). 


4.2 Conjugate subgroups of 7; and 
equivalent covering spaces 


In this section we explore the relation between subgroups of the fundamental 
group of B and the possible covering spaces of B. We start by showing that 
whenever p : (A,a) — (B,b) is a covering map, then the fundamental group of 
A injects into the fundamental group of B. 


Exercise 4.2.1. Show that p, : 7(A,a) — m™(B,b) is 1-1. Thus p,(71(A, @)) 
is a subgroup of 7(B,b) isomorphic to 7(A,a). (Hint: If pf is homotopic to 
a constant map at b, then lift the homotopy to a homotopy between Fi and the 
constant map at a.) 


Exercise 4.2.2. Combine the ideas of Exercises 4.1.21 and 4.2.1 to show that 
px(m1(A, a)) C 771(B, b) is the subgroup of classes of loops [f] so that the lift of 


the loop to a path f with f(0) =a satisfies f(1) = a. That is, it is the subgroup 
of loops at 6 which lift to loops at a. 


We now look at the influence of the base point a chosen in A on the subgroup 
px(™1(A, a)) obtained. Ideas from Section 3.10 play a key role here. If a different 
base point is chosen, we do not necessarily get the same image subgroup, but we 
do get a subgroup which is conjugate to the original one. 


Definition 4.2.1. Two subgroups H,, H2 C G are called conjugate if there is 
an element g € G so that H; = gHog7!; that is, each element of Hj, is of the 
form ghg~', where h € Ho. 


Exercise 4.2.3. Show that conjugacy is an equivalence relation on subgroups 


of G. 


Theorem 4.2.1. Suppose that ap, a1 satisfy p(a9) = p(a1) = b. Let & be a path 
joining ao to a, with a(0) = a9, a@(1) = a,. Let a = pa and g = [a] € 7 (B,D). 
Let Go = px(771(A,ao)) C 71 (B, 6) and Gy = ps(71(A, a1)) C 7 (B, 6). 
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Figure 4.4. Conjugate loops. 


(a) Then the relation between the subgroups Go and G, is Go = gGig@!; 
that is, the subgroups are conjugate and the element g that induces the 
conjugation is represented by the path a which lifts to a path connecting 
ag to ay in A. See Figure 4.4. 

(b) If G = gHg™! Cc m™(B,b) with g € ™(B,b),H = p.(m1(A,a1)), then 
G = p,(m(A,ao0)) for some ag with p(ao) = p(a1) = b. 


Exercise 4.2.4. Prove Theorem 4.2.1. (Hint: Recall from Section 3.10 that 
Q@ : 71(A, a1) > 7(A, ao) is an isomorphism.) 


Exercise 4.2.5. For the covering map pm : S' — S1,pm(z) = 2” of 
Exercise 4.1.3, compute (pm)«(71($4,1)) and (pm)«(71(S1, e27/™)). Are they 
conjugate? Explain. 


Exercise 4.2.6. Consider the covering space A of the wedge of two circles 
BH=s'y oP | which is formed from the union of the z-axis and the y-axis together 
with copies cae the circle attached at each nonzero integer point (n,0) and (0,m). 
Denote these circles as S$}, and Cree The map p: A — B sends the z-axis to the 
circle $1 by the usual covering map and similarly sends the y-axis to the circle 
Sj The circle S},, is mapped via identification to the circle S} and the circle Sj, 
is mapped via identification to the circle Si. See Figure 4.5. 


(a) Show that p: A — B is a covering map. 


(b) Show that p.(7(A, (0,0))) 4 p.»(mi(A, (1, 0))) by finding an element of 
px(71(A, (1,0))) which does not lift to a loop starting at (0,0). 


Exercise 4.2.7. Consider the 2-fold covering space of the three tangent circles 
A over the wedge of two circles B that is depicted in Figure 4.6. The arcs labeled 
a; cover the first circle and the circles labeled 6; cover the second circle. Show 
that Gy = ps(m1(A,v1)) = px(m1(A, v2)) = Go. (Hint: Consider the rotation 
about the center point of the middle circle in A.) 
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Figure 4.5. Covering space for Exercise 4.2.6. 
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Figure 4.6. Covering space for Exercise 4.2.7. 


Exercise 4.2.8. Consider the covering space A of the wedge of two circles 
B=S}\V Sj, (with base point v where the two circles are joined) which is shown 
in Figure 4.7. In this covering space each arc a; wraps around the circle S! once 
in the counterclockwise direction and each arc (or loop) 6; wraps around the 
circle S} once in the counterclockwise direction. We will denote the generators 


of 7(B,v) by a,b, which are equivalence classes of loops running around each 
of the circles once. 


(a) Let G; = p.(71(A, v;)). Show that G, 4 G2 by considering how b lifts at 
different base points. 

(b) Show that Gp #4 G3 but there is an isomorphism from G2 to G3 
induced by the map sending a — a~!,b — b~!. (Hint: Consider the 
homeomorphism from A to itself which is induced by reflection through 
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Figure 4.7. Covering space for Exercise 4.2.8. 


a horizontal line of symmetry of A that interchanges v2, v3 and leaves v1 
fixed.) 


Suppose that p : A — B is a covering map and p(a) = b. Let G = 
p.(71(A, a)). Suppose X is a path-connected, locally path-connected space and 
f : (X,x) — (B,}) is continuous. We want to relate various covering spaces of 
B in terms of the subgroup G. To do this we first have to discuss lifting of maps 
from X into B to maps from X to the covering space A. 


Definition 4.2.2. A continuous map f: X — Aiscalled a lifting of f if pf= f. 


(A, a) 


as 
(X,x) ——~ (B,}) 


Note that this is a generalization of a lifting of a path. The next theorem 
generalizes the path-lifting property to characterize when f has a lifting which 
sends x to a. 


Theorem 4.2.2 (Lifting criterion). Suppose that p: A — B is a covering 
map and p(a) = b. Let G = p,(m(A,a)). Suppose X is a path-connected, locally 
path-connected space and f : (X,x) — (B,b) is continuous. There is a (unique) 
lifting of f:X =~ Btof:X 3A with f(x) =a iff 
fx (m1(X,@)) C ps(m(A, a). 
Exercise 4.2.9. Follow the outline below to prove Theorem 4.2.2. 
(a) Show that if there is a lifting f with f(x) = a, then f,(m(X,z)) C 
ps(771(A, a). 
(b) Show that if there is a lifting f, then it is unique. (Hint: If Fits are 
liftings with fi(z) = fo(x) = a, show that S = {fy eX: fily) = 


fo(y)} = X by showing it is open and closed in X.) 
Show that the converse of (a) is true by following the outline below. 


Try to define a lifting by defining f(x) = a and then for each y € X, 
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choose a path a from z to y. Look at the image 6 = fa of this path, 
which is a path @ in B starting at b. Then use unique path lifting to get 
a lifting B of B with B(0 ) =a, and define fly ) = B(1). 

(c) Show that f,(71(X,2)) C p.(m1(A,a@)) implies that if a is a loop at az, 
then the lifting B will be a loop at a. 

(d) Suppose that a, and ag are two paths joining x to y which are homotopic 
relative to the end points. Then show that the liftings Bi and Bo are 
homotopic liftings and satisfy 3(1) = 6o(1). 

(e) Use the fact that ag is homotopic relative to the end points to ay *a7*a1 
and part (d) to show that the liftings Bi, Bo of 3; = fa; satisfy Br(1) = 
(1). Deduce from this that the map fas defined above is well defined, 
independent of the path used to join x to y. 

(f) Let {U;} be a covering of B by path-connected open sets (using local 
path connectivity) so that p~'(U;) = LU; Uy and p maps each Ui; homeo- 
morphically to U;. Use local path connectivity of X to show that the map 
f is continuous at a given point y € X. (Hint: Find a path-connected 
neighborhood V, of y which is mapped into some U; and show that the 
point fly) determines uniquely how that neighborhood V, lifts and leads 
to a continuous function.) 


We now apply these results to characterize equivalent covering spaces by 
replacing f : X — B by a covering map. We first relate two covering maps in 
terms of the image subgroups. 


Exercise 4.2.10. Suppose p; : A; — B are covering maps, p;(a;) = b. Suppose 
(p1)«(71(A1, a1)) C (p2)«(1 (Az, @2)). 


Then there is a continuous map P : A; — Ag with P(a,) = a2, Ppp = pi, and 
P is a covering map. (Hint: Use Theorem 4.2.2 to get P. To show that it is a 
covering map, use the fact that we can select evenly covered sets that work for 


both p; and py.) 
P 
A A 
< J 
B 


Exercise 4.2.11. Suppose f : A — A is a continuous map which is a lifting of 
p: A— B and f(a) =a. Then f is the identity. 


Exercise 4.2.12. Suppose p; : A, — B,pg : Ag — B are equivalent cov- 
ering spaces with equivalence h : A, — Ay and h(a) = ay. Show that 


(pi)«(™1(A, a1)) = (p2)* (71 (Az, @2)). 


Exercise 4.2.13. Suppose p; : A; — B,p2: Ag — B are covering spaces with 
p;(a;) = b. Show that if (p1)«(m1(A1,a1)) = (p2)«(71(Ag, a2)), then the covering 


4.2. Conjugate subgroups of 7 253 


spaces are equivalent via an equivalence F': A; — Ag with F(a,) = ag. (Hint: 
Use Theorem 4.2.2.) 


We now put these facts together to give the following characterization of 
when covering spaces are equivalent. 


Theorem 4.2.3 (Characterization of equivalence of covering spaces). 
Two covering spaces py : Ay > B, pg: Az > B with p(a;) = b are equivalent iff 
(p1)«(71(A, a1)) and (p2)«(71(A, a2)) are conjugate subgroups of 7(B,b). 


Exercise 4.2.14. Combine the last exercises with Theorem 4.2.1 to prove 
Theorem 4.2.3. 


Exercise 4.2.15. 


(a) Find all of the subgroups of Z. 


(b) Show that any covering space of S' is equivalent to the covering space 
Dm: 81 = S!, pm(z) = 2™,m EN, or the covering space p: R — S!?. 


Exercise 4.2.16. Show that there are only two covering spaces of RP? up 
to equivalence, one of which is the identity covering space and the other 
p: 5S? — RP?. 


Exercise 4.2.17. Suppose p: A — B is a covering space, A is path connected, 
and 71(B,b) = {e}. Show that p is a homeomorphism. 


Exercise 4.2.18. Suppose p,; : A; — B,po : Ao — B are covering maps 
and the continuous map h : A; — Ag satisfies py = poh, (p1)«(m1(A,a)) = 
(p2)«(71(A2, h(a)). Then show that h is a homeomorphism and so is an 
equivalence between the covering spaces. 


Exercise 4.2.19. A subgroup G C F is said to be of index k if the set of right 
cosets Gf of G has k elements. Use Exercise 4.1.15 to find all of the conjugacy 
equivalence classes of index 2 subgroups G of the free group F. 


Exercise 4.2.20. 


(a) Suppose p : A — B is a covering map and the subgroup G = 
p»(71(A,a)) C 7(B,b) is of index k, where p(a) = b. Show that p~+(0) 
has k points. 

(b) Conversely, show that if p~'(b) has k& points and p(a) = 6, then there 
are k cosets Gf of G = p,(m1(A,a)) C 7™(B,b); that is, the order 
\71(B,b)/G| =k. 
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4.3 Covering transformations 


Definition 4.3.1. If p: A — B is a covering map, then a homeomorphism 
T:A—A with pT = pis called a covering transformation. 


an 
A ——~> A 
aS ra 
B 
Exercise 4.3.1. Suppose p: A — B is a covering map, p(a1) = p(az) = b 


and G; = px(m(A,a;)) C m(B,b). Suppose that T : A — A is a covering 
transformation with T(a,) = ag. Show that G, = Go. 


Exercise 4.3.2. Suppose p: A > B is a covering map with p(a1) = p(ag) = b. 
Show that there is a covering transformation T : A — A with T(a1) = ag iff 
px(™1(A, a1)) = px(71(A, a2)). (Hint: Use Theorem 4.2.2.) 


Exercise 4.3.3. Show that the set of all covering transformations of p: A — B 
forms a group, which we denote G, under the operation of composition of 
homeomorphisms. 


Exercise 4.3.4. Show that if T,,72 are covering transformations with T,(a) = 
T2(a) for some a € A, then T, = T. (Hint: Use Theorem 4.2.2.) 


Exercise 4.3.5. Consider the homeomorphism T,, : R > R, T, (x) =a+n, n€ 
Z. Let p: R — S' be the standard covering map p(t) = e?™". 


(a) Show that pT, = p. 
(b) Show that if fis fe are two liftings of a loop f : I — $1, then for n = 
fo(0) — fi (0) we have T,, fi = fo. 


Exercise 4.3.6. Show that if T : R — R is a covering transformation, then 
T =T,, for some n. Conclude that G, ~ Z for (R, p, S*). 


Exercise 4.3.7. Find the group of covering transformations of the covering 
p: S? — P, p(x) = [a] (where P = S?/a ~ —a and [a] denotes the equivalence 
class of a). 


Exercise 4.3.8. Find the group of covering transformations of the covering 
Dm ?S' > S1, pm(z) = 2™ (see Exercise 4.1.3). 


Exercise 4.3.9. Consider the covering space of S' V S! from Exercise 4.2.8. 
Show that there is no covering transformation sending v; to vg. (Hint: Consider 
where the loop b; would have to be mapped.) 


Theorem 4.3.1. Suppose p: A — B is a covering space with p(a) = b and 
m™1(A,a) ~ {e}. Then the group of covering transformations G, is isomorphic to 
the fundamental group 71(B,b). 


4.3. Covering transformations 255 


Exercise 4.3.10. Follow the outline below to prove Theorem 4.3.1. Define a 
map r: G, > 71(B,b) as follows. Given T € Gp, let s be a path in A connecting 
a and T(a), and let r(T’) = [ps]. Prove that r is an isomorphism as follows. 


— 
2 
Na 


Show that if s is homotopic rel0,1 to s’, then ps ~ ps’. 


(b) Use m(A,a) ~ {e} to conclude that any two paths connecting a and 
T(a) are homotopic rel0,1 and so r is well defined. 
(c) Show that r is a homomorphism. 
(d) Show that r is 1-1. (Hint: Show that if r(Zi) = r(T2), then Ti(a) = 
T> (a).) 
(e) Show r is onto. (Hint: Let [f] € 7(B,b). Lift f to f with f(0) =a and 
let ay = f(1). Then use Exercise 4.3.2.) 
Exercise 4.3.11. (a) Suppose p : A — B is a covering space with p(a;) = 
b, i= 1,2. Let G; = px (m1 (A, ai)) C ™(B,b). Show that if there is a covering 
transformation T : A — A with T(a1) = a2, then G, = G2 and if we call this 
common subgroup G, there is an element g € 7(B,b) with gGg~' = G, where 
g is represented by a loop which lifts to a path from a, to ag. 
(b) For the converse, suppose that G = p,(71(A,a;)), i= 1,2 and gGg-! = 
G, where g € 71(B,b) is represented by a loop which lifts to a path from a, 
to ag. Show that there is a covering transformation T : A — A which sends 
a, tO ag. 


Exercise 4.3.12. Use the last exercise to give another argument for 
Exercise 4.3.9. 


Definition 4.3.2. The normalizer N(H) of a subgroup H C G is the subgroup 
{g€G:gHg! =H}. 


The following theorem generalizes Theorem 4.3.1. 


Theorem 4.3.2. There is an isomorphism between the group of covering trans- 
formations G, of p: A— B and the quotient N(H)/H of H = p,(m(A,a)) C 
Ty (B, b). 


Exercise 4.3.13. Prove Theorem 4.3.2. (Hint: The argument should mimic the 
one given for the special case where 7(A,a) = {e} in Exercise 4.3.10.) 


Exercise 4.3.14. Show that there is a bijection between 
{c € p_'(b): there is a covering transformation T with T(a) = c} 


and N(H)/H. (Hint: Covering transformations are determined by their value at 
a by Exercise 4.3.4.) 


Exercise 4.3.15. (a) Suppose that H = p,(7(A,a)) is a normal subgroup of 
71(B,b). Then show that for every pair of points a1, a2 in the pre-image p~‘(b), 
there is a covering transformation T with T(a,) = ag. 

(b) Show that the converse is true: whenever it is the case that for every pair 
of points a1,a2 in the pre-image p~1(b), there is a covering transformation T 
with T(a,) = ag, then H = p,(m(A,a)) is a normal subgroup of 71(B, b). 
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Definition 4.3.3. A covering space is called regular if p,(71(A,a)) is a normal 
subgroup of 71(B,b). By the previous exercise, this is equivalent to the group of 
covering transformations acting transitively on p~1(b). 


Transitive actions of covering transformations on regular covering spaces have 
a special property. Suppose that U is a neighborhood of b which is evenly covered 
and p~'(U) =|], Ui, where p : U; > U is a homeomorphism. There is one open 
set U; for each point a; of p‘(b). If the covering space is regular, then there is 
a covering transformation T sending a; to a; for each pair 7,7; T will then send 
Us homeomorphically to U es 


Definition 4.3.4. A group G of homeomorphisms of a space A is called properly 
discontinuous if for every a € A there is an open set U containing a such that 
g(U) is disjoint from U whenever g # e. 

Exercise 4.3.16. Show that if G is a group of homeomorphisms which is prop- 
erly discontinuous, then for every a € A there is an open set U containing a such 
that go(U)N gi(U) = 9 for all go A m1 € G. (Hint: Look at gg *g1-) 


Exercise 4.3.17. Suppose that A is path connected and locally path connected 
and G is a group of homeomorphisms of A. Let A/G denote the quotient space 
formed from A, where a ~ g(a) for g € G. 


(a) Show that the quotient map gq: A — A/G is a covering map iff the action 
of G is properly discontinuous. 


(b) Show that when the conditions of (a) are satisfied, then the covering 
map q: A —> A/G is regular and G is its group of covering transforma- 
tions. (Hint: Use uniqueness of covering maps fixing sending one point to 
another and the characterization of regularity in terms of transitivity.) 


Theorem 4.3.3 (Characterization of regular covering spaces). Suppose 
p:A— B is a regular covering space and G is its group of covering transform- 
ations. Then p = hq, where q: A— A/G is the quotient covering space and h is 
a homeomorphism induced by p via the quotient construction. 


Exercise 4.3.18. Prove Theorem 4.3.3. 


4.4 The universal covering space and 
quotient covering spaces 


The previous exercises have shown how equivalence classes of covering spaces are 
related to conjugacy classes of subgroups of the fundamental group in terms of 
uniqueness. We next want to explore how existence of covering spaces is related 
to subgroups. The most basic question is whether there is a covering space 
p: A — B where 7(A,a) is the trivial group. Recall that a path-connected 
space A with 71(A, a) trivial is called simply connected. 


Definition 4.4.1. A universal covering space of B is a simply connected covering 
space of B. 
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Figure 4.8. Start of universal cover of S$! Vv S!. 


Exercise 4.4.1. Show that if a universal covering space exists, then it is unique 
up to equivalence. That is, if p; : A — B are two simply connected covering 
spaces of A, then they are equivalent. 


Universal covering spaces can be quite complicated, as different homotopy 
classes of loops have to lift to distinct end points in the universal cover. Figure 4.8 
illustrates of a piece of the universal covering of S' V S'. Note that the funda- 
mental group is the free group on two generators. What the figure actually 
shows are paths which correspond to liftings of loops at the wedge point with 
word length < 5. Each horizontal segment maps to the first S' in the counter- 
clockwise direction as we move to the right, and each vertical segment maps to 
the second S$! in the counterclockwise direction as we move upward. The vertices 
of the graph are all mapped to the wedge point. To get the next level in the uni- 
versal cover, we would add a T at each end vertex point with the intersection of 
the T glued to the point. This pattern is repeated as we go to higher and higher 
levels. Note that there are 4 x 34 such T’s that have to be added to get to the 
sixth level. 

We next note the following property of a universal covering space p: A > B. 
If p(a) = b and U isa path- connected open set containing b which is evenly 
covered with a € U and p: U+Ua homeomorphism, then the induced map 
m(U,a) > 1(A,a) = {e} is necessarily trivial. But the diagram 


As ix 


71 (U, a) —— m1 (A, a) 


Ux 


m(U, b) ——> 71(B,)) 


shows that i, : 7(U,b) — 71(B, Db) is trivial. 
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Definition 4.4.2. We say that a space B is semilocally simply connected if, 
for each b € B, there is a path-connected open set U containing b with the 
homomorphism ?,. : 7(U,b) — 7(B, b) induced by inclusion being trivial. 


The discussion above shows that a necessary condition for the existence of 
a universal covering space of B is that B is semilocally simply connected. The 
next set of exercises show that this condition is also sufficient by constructing a 
simply connected covering space for a semilocally simply connected space B. 


Theorem 4.4.1 (Existence of universal covering space). Suppose that B 
is a semilocally simply connected, locally path-connected, path-connected space. 
Then there is a universal covering space p: A— B. 


To construct such a space, let b € B and form the space A of homotopy 
equivalence classes, relative to the end points, of paths a: I > B with a(0) = b. 
We need to put a topology on A, which we do by defining a basis. Let [a] denote 
an equivalence class and a(0) = b,a(1) = b’. Choose an open set U containing 
b’ that is path connected so that 71(U,b’) > 71(B, 0’) is trivial. Such a set will 
be shown to satisfy the evenly covered criterion for a covering space p: A > B. 


Exercise 4.4.2. 
(a) Show that for any two paths 3, y: I — U with 6(0) = 7(0) = 0’, 8(1) = 
(1) = b", G is homotopic to y relative to the end points as maps to B. 
(b) Show that a * @ is homotopic to a * 7 relative to the end points as 
maps to B. 


(c) Conclude that if, for each point u € U, we choose a path 6 in U from 
b’ to u, then the equivalence class of a * 3 determines a unique point of 
A. Thus there is a 1-1 correspondence between points of U and points of 
the set Ujq, of equivalence classes of paths from 6 which are represented 
by the juxtaposition of a with a path in U. 


Exercise 4.4.3. Show that if [y] € Oral: then On] = Ural: 
Exercise 4.4.4. Show that if Tied Nn Ui) # Q), then ral = Ug). 


Exercise 4.4.5. Show that if c € U, the distinct sets Ural can be indexed by 
the distinct relative homotopy classes of paths from b to c, which is 7(B,b,c) 
and thus corresponds bijectively to 7|(B,b), by Exercise 3.11.9. 

Exercise 4.4.6. Show that if « € V C U and V is path connected and the 
inclusion 71(U, x) — 7(B,2) is trivial, then the inclusion 7(V,x) — 7(B,2) 
is trivial. Conclude that Vio] Cc Tied: 


Exercise 4.4.7. Show that the sets Uj [a] constructed above form the basis for a 
topology for A. 
Exercise 4.4.8. 


(a) Consider the function p: A — B given by p([a]) = a(1). Show that p is 
well defined and continuous. 
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(b) Show that p is a covering map. 
(c) Show that there is a bijection between p~!(c) C A and 7(B,c). 


Exercise 4.4.9. Show that A is simply connected. (Hint: Since p: A— Bisa 
covering space, it suffices to show that the image p.(71(A,a@)) is trivial, where a 
is the equivalence class of the constant path at b. Use the fact that p, is injective, 
and interpret what it means to be a loop at a. Note that through unique path 
lifting we can describe the lifting of a loop s in B at b in terms of the initial 
segments s](0, ¢].) 


Exercise 4.4.10. For the universal covering space A as constructed above, show 
how each element of 71(B, b) naturally leads to a covering transformation of the 
covering space. Show that this correspondence 7 (B,b) — Gp is an isomorphism. 


Now suppose that H is a subgroup of the fundamental group G = 7 (B,D). 
Using the previous exercise, we can identify H as a subgroup of covering trans- 
formations of A. Form the topological space A/H which is the quotient space 
of A by the equivalence relation that says a ~ a’ whenever there is a covering 
transformation T € H with T(a) =a’. 


Exercise 4.4.11. 


(a) Show that the map p: A — B factors as p = pgpi, where py : A > 
A/H, pz: A/H — B, and both pj, p2 are covering maps. 


(b) Show that 71(A/H, [a]) ~ H and (p2), sends it to H CG. 
Theorem 4.4.2 (Relation of subgroups of 7;(B,b) and covering spaces 
of B). Let B be a path-connected, locally path-connected, semilocally simply con- 


nected space. Then there is a bijection between the conjugacy classes of subgroups 
of 7™(B,b) and the equivalence classes of covering spaces of B. 


Exercise 4.4.12. Put together the previous results to prove Theorem 4.4.2. 
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CW complexes 


5.1 Examples of CW complexes 


In Section 3.8, where we discussed homotopy equivalences, we showed that if 
we had a handle decomposition of a surface with one 0-handle and k 1-handles, 
then we could find a deformation retraction of this surface down to a wedge of k 
circles. This much of the space can be thought of as being built up from a central 
point corresponding to the 0-handle and then attaching intervals corresponding 
to the 1-handles where their end points are all identified to the central point. 
When the 2-handles are attached, we could compose their attaching maps with 
this homotopy equivalence and get a space which is built up from a point, some 
1-disks attached, and then some 2-disks attached. It turns out that the original 
surface is homotopy equivalent to this space, which is an example of a two- 
dimensional CW complex. In this chapter we will develop the concepts of CW 
complexes and apply them to fundamental group calculations as well as discuss 
homotopy-theoretic ideas concerning them. Our discussion will include finite CW 
complexes of any dimension, but we will emphasize two-dimensional complexes 
where the geometry is easier to visualize. We will also discuss important special 
cases of simplicial complexes and A-complexes. 

A finite two-dimensional CW complex structure for X expresses X as being 
built in stages as X° Cc X! C X? = X. Here X° is the disjoint union of a finite 
number of points, called 0-cells and denoted as ef,.. ules with the discrete 
topology. The space X! is built up from X° by taking a finite number of 1-disks, 
which are called 1-cells and denoted by et,..., oe and then forming the quo- 
tient space X! from the disjoint union X°| |etL]---L] eh by using continuous 
functions f; : de} + X°. These functions just identify the boundary points of 
a 1-cell to points in X°—geometrically this is forming a one-dimensional graph. 
Finally, X = X? is built up from X! by taking a finite number of 2-disks, 
which are called the 2-cells and denoted by e?,... 6s and then forming the 
quotient space X* = X from the disjoint union X'||e7L|---LlezZ, by identi- 
fying the boundary points of a 2-cell to points in X! via continuous functions 
gi: Oe? + X'. The map g; (resp., f;) is called the attaching map of the cell e? 
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(resp., e}) The map ¢a : €a — X from a cell eg to X is continuous, and the 
quotient topology has the property that a set A is closed iff the inverse image 
(A) of A is closed in the cell e, for each a. The map 4 is called the charac- 
teristic map of the cell e,. Thus the space X can be regarded as a quotient space 
of the disjoint union of cells. The subsets X°, X are closed subsets of X, called 
the 0-skeleton and 1-skeleton of X, respectively. In a CW complex the cells are 
not embedded in general. However, the restriction of a characteristic map ¢g to 
the interior of the cell is embedded and the whole space can be expressed as the 
disjoint union of the images ¢,,(int e,) of all of the cells. 

In our constructions of cells, we will use homeomorphs of D* for the domains 
of our cells and not necessarily D’ itself. For example, when discussing simplicial 
complexes, our model cells will be simplices A*. When we discuss surfaces, we 
will use polygons for the domains of our 2-cells. Although the topology is defined 
in terms of all of the cells, it is frequently the case that the whole space lies in the 
image of top-dimensional cells and the lower cells can be thought of as coming 
from first embedding a lower-dimensional cell into the top-dimensional one and 
then composing. In this case, the topology on the CW complex can be completely 
described in terms of the quotient topology from the map on the top-dimensional 
cells. This situation occurs in the CW decompositions we give for surfaces below. 

The 2-sphere S? has the structure of a CW complex by taking Xo as a single 
point e° and X! = X° (there are no 1-cells). Then X? = X° Ue? is formed by 
using the constant map sending de? to the point X°. This CW complex with 
the quotient topology is just the same as taking a 2-disk D? (the 2-cell) and 
identifying all of its boundary points to a single point. This description can be 
used to show that the space is homeomorphic to $?. 

For the torus T, we can think of it as being formed from a square D! x D1 
by identifying (a, 1) ~ (x,0),(1,y) ~ (0,y). Then the four corners are identified 
and determine a single 0-cell. The edge D' x {0} forms a 1-cell et—note that 
it is identified to the edge D! x {1} in the quotient space. Similarly, the edge 
{1} x D! (which is identified to {0} x D') forms a second 1-cell e3. The space X! 
is homeomorphic to the one-point union of two copies of the circle. The point in 
common is e°; the first circle comes from e° Ue} and the second one from e° Ue. 
Finally, D! x D! forms a 2-cell e? whose boundary is identified to points in X!. 
Basically, its boundary is divided into four parts which first run over the first 
circle, then run over the second circle, then run backwards over the first circle, 
and finally run backwards over the second circle. This can be expressed as the 
word aba~!b-1 € 7(S1 Vv $1, 2). 

The surface T{ can be thought of as coming from a regular 4g-gon whose 
boundary is identified via the pattern a;b,a,'b,'... Gghgoi. 0, T(9) has the 
structure of a CW complex with one 0-cell (coming from all of the identified 
vertices), 2g 1-cells coming from the edges which are identified in pairs and 
whose boundaries are sent to the single 0-cell, and a single 2-cell coming from 
the 4g-gon, whose boundary is mapped into X! according to the identification 
pattern. Here X' is homeomorphic to a wedge Wo, of 2g circles. Similarly, there 
is a decomposition of P‘”) as a CW complex with a single 0-cell, h 1-cells, and a 
single 2-cell expressed as a regular 2h-gon whose boundary is identified according 
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to the pattern a?... az. Note that X! in this case is homeomorphic to the wedge 


W,, of h circles. 


Exercise 5.1.1. Verify that S$? is homeomorphic to the CW complex e° U e?. 


Exercise 5.1.2. 
(a) Verify that T is homeomorphic to the CW complex e° U e} U ed U e? as 
described above. 


(b) Verify that [7 is homeomorphic to the CW complex with a single 0-cell, 
2g 1-cells, and a single 2-cell as described above. 


(c) Verify that P\) is homeomorphic to the CW complex with a single 0-cell, 
h 1-cells, and a single 2-cell as described above. 


Exercise 5.1.3. The projective plane is formed from a 2-disk by identifying x 
to —a on the boundary circle. It has a CW decomposition e° Ue! U iB e”, where 
fo(z) = 27. The pseudoprojective plane P, is formed from the disk by identifying 
x to e27'/Pg on the boundary circle. Give a similar CW decomposition for Pp 
with one cell in each dimension and identify the attaching map for the 2-cell. 


Exercise 5.1.4. Consider the CW complex 
X = ef Veh Vez Ves Us ef Uy €3. 


Here each 1-cell e} is attached to X° by identifying its boundary to ef U e§. 


We will orient each one cell and identify det by sending 1 to e§ and —1 to e9. 
Similarly, we identify Oe} by sending 1 to e? and —1 to e§. To attach the 2-cells, 
we identify the boundary with $1 and divide it into the upper half arc S} and 
lower half arc S'. We then identify the boundary of e? with X! by identifying 
the upper half arc with e} and identifying the lower half arc with e4. Similarly, 
we identify the boundary of e3 using the same map. We express this by saying 


that Oe; = e} + e5 (see Figure 5.1). 


(a) Show that X! is homeomorphic to S?. 
(b) Show that X1 Uy e7 is homeomorphic to D?. 
(c) Show that X is homeomorphic to $7. 


Figure 5.1. A CW decomposition of the sphere. 
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So far we have only considered two-dimensional CW complexes. More gener- 
ally, a finite CW complex of dimension n is built up in stages X° Cc X! Cc X2.C 
X3C--»C X" =X, where X’ is obtained from X*~! by attaching i-cells. Here 
an i-cell e* is a homeomorph of the i-dimensional unit disk in R* with boundary 
Oe’ ~ S*-! and there is a continuous map f : de’ > X*~!. We then form X* by 
taking the quotient space of the disjoint union of X*~! and all of the i-cells and 
make identifications using the attaching maps of the i-cells. In the correspond- 
ing topology, a set is open (closed) iff its inverse image in each cell is an open 
(closed) set. The subset X* is called the k-skeleton of X. 


Exercise 5.1.5. Show that the k-skeleton X* is a closed subset of X. (Hint: 
Use an inductive argument.) 


Exercise 5.1.6. Show that a finite CW complex is a compact Hausdorff space. 
(Hint: Use an inductive argument to show that X is Hausdorff.) 


In this book, we will restrict our attention to finite CW complexes. This 
will allow us to avoid discussing more subtle questions about point set topology 
which occur for a general CW complex. Thus we will always mean a finite CW 
complex when we use the term CW complex here. See [13] for a nice discussion 
of the topology of a CW complex with possibly infinitely many cells. 

The k-skeleton X* C X is an example of a subcomplex of a CW complex. A 
subcomplez Y C X is a collection of cells of X which is itself a CW complex. This 
requires that when we are attaching a cell of Y, then the image of the attaching 
map is within Y. 


Exercise 5.1.7. Using the CW decomposition of $? from Exercise 5.1.4, show 
that the upper hemisphere is a subcomplex. 


Exercise 5.1.8. Show that a subcomplex is a closed subset of X. (Hint: Show 
that it is compact and use the fact that X is Hausdorff.) 

Here are some examples of higher-dimensional CW complexes. 

The n-sphere has a CW complex description with one 0-cell and one n-cell, 
which is attached by the constant map from $"~! to the 0-cell. Under the CW 
topology, the space just comes from D” by identifying all of the boundary points 
to a single point. 


Exercise 5.1.9. Verify that the n-sphere is homeomorphic to the space with 
the CW decomposition described above. (Hint: Construct the homeomorphism 
from D"/~ to S” analogously to what is done in the case n = 2.) 


For a product space X x Y, where X and Y each has a structure as a CW 
complex, X x Y inherits a structure as a CW complex since the product of 
an i-cell and a j-cell is homeomorphic to a (i + j)-cell. For example, think of 
SS — e® Ue! and form the product 


St x S5 = (ef Uet) x (e? Ves) = (ef x 8) U (et x e®) U (ef x 3) U (eq X €9). 


The only nontrivial attaching map to understand is for e} x e4. Here we use 


O(et x ed) = Oet x ef Ue} x Oek. We map Oet x eb to cP x eh C (X x Y)i = 
X!xY°UX° xY! by using the product of the attaching map de} — X° with the 


264 5. CW complexes 


identity on the e} factor. Similarly, we map e} x Je} to e} xe9 C (X xY)! by using 
the product of the attaching map de} — Y° with the identity on the e} factor. 
This leads to the same CW decomposition for the torus with a single 0-cell, two 
1-cells, and a single 2-cell that we had before. Note that X x e® C X x Y and 
e° x Y C X x ¥ are each subcomplexes of X x Y, as is their union. 


Exercise 5.1.10. Give a CW decomposition for S! x S? by using the product 
decomposition of our CW decompositions of $1! and $?. Your description should 
identify how the skeleta are built up in the product. (Hint: You should have a 
single cell in each dimension from 0 to 3.) 


Exercise 5.1.11. Give a CW decomposition for S' x RP? by using the product 
decomposition of our CW decompositions of S$! and RP?. Your description should 
identify how the skeleta are built up in the product. (Hint: You should have six 
cells.) 


Exercise 5.1.12. Give a CW decomposition for S' x $1 x $! by using the 
product decomposition of our CW decompositions of $1 x $1 and S'. Your 
description should identify how the skeleta are built up in the product. (Hint: 
You should have eight cells.) 


Exercise 5.1.13. Give a CW decomposition for S? x $? by using the product 
decomposition of our CW decomposition of $?. Your description should identify 
how the skeleta are built up in the product. (Hint: You should have four cells.) 


Exercise 5.1.14. Give a CW decomposition for RP? x RP? by using the product 
decomposition of our CW decomposition of RP?. Your description should identify 
how the skeleta are built up in the product. (Hint: You should have nine cells.) 


There is an n-dimensional generalization of the projective plane, which is 
n-dimensional projective space RP”. It is formed from the n-sphere by identi- 
fying antipodal points w = (x,...,%n) ~ (—@0,---,—&n) = —ax. Since $” has 
trivial fundamental group for n > 2, it serves as the universal cover of RP”. 
From our work on covering spaces, this implies that RP” has fundamental group 
Z2. We want to give a CW decomposition. The key idea is to see how we get 
from RP*-! to RP*. In the covering space above, this will correspond to going 
from S*~! to S*®. We do this by attaching the upper and lower hemispheres. But 
these hemispheres are each homeomorphic to D* via vertical projection. Thus we 
could think of getting from S*—! to S* by attaching two k-cells. From the point 
of view of forming the quotient space, we want to attach these two cells in a con- 
sistent manner. The way to do this is to get the upper hemisphere by attaching 
an k-cell corresponding to vertical projection and then attach the lower hemi- 
sphere by composing this attaching map with the antipodal map which sends 
the upper hemisphere to the lower hemisphere. This leads to the description of 
SF= SF 1 Up, e* Ua, fp_, e*. Here fr—1 is the identity map of S*~! and ax is 
the antipodal map of S*. When we pass to the quotient, the two k-cells get iden- 
tified to give RP* = RP*~' u,,_, e*. Here p,_1 : S*~' > RP*—! is the quotient 
map. By a simple inductive argument, this leads to a CW decomposition of S” 
with 2(n + 1)-cells, two in each dimension between 0 and n, and a corresponding 
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CW decomposition of RP” with (n + 1)-cells, one in each dimension between 
0 and n. The k-skeleton for S” is S* and the k-skeleton for RP” is RP*. 

There is a complex analogue of RP”, which is called complex projective 
n-space and denoted CP”. To describe it, we start with the description of RP” as 
the quotient space of S” via {(@0,21,...,2n) € R°*1: Soa? = 1}/(x0,...,2n) ~ 
+(a9,...,%p). Note that the numbers +1 are the real numbers of length 1. For 
CP”, we form a similar quotient, but now we use the complex numbers instead 
of the real numbers. We start with $?"*1 = {(z,...,2n) € C71: SY |z,;|? = 1}. 
We then introduce the equivalence relation (20,...,2n) ~ ¢(20,---;2n) = 
(Cz0,---,¢2n), where ¢ € C is a unit complex number: |¢| = 1. Note that the 
set of ¢ with |¢| = 1 is just the unit circle. We then form CP” as the quotient 
space 9?"+1/(z9,...,Zn) ~ C(2,---;2n). When n = 0, the equivalence relation 
just identifies all points of the circle to each other, so CP® is just a point. When 
n = 1, then each point (zo, 21) € S® is equivalent to a point (wo,r) with r > 0 
and |wo|? +r? = 1. These points form the upper hemisphere S%. C S*, which 
is homeomorphic to a disk. Moreover, the points of S% not in S' are mapped 
injectively to the quotient, and the boundary z; = 0 is sent to a single point of 
the quotient. But the points where z, = 0 just correspond to CP°. Thus we can 
express CP! = CP° u,, Be where pp : St = as? — CP® is the quotient map 
po: S' + CP®. When we identify CP® to a point and S% to D?, we then get the 
cell decomposition CP! = e° U e?, which is just the CW decomposition for the 
2-sphere. Hence CP! is homeomorphic to S?. We can use the same idea to show 
that CP* is built from CP*—! by attaching a 2k-cell, and hence inductively get 
a handle decomposition for CP”. 

When CP? is identified with S?, the map S? — S? = CP! is called the Hopf 
map after Heinz Hopf. This is the lowest-dimensional example of a homotopically 
nontrivial (i.e. not homotopic to a constant) map of a sphere to a sphere of lower 
dimension, and played an important role in the early development of homotopy 
theory. The map $?*+1 —. CP* is sometimes called a generalized Hopf map. 


Exercise 5.1.15. Fill in the details of the above argument to show that CP” 
has a CW decomposition with one cell in each even dimension between 0 and 2n. 


We close this section with another example, which is a different type of gen- 
eralization of a projective space. We give a three-dimensional example, but there 
are examples in any odd dimension. We start with S° = {(zo, 21): }> |z|? = 1}. 
We could form RP? from this by taking the quotient using {+1} or form 
CP! = §? by taking the quotient using S'. If we think of {+1} c $1, we 
could factor the quotient space S$? > $3/{+1} = RP? > $3/S! = CP! ~ S?. 
Instead of using {+1} we could use other finite groups of unit complex numbers. 
In particular, we could take a subgroup of 5S! consisting of pth roots of unity 
Gy = {1,0,7?,..-,7?-1}, where n = e?7/?. The case when p = 2 is just {+1}. 
Now Gy, acts on 5° as a subset of the action of $1. When we form the quotient 
space by this action, we are making (zo, 21) ~ (720,721) for T € Gp. Since each 
T is just a power of 7, the equivalence relation is generated from the case when 
T=. 
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We first focus on a special case p = 3. Sitting inside S* is $1 where the 
second coordinate is 0. When we take the quotient by G3, we get S'/G3. This 
motivates us to give a CW decomposition of S' which is consistent with this 
action. For 0-cells, we use the points 1,7,77. Then there are 1-cells ed, et, ed, 
where ej is mapped via the characteristic map ¢ to the arc on the circle joining 
1 and 7. The characteristic maps for et,e4 are the compositions of this with 
multiplication by n,7?, respectively. Thus we get a CW decomposition for S? 
with three 0-cells and three 1-cells. When we take the quotient by the G3 action, 
it identifies the O0-cells and identifies the 1-cells. Thus this quotient has a single 
0-cell and a single 1-cell, and the quotient is homeomorphic to $1. We next look 
at the rest of S*. Consider the upper hemisphere Shed Cc S°. This can be thought 
of as a 2-cell eZ. It will be attached to S' so that its boundary is the sum of 
three 1-cells. When 7 acts on the 2-cell €2, it sends its boundary to itself, but 
otherwise is disjoint from itself. Thus we can get three 2-cells by letting n, 7” act 
on e2. We call these new 2-cells e7,e%. When we take the quotient space by the 
G3 action, these three 2-cells become equivalent and so the quotient space will 
have a single 0-cell, a single 1-cell, and a single 2-cell. The 2-cell will be attached 
so that it runs over the S$! formed by the 0-cell and 1-cell three times. Thus this 
part of the quotient is just S'Um, e?, where the map m3 : S' — S! can be taken 
as m3(z) = z°. This space is the pseudoprojective plane P3 from Exercise 5.1.3. 
The 2-cells e? and e7 intersect only along their boundary in a circle, and they are 
otherwise disjoint. Up to homeomorphism, they provide an S$? in $°. In fact, they 
enclose a region, which is characterized by the second coordinate being 0 (the S? 
already identified on the boundary) or lying between 1 and 7 when normalized 
by making it a unit vector. This region can be shown to be homeomorphic to 
a three-dimensional disk D?, and so forms a 3-cell e. All points S° either lie 
in this 3-cell or in its image under the action of multiplying by 7 or n?. Thus 
there are two more 3-cells e}, e3. When we take the quotient, then these 3-cells 
become identified. Thus the quotient space turns out to be described by a single 
cell in each dimension between 0 and 3. The standard notation for this quotient 
space is L(3,1) and it is called a lens space. 


Exercise 5.1.16. By replacing 3 with p, give a description of the CW 
decomposition of the lens space L(p, 1) = S?/Gp. 


5.2 The fundamental group of a CW complex 


In this section we consider a two-dimensional CW complex with a single 0-cell 
e°. In computations of the fundamental group, the 0-cell will serve as the base 
point. The effect of adding the 1-cells will then be to form a wedge X! = Vj-15 4 
of circles. Each time we add a 2-cell, the homotopy type of the resulting space 
will be completely determined by the homotopy class of the attaching map fy; : 
de? — X"'. For simplicity of description, we will assume that 1 is mapped to the 
base point so that the attaching map can be described, up to homotopy, by a 
word in the free group F,, = 7(X?,e°). 
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Exercise 5.2.1. Suppose that there is a single 2-cell. Use the Seifert—van 
Kampen theorem to show that the fundamental group of X is isomorphic to the 
quotient of the free group F;, by the relation given by the word used in attaching 
the 2-cell which is given by f,(g), where g is the generator of 7,(S',1). (Hint: 
Use the decomposition of X into the two sets A,B, where A is the complement 
of the center point of the 2-cell and B is the interior of the 2-cell. Note that ANB 
deformation retracts to the circle at radius 4. Using that B is contractible and 
that there is a homotopy equivalence of A with X', show that the Seifert—van 
Kampen theorem leads to the above description of the fundamental group. First 
use the base point at (4,0) and then use the results of Section 3.10 to change 
the base point.) 


Exercise 5.2.2. (a) Show that if Y is a two-dimensional CW complex and we 
attach a 2-cell to Y' by a map f sending 1 to e®, then 7(YUyfe?, e°) ~ m1 (Y)/N, 
where N is the normal subgroup generated by the word in 7(Y,e°) determined 
by the image of the generator of 7(S',1) under f,. 

(b) Show that the fundamental group of a two-dimensional CW complex 
with a single 0-cell is isomorphic to the group with one generator for each 1-cell 
and one relation for each 2-cell coming as in part (a) from the word in F,, = 
m(X+,e°), which is the image of the generator under (f;).«- 


The hypothesis that the attaching maps send 1 to e° is unnecessary but 
technically somewhat difficult to avoid. The easiest way to handle removing this 
assumption is to use a result in a later section that says that homotoping the 
attaching maps does not change the space up to homotopy type, and homotopy- 
equivalent spaces have isomorphic fundamental groups. We will always look at 
examples where the condition is satisfied. If there is more than one 0-cell and 
the space is connected, it is homotopy equivalent to a CW complex with a single 
0-cell, so we can again reduce to this case in computing the fundamental group. 

In the following exercises, we describe spaces as quotients of polygons by 
indicating identifications of edges. These spaces have natural decompositions as 
CW complexes. You are to use these decompositions to compute the fundamental 
groups. For those which are surfaces, identify the surface by abelianizing the 
fundamental group. Check your result using Euler characteristics. All should 
have a single 0-cell coming from the vertices. 


Exercise 5.2.3. Find the fundamental groups of the two spaces in Figure 5.2. 
Find their abelianizations and from this determine which surface the space is 
homeomorphic to. 


Exercise 5.2.4. Find the fundamental groups of the two spaces in Figure 5.3. 


Exercise 5.2.5. Find the fundamental groups of the two spaces in Figure 5.4. 
Part (a) is a surface with boundary. Identify it. 


Exercise 5.2.6. Find the fundamental groups of the two spaces in Figure 5.5. 
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Figure 5.2. Figure for Exercise 5.2.3. 
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Figure 5.3. Figure for Exercise 5.2.4. 
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Figure 5.5. Figure for Exercise 5.2.6. 
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Exercise 5.2.7. Use the Seifert-van Kampen theorem to show that, for a con- 
nected CW complex X, 7(X,e°) ~ 7(X?,e°). Thus the fundamental group 
only detects information about the 2-skeleton X?. 


Exercise 5.2.8. Use the last exercise to show that 7,(S*,2) ~ {e} for k > 3 
since it has a CW decomposition with one 0-cell and one k-cell. 


Exercise 5.2.9. Use the CW decomposition for $1! x $? from Exercise 5.1.10 to 
compute the fundamental group. Compare your answer with the general result 
for the fundamental group of a product space. 


Exercise 5.2.10. Use the CW decomposition for S' x RP? from Exercise 5.1.11 
to compute the fundamental group. Compare your answer with the general result 
for the fundamental group of a product space. 


Exercise 5.2.11. Use the CW decomposition for S! x S' x S$! from 
Exercise 5.1.12 to compute the fundamental group. Compare your answer with 
the general result for the fundamental group of a product space. 


Exercise 5.2.12. Use the CW decomposition for S? x 9? from Exercise 5.1.13 
to compute the fundamental group. Compare your answer with the general result 
for the fundamental group of a product space. 


Exercise 5.2.13. Use the CW decomposition for RP? x RP? from Exercise 5.1.14 
to compute the fundamental group. Compare your answer with the general result 
for the fundamental group of a product space. 


Exercise 5.2.14. Give the fundamental group of CP”, n > 1, using its CW 
decomposition. 


Exercise 5.2.15. Show that the fundamental group of the pseudoprojective 
plane of Exercise 5.1.3 is Zp. 


Exercise 5.2.16. Show that S® is the universal covering space of L(p,1) and 
use this to give the fundamental group. Then use the CW decomposition from 
Exercise 5.1.16 to compute the fundamental group in another way. 


5.3 Homotopy type and CW complexes 


In this section we discuss some key homotopy-theoretic ideas about CW com- 
plexes. When we are attaching a cell, the only thing that matters up to homotopy 
type of the result is the homotopy class of the attaching map. Moreover, if we 
start off with homotopy equivalent spaces X,Y and form X Uy e” by attaching 
a cell to X, then composing the attaching map with the homotopy equivalence 
gives a homotopy-equivalent space Y U, e”. The next two exercises lead you 
through the proof of these two statements. 


Exercise 5.3.1. Let X be a topological space and f : $”~! — X a continuous 
function. Let Xp = X Ur D” be the quotient space formed from the disjoint 
union by identifying z € S"~! with f(x) € X. 
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(a) Show that if f is homotopic to f’ via a homotopy F : $"—! x I > X with 
Fo = f', Fi = f, then there is a continuous function a: Xf — Xf which 
is the identity on X. (Hint: Regard D” as being built from a smaller 
D” and an annular set A which is homeomorphic to S"~! x I. Here 
S”-1! x 1 is identified to the boundary 0D” and $”"~! x 0 is identified 
to the boundary of the smaller disk. Use F' on the annulus to map the 
annulus to X and then map the smaller disk to D?, checking that these 
maps fit together to give a continuous map; see Figure 5.6.) 


A 
= 


Analogously, find a continuous function 0: Xf > Xf. 


Show that a is a homotopy equivalence with homotopy inverse (3. (Hint: 
Show that Ga maps a small disk to D” by radial expansion and an annular 
region to X by fitting together F' and F. Show how to homotope this to 
the identity; see Figure 5.6.) 


— 
o) 
Nar 


Exercise 5.3.2. Suppose that h: X — Y is a homotopy equivalence with homo- 
topy inverse g: Y — X. That is, gh is homotopic to 1x and hg is homotopic to 
ly. Name the homotopies H : X x I > X, H;(x) = H(a,t), Ho(x) = gh(a), 
Ay(«) =2,andG:Y x IY, Gi(y) = Gly,t), Go(y) = hay), Gily) = y. 


(a) Consider the map a: Xf — Yj, which is given by h on X and the 
identity on D”, and 0 : Y;¢ — Xgnz, which is defined by g on Y and the 
identity on D”. Show that they are continuous (see Figure 5.7). 


(a) () 
xX Ur X U a 
F Expand id F/ /F Expand 


Figure 5.6. Figure for Exercise 5.3.1. 


(a) (c) 
h id gh | Expand 
Y U. hf xX Ur 


Figure 5.7. Figure for Exercise 5.3.2. 


id 
x 
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(b) Use the previous exercise to show that there is a homotopy equivalence 
€: Xgnf > Xf. 

(c) Show that y = €( is a left homotopy inverse to a; that is, eGa is homo- 
topic to the identity. (Hint: eGa maps X to X via gh, maps an annular 
region via Hf, and expands a smaller disk in D”; see Figure 5.7.) 


(d) Show that 6 : Yar — Yon has a left homotopy inverse. (Hint: Use 
hg ~ 1y and the argument of (c).) 


(e) In a group, show that whenever ba = 1 = ac, then a = c. That 
is, whenever there is a left inverse and a right inverse to a, then a is 
invertible and the inverse is b = c. Conclude that a left inverse for an 
invertible element is also a right inverse. (Hint: Start with b(ac) = (ba)c. 
In Section 3.1 there is a relevant discussion of this idea.) 


(f) Starting with eGa ~ 1, use the fact that € is a homotopy equivalence to 
show that Bae ~ 1 and conclude that @ has a right homotopy inverse. 
From this and part (e), conclude that ( is a homotopy equivalence, and 
then that a is a homotopy equivalence. 


The outline in Exercise 5.3.2 is motivated by an argument in [19]. 


Exercise 5.3.3. (a) Show that the dunce hat (see Figure 3.34) is homeomorphic 
to a CW complex with one 0-cell, one 1-cell, and one 2-cell. Show that X! is 
homeomorphic to the circle, and the attaching map f : S' — S' = X! of the 
2-cell is homotopic to the reflection. 

(b) Use Exercise 5.3.1 to show that the dunce hat is homotopy equivalent to 
the disk. 

(c) Show that the dunce hat is not homeomorphic to the disk by examining 
neighborhoods of edge points and looking at the fundamental group when the 
point is deleted. (Hint: From the assumption that D is homeomorphic to a disk, 
find a nesting of neighborhoods N; c N C Ng, so that Ni\{x} — No\{z} is a 
homotopy equivalence with 7, ~ Fy and N\{x} is homotopy equivalent to $+.) 


Exercise 5.3.4. (a) Suppose X is a two-dimensional CW complex with at least 
two 0-cells. Show that if X is connected, at least one of the 1-cells must have its 
boundary attached to two different 0-cells. 

(b) Assume that e! is a 1-cell with boundary attached to two different (-cells 
e} and e§. Show that e? Ue$ Ue is homeomorphic to a 1-disk. Use Exercise 5.3.2 
to show that X is homotopy equivalent to a CW complex where e§ U e} Ue! is 
replaced by a single 0-cell and there are corresponding 0-cells, 1-cells, and 2-cells 
to the other cells of X. 

(c) Use induction to show that a connected two-dimensional CW complex is 
homotopy equivalent to a CW decomposition with a single 0-cell. 


A somewhat more sophisticated way to approach the result of the last exercise 
is to find a subcomplex of a connected X! which contains all of the vertices and 
deformation-retracts to any one of its O-cells through a process of collapsing 
1-cells one edge at a time. Such a subcomplex is called a maximal tree in X!. 
This can always be shown to exist by an inductive argument on the number of 
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0-cells of X. If there is only one 0-cell, then that 0-cell provides the maximal tree. 
Assuming that there exists a maximal tree with fewer than n O-cells, suppose 
that there are n 0-cells in X. Choose one of the 0-cells e° of X and consider a 
maximal subcomplex K of X! which does not contain e9. The subcomplex K 
does not have to be path connected; suppose it has p path components. By the 
inductive hypothesis, we can find a maximal tree in each path component that 
connects all of 0-cells in that path component. Then adding a 1-cell from e° to 
each path component of K gives a maximal tree in X!. Let us call this maximal 
tree T. 

As an example, Figure 5.8 shows two maximal trees (in bolder lines) in a 
1-dimensional CW complex. 


Exercise 5.3.5. Use Exercise 5.3.2 and a maximal tree Tin X to show that 
there is a homotopy-equivalent CW complex Y with a single 0-cell. 


Consider the CW complex X = X! given by the left-hand diagram in 
Figure 5.9. A maximal tree is given by the subcomplex including a,c and their 
endpoints. When we collapse it to a point, we get a homotopy-equivalent CW 
complex, which is shown is the figure at the right. We extend X by attaching 
two 2-cells, attached via maps of the circle which are described by words in 
terms of the 1-cells which are traversed. The two words used are abe and c71d. 
There is a homotopy-equivalent CW complex with 1-skeleton given by the right- 
hand diagram. For the 2-cells, each subinterval of the attaching circle which was 
mapped to a or c is now mapped to the 0-cell to which they were collapsed. Up 
to homotopy (which does not change the homotopy type of the CW complex), 
these can be described by words formed from the original words by deleting the 
symbols a,c where they occurred. Thus the attaching maps are given by b,d, 
which just means that the homotopy-equivalent complex is just two disks, joined 
at one point. This space is homotopy equivalent to a point. 


Figure 5.8. Examples of maximal trees. 


d d 


Figure 5.9. Collapsing a tree. 
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Figure 5.10. Figure for Exercise 5.3.6. 


Exercise 5.3.6. Consider the CW complex whose 1-skeleton X? is pictured in 
Figure 5.10. Here A,B,C’ denote 0-cells and a,b,c,d,e,f are 1-cells. Suppose that 
there are two 2-cells attached to X+, which can be described in terms of the 
l1-cells that are traversed by adec and dfb. 


(a) Find Y! homotopy equivalent to X! so Y1 has a single 0-cell. 


(b) Find Y homotopy equivalent to X so the 1-skeleton is Y! and use it to 
compute the fundamental group of X. 


Exercise 5.3.7. Consider a handle decomposition of a surface. The 0-handles 
deformation-retract to a collection of points. When we attach a 1-handle, then 
the composition of the attaching maps with the deformation retraction will send 
these intervals to one or two points. Use this idea to show that the union of the 
0-handles and 1-handles is homotopy equivalent to a CW complex with ho 0-cells 
and h, 1-cells, where h; is the number of i-handles. 


Exercise 5.3.8. Show that if a surface (possibly with boundary) has a handle 
decomposition with ho O-handles, h; 1-handles, and hz 2-handles, then there is 
a corresponding CW complex with hg 0-cells, hy 1-cells, and hz 2-cells to which 
it is homotopy equivalent. 


Exercise 5.3.9. Show that a connected surface (possibly with boundary) is 
homotopy equivalent to a CW complex with a single 0-cell. 


Exercise 5.3.10. For Figure 5.11(a), give a CW decomposition and then get a 
homotopy-equivalent CW complex with a single 0-cell. Use this to compute the 
fundamental group. 


Exercise 5.3.11. For Figure 5.11(b), give a CW decomposition and then get a 
homotopy-equivalent CW complex with a single 0-cell. Use this to compute the 
fundamental group. 


Exercise 5.3.12. Using the notation established in Exercise 5.1.4, consider the 
CW complex Y where Y' = X' but Y = X! Uy e?, and de? is identified via 
sending oy to et as before but sending S! to e} by reversing the direction. 
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(a) 


Figure 5.11. Figure for Exercises 5.3.10 and 5.3.11. 


Geometrically, we can think of et as being [—1,1] on the x-axis and the map is 
just a vertical projection. Identify geometrically what the quotient space will be. 
Show that Y is homotopy equivalent, but not homeomorphic, to $? V S', with 
the homotopy equivalence coming from collapsing e+ to a point. 


To close this section, we study one of the important properties that a CW 
complex has for homotopy theory, which is called the homotopy extension prop- 
erty. Its proof illustrates how the structure of a CW complex facilitates inductive 
arguments, reducing problems to problems on a disk. Suppose K is a CW com- 
plex and L is a subcomplex of K. Then K is built from L by the process of 
attaching k-cells for various k. This allows us to reduce arguments to the case of 
attaching a single cell. 


Theorem 5.3.1 (Homotopy extension theorem). Suppose L Cc K is a 
subcompler. Let g: K — Y and suppose there is a homotopy of the restriction 
g/L: LY, that is, amap H: Lx IY with H(x,0) = g(x). Then there is a 
homotopy H': KxI > Y with H’(a,t) = H(a,t) forx € L and H'(x,0) = g(a). 


To understand why this should be true, assume for the moment that kK = 
Lug D*. Here f : S*~! — K is a continuous map. The homotopy extension 
property asserts that if we have a map defined on L x IUK x {0}, we can extend 
it to a continuous map from K x I. The key to the argument is to reduce to the 
case where L = S*-! and K = D*. 


Lemma 5.3.2. Consider S*~! x IUD* x {0} C D® x I. There is a deformation 
retraction of D¥ x I onto S*-! x ITU D* x {0}. 


Here is the idea. We give an illustration for the case k = 2 in Figure 5.12. 
Let p = (0,2) € R*® x R = R**!. Consider rays emanating from p. For each 
point b € B = S*¥-! x TU D® x {0}, there is a unique ray from p to x. That 
ray will intersect D* x J in an interval, with the first point of intersection on 
D* x {1} and the last point of intersection being x. For points on S*~! x {1}, the 
intersection will consist of a single point. Now consider a point 2 € D* x I. The 
ray from p through x will contain an interval which connects x to a point b € B. 
We can define a deformation retraction H on x x I by just moving along this 
interval to contract it to the point b. If we take a point 2 € D* x I, and look at 
h(x) = H(a,1), then h : D*® x I = B gives a continuous map with h|B = id|B. 
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Pp 


/ 
Zl > 


Figure 5.12. Deformation-retracting D? x I to S' x IU D? x {0}. 


Suppose g: K = LUy D* + Y and there is a homotopy H : L x I > Y with 
H(x,0) = g(x) for x € L. Consider the composition J : S*~! x IUD* x {0} + Y 
given by J(u,t) = H(f(u),t), ue S*-1, J(v,0) = g(v), v € D®. The lemma 
allows us to extend J to D* x I by composing with the deformation retraction. 


Exercise 5.3.13. By applying the lemma and using how K x J is formed as a 
quotient space, show that there is an extension H’: K x IY of H. 


Exercise 5.3.14. Use an inductive argument with induction over the number 
of cells of K\L to prove the homotopy extension theorem. 


5.4 The Seifert—van Kampen theorem 
for CW complexes 


In this section we explore applications of the Seifert-van Kampen theorem in 
terms of the hypothesis that the two sets A, B we use in X = AU B have to be 
open. We show that this hypothesis can be replaced by one that is sometimes 
easier to apply. We say that a subset A C X is a neighborhood deformation 
retract if there is an open set U containing A and a deformation retraction of 
U onto A. Recall that a deformation retraction is a map h : U — A with 
h|A = id|A so that h is homotopic to the identity with the homotopy restricting 
to the constant homotopy on A. If we have a pair of sets (A, B), then we say 
the pair is a neighborhood deformation retract if there are open sets U,V with 
ACU, BCYV so that U deformation-retracts to A, V deformation-retracts to 
B, and UNV deformation-retracts to AN B. 


Exercise 5.4.1. Show that if (A,B) is a neighborhood deformation retraction 
of (U,V), then A,B, AN B are all path connected iff U,V,U 1 V are all path 
connected. 


Exercise 5.4.2. Show that if A,B, AM B are path connected and (A, B) is a 
neighborhood deformation retraction of (U,V), then if x9 € AN B, there is an 
isomorphism between 71(A, 20) *n,(ANB,2o) T1(B,%o) and 1 (U, 20) *m,(UAV,20) 
TY (V, Xo). 
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Exercise 5.4.3. Show that if X = AUB, where A, B, ANB are path connected, 
xo € ANB, and (A, B) is a neighborhood deformation retract, then there is an 
isomorphism 7;(A, 9) *x,(AnB,xo) 71(B, 20) Y ™1(X, 20). 


Exercise 5.4.4. (a) Show that if X = Si v Sj is the wedge of two copies of the 
circle and A = Si, B = Sj, then (A, B) is a neighborhood deformation retract. 
Use Exercise 5.4.3 to show that 7(X,v) = Fo. Here {v} is the wedge point. 

(b) Use induction to show that if W; is the wedge of k copies of $', then 
1™1(Wy,v) & Fr. 


Exercise 5.4.5. Suppose M is a path-connected surface which is the union of 
two path-connected surfaces with boundary Ny, N2 which intersect along a circle 
C = ON, = ONz2. Suppose there is a neighborhood H of C so that (H, HN Mi, 
H 1 Nz, HNC) is homeomorphic to ($1 x (—1, 1),.$1x(—1, 0], $+ x (0,1), St x {0}). 


(a) Show that (Ni, N2) is a neighborhood deformation retract. 
(b) Show that 71(M, x) ~ (Ni, ©) *74(C,2) 71(No, 2). 


Exercise 5.4.6. Apply Exercise 5.4.5 to compute 


(a) m(T#HT, 2x), 
(b) m1 (P#P, 2). 


Exercise 5.4.7. Suppose K is a two-dimensional CW complex and L is a sub- 
complex K, so that we can form K from L by inductively attaching cells of 
dimensions 0,1,2. Using an inductive argument, show that LD is a neighborhood 
deformation retract. 


Exercise 5.4.8. Suppose that L, MW are subcomplexes of the two-dimensional 
CW complex Kk. Show that (£,M) is a neighborhood deformation retract. 


The above two results hold without the two-dimensional hypothesis, but that 
is all that we need for the next result. 


Theorem 5.4.1 (Seifert-van Kampen theorem for CW complexes). Sup- 
pose L, M are path-connected subcomplexes of the CW complex K so that LN M 
is path connected with « © LOM. Then ™m(K,a) ~ m1 (L, ©) *n,(L9M,2) ™1(M, 2). 


Exercise 5.4.9. Prove Theorem 5.4.1. (Hint: First reduce to the two- 
dimensional case using Exercise 5.2.7.) 


5.5 Simplicial complexes and A-complexes 


A special case of a CW complex is a simplicial complex where the i-cells are 
identified to an i-dimensional simplex, which is the affine span of the vertices 
U0, U1,---,U; Which are affinely independent in R”. From a CW point of view, 
we can identify these simplices to a standard i-simplex with vertices ep, €1,..., 
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e; € R’ but we will frequently think of them as geometric simplices all living 
in a common R”. By a face of a simplex with vertices up,...,u;, we Mean a 
simplex which has as its vertices a subset of the these vertices. For example, 
the 2-simplex [vo, v1, v2] with vertices vp, vi, v2 has three one-dimensional faces, 
which are [v9, v1], [vo, V2], [v1, v2]. It has three zero-dimensional faces, which are 
the 0-simplices [vo], [v1], [v2]. In a simplicial complex, each simplex is embedded 
in X and each (i — 1)-dimensional face of an i-simplex obtained by taking the 
span of ¢ of its vertices is identified with one of the (— 1)-simplices. The simplices 
can be thought of as independent entities that are glued together along faces or 
from embedding each of them in a common Euclidean space R” so that any two 
simplices which intersect do so along a common face. Note that in a simplicial 
complex, the characteristic maps of the simplices are embeddings. 

Historically, simplicial complexes came before CW complexes and dominated 
much of geometric topology, particularly in arguments in homotopy theory and 
homology. They still play an important role in topology, but CW complexes 
have become more important for many parts of homotopy theory and homology. 
In this section we introduce some of the basic concepts of simplicial complexes, 
and then discuss briefly the notion of a A-complex, which has many of the best 
features of both simplicial and CW complexes. We will use A-complexes in the 
next chapter on homology to give geometric examples where it is relatively simple 
to compute a form of homology. 

In Figure 5.13(a) we show a collection of simplices which do not form a 
simplicial complex because they do not fit together along faces and in (b) an 
example of a simplicial complex. Note that (b) would not be a simplicial complex 
if the large right-hand blank simplex were filled in to be a 2-simplex, for now 
there would be two 2-simplices that did not intersect in a common face. As it 
is, this just represents a topological circle that is divided into four adjoining 
l1-simplices (and their faces), and one of these 1-simplices meets the other part 
of the complex. Frequently, it is easier to think of a simplicial complex in terms of 
the simplices and how they intersect rather than in terms of a specific embedding 
in some Euclidean space such as R?. In Figure 5.14 we give both views for the 


(a) (b) 


Not a simplicial complex A simplicial complex 


Figure 5.13. Simplices must intersect in a common face. 
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Tetrahedron Four 2-simplices for the tetrahedron 


Figure 5.14. Tetrahedron as a simplicial complex. 


VA 
VAVA 


Triangulation Bad triangulation 


Figure 5.15. How to (and not to) triangulate the torus. 


surface of a tetrahedron. When a space is given as a quotient space, such as our 
description of the torus as a quotient space of the square, we can get a simplicial 
decomposition by using a simplicial decomposition of the square that survives 
to give a simplicial decomposition of the torus after all of the identifications are 
made. We have to be careful to see that after the identifications that individual 
simplices are still embedded in the quotient space and they fit together along 
their faces. We illustrate this for the torus in Figure 5.15. The subdivision into 
eight triangles does not form a simplicial decomposition after the identifications 
are made since simplices A and B intersect in two vertices, not in a common 
face as they are supposed to. The second diagram using 18 triangles leads to a 
proper triangulation of the quotient torus after the identifications are made. 


Exercise 5.5.1. Thinking of the projective plane as a quotient of a rectangle 
with identifications abab as you go around the four edges in counterclockwise 
direction, subdivide this to make it a simplicial complex. 


Exercise 5.5.2. For the surface TT thought of as an octagon with identifica- 
tions on the boundary aba~!b~!edc~'d7', give a decomposition as a simplicial 
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complex. (Hint: We need to separate identified edges. Construct a smaller octa- 
gon within the octagon and then subdivide so that it is the total space of a 
subcomplex.) 


Generally speaking, simplicial complexes have more structure than CW 
complexes but also require many more cells. For many homotopy-theoretic com- 
putations such as the fundamental group and homology, CW complexes are 
easier to work with than simplicial complexes. An intermediate structure that 
has some of the advantages of both simplicial complexes and CW complexes is 
a A-complex. A-complexes are developed more thoroughly in [13]. We intro- 
duce them here mainly for their use in homology computations in the next 
chapter. 

A A-complex is built up like a CW complex from cells, and the cells have 
the structure of simplices as in a simplicial complex. Each simplex is determ- 
ined by its vertices, and the vertices of the simplex are given an order. Each 
i-simplex then can be thought of as [vp,v1,...,v;], where the v; are the vertices 
in the chosen order v9 < v, < ++: < u;. When the boundary of the 7-simplex 
is identified to points in K*~!, the identification is required to use the unique 
affine linear order-preserving maps from each face of the i-simplex to an (¢ — 1)- 
dimensional simplex. Any simplicial complex can be made into a special type 
of A-complex by giving an ordering of all of its vertices. We give a couple of 
examples. 

The simplest nontrivial example is the circle with a A-complex structure with 
one vertex and one 1-simplex, where both vertices are identified. This structure 
just comes from the usual simplicial structure of an interval with two vertices 
and one edge after we make the identification of the two vertices to get a circle 
from the interval. 

The torus has the structure of a A-complex with one vertex, three 1-simplices, 
and two 2-simplices. We start with the usual picture of the torus as coming from 
the square D! x D! by identifying (x,—-1) ~ (x,1), and (—1,y) ~ (1,—-y). The 
four corner points then get identified to a single vertex. We first label the corner 
points via vy = (—1,-1), v2 = (1,-1), v3 = (-1,1), vs = (1,1). The ordering 
is given by the ordering of the vertices. In the quotient topology, these will give 
a single vertex v. The 1-simplices are then a = [v1, v2], which is also identified to 
[v3, va], and b = [v,, v3], which is identified to [v2, v4], and c = [v;, v4]. There are 
two 2-simplices, A = [v1, v2, v4], B = [v1, v3, v4]. The labeling of the vertices then 
determines completely how the attaching maps are given. If we want to give a 
A-complex structure for the Klein bottle, we can again start with a rectangle, but 
we now have the identifications (7,—1) ~ (—a,1) and (—1,y) ~ (1,y). We can 
give this a A-complex structure by ordering the vertices via v,) = (—1—1), ve = 
(—1,1), vs = (1,1), va = (1, -1). These are identified to a single vertex v. Then 
the 1-simplices are a = |v), v4] ~ [v2, v3], 6 = [v1, ve] ~ [v3, va], C = [v1, v3]. The 
2-simplices are A = [v1, v2, v3], B = [v1,v3, v4]. We illustrate these A-complex 
decompositions in Figure 5.16. 


Exercise 5.5.3. Give a A-complex structure to S using two triangles. (Hint: 
Start with a rectangle and subdivide it into two triangles. Label the vertices in a 
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v2 b V4 
a a 
V1 b U3 
Torus 


Figure 5.16. A-complex structures for T, K. 
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v2 b V3 
a a 
V1 b vA 


Klein bottle 


CW complexes 


way to determine the A-complex structure and also consistent with the labeling 
of the edges as abb-'a~! as we read around the edges in the counterclockwise 
direction. Note that identified edges must have the same ordering of vertices; 


that is, if we identify [v;,v;] with [v,, vu] and i < 7, then k <1.) 


Exercise 5.5.4. Give a A-complex structure to P using two triangles. (Hint: 
Label vertices to get the ab~!ab~! pattern.) 
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Homology 


6.1 Chain complexes and homology 


In this chapter we study the concept of the homology of a topological space X 
as well as the homology of a pair (X, A) of spaces. We will also discuss related 
concepts of homology for A-complexes and for CW complexes. For each integer 
k, > 0, there will be a group H;,(X) for a topological space X. The group Ho(X) 
will measure path connectivity of X, in the sense that Ho(X) is a free abelian 
group with one generator for each path component of X. The group H1(X) of a 
path-connected space measures something like simple connectivity. It turns out 
to be isomorphic to the abelianization of the fundamental group of X. The first 
homology measures when certain one-dimensional objects such as loops which 
have no boundary are the boundaries of some two-dimensional objects. As an 
example, it measures when a loop in a surface is the boundary of a subsurface 
with boundary, such as how the equator in a sphere bounds the upper hemisphere 
or the circle where a connected sum in formed bounds the two summands. In 
general, n-dimensional homology measures when n-dimensional objects which 
have no boundary are boundaries of (n + 1)-dimensional objects. This is admit- 
tedly very vague, and making it precise requires introducing the notion of a 
chain complex and its homology as well as determining chain complexes which 
are associated to topological spaces, A-complexes, or CW complexes. 

In this section we introduce the basic ideas of a chain complex. In succeeding 
sections, we will look at specific chain complexes related to topology and do some 
fundamental calculations. We then look at some properties that characterize 
homology for an important class of topological spaces and use these properties 
to do more calculations. We will give a number of important applications of 
homology. It turns out that although homology is somewhat complicated to 
define, it obeys some properties which make it relatively easy to compute. Some 
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basic results which will be shown are: 
ZOZ n=k=0, 

A,(S") = <Z n=k>O0ork=0,n>0, 
0 otherwise, 


H,(D") = Z k=0, 
. ~ )o otherwise, 
Z k=n+i, 


0 otherwise. 


Hep. S) = 


We will also show that H2(/Z) measures whether a compact connected surface 
is orientable or not, compute the homology for all compact connected surfaces, 
and discuss the relation between orientability and homology for manifolds of any 
dimension. We also apply homology to give a proof of the Jordan curve theorem 
as well as to develop its generalizations. 

We now introduce the notion of a chain complex, on which homology will be 
based. We will always be dealing with a chain complex of abelian groups and so 
will embed this in our definition. 


Definition 6.1.1. A chain complex (C,0) = {(Cn, On)} consists of a sequence of 
abelian groups C,,n > 0 together with homomorphisms 0, : Cy, — Cyn—1,n > 0 
and 09 = 0 so that the composition 0,041 : Cr41 — Cpr-1 is the zero homo- 
morphism. Given a chain complex (C, 0), the condition 0;0,+1 = 0 implies that 
im(0x¢41) C ker(0;,). The elements of ker(0;) are called the cycles of dimension 
k and the elements of im(0,41) are called the boundaries of dimension k. The 
k-dimensional homology is the quotient H;,(C’) = ker(0;)/im(0,41). 


We will look at specific chain complexes coming from topology in the next 
sections. Here we give a few calculations to familiarize ourselves with the basic 
concepts. 


Example 6.1.1. Suppose 0; = 0 for all k > 0. Then H;,(C) ~ Cy. For ker(0,) = 
Cr, im(Oz41) = 0, and hence 
Ay,(C) ~ ker(0;) /im(Oxn41) ~ Cy /0 ~ Cy. 
This last example does occur when we compute the cellular homology of a 
sphere or a disk pair (D"*1, S$”) as well as while computing the cellular homology 


of an orientable surface. Here is an example which occurs in computing the 
cellular homology of the projective plane. 


Example 6.1.2. Suppose that 
ear ae 
O;= ce 


O otherwise, 


and 05 = 0; = 0, 02(g2) = 291, where g; denotes the generators of the copies of 
C, ~ Z,i = 1,2. Then 


Ho(C) = ker(0o)/im(0,) = Z/0 ~ Z; Hy (C) = ker(0,)/im(02) = Z/2Z ~ Zo; 
H2(C) = ker(02)/0 = 0. 
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Since C; = 0 for i > 3, we have H;(C) = 0,1 > 3. 


We now give a few exercises to acquaint ourselves with basic computations 
using the definition. 


Exercise 6.1.1. Suppose 
i Jo METS 2, 
‘ )0 otherwise, 
and Op = 0; = 0, 02(1) = p > 0. Show that 
Ao(C) = Z; A, (C) =Z,; A(C)=0, i>2. 
Exercise 6.1.2. Suppose C; = 0,7 > 2;Cy = Z;C,; = Z2@®Z;Co = Z; and 
Oo = O1 = 0, 02(1) _ (2 0). Show that 
Exercise 6.1.3. Suppose C; = 0,7 > 2;C; = Z®Z,0 <i < 2, and 0) = 0, 
0,(1,0) = (—1, 1), 0, (0,1) = (1, -1), 02(1, 0) = (1,1) = 02(0,1). Show that 
Exercise 6.1.4. Suppose C; = 0,1 > 3;C; = Z,0 <i < 3; and 0; =0,i=0, 
1,3; 02(1) = p. Show that 
H(C) ~ H3(C) ~ Z; Hy (C) ~ Z,; H2(C) = 0; H;(C) = 0, i>A. 
Exercise 6.1.5. Suppose n > 1 and Ci; = 0,1 > n;C; = Z,0 < i < n; and 
0; =0,0<i<n,t=2k+41 ori =0; and 0;(1) = 2,0 <i<n,i=2k. 
(a) Show that 
A,(C)=0, i>n; Ho(C) ~ Z; H,(C)=0, O<i<n, i= 2k; 
(b) Show that if n is odd, then H,(C) ~ Z. 
(c) Show that if n is even, then H,,(C) = 0. 


6.2 Homology of a A-complex 


For a A-complex K, we first define a chain complex (CA(K),0;) associated to 
K. This definition will also apply in the context of a simplicial complex when it 
is made into a A-complex by using an ordering of the simplices (e.g. one which 
comes from a total ordering of its vertices). Our viewpoint is to give a fairly 
concrete example of how to compute the homology of a chain complex which 
arises geometrically. The homology we compute agrees with the singular and 
cellular homologies we discuss later. 
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The chain complex consists of free abelian groups CA(K) for each i > 0 and 
homomorphisms 0; : CA(K) — CA ,(K). The group CA(K) is defined to be the 
0-group if there are no simplices of dimension 7. Otherwise, CA(K) is the free 
abelian group with one generator for each i-simplex [vo, ..., v;] in the A-complex 
structure. Note that these simplices automatically come with an order on the 
vertices. We define 09 = 0. For i > 0, there is a homomorphism 0; : C; — Cj_1 
which is defined on generators by 


Ovo, oie .,% = S-(-1)¥ leo, ete , Uk, are 5 Uy 


k=0 


The notation uses the identifications of a face of an i-simplex with an 
(i — 1)-simplex, and 0, indicates that the vertex vz is omitted. For example, 
we have 


A1([vo, ¥1]) = [vi] — [vo], A2([v0, v1, v2]) = [e1, v2] — [vo, va] + [vo, vi]. 


The definition of 0; is then extended from the generators to all of CA(K) by 
extending it linearly, using the fact that the group is free abelian. For the case 
of a two-dimensional A-complex, the chain complex is depicted via the diagram 


A 1 A a A gs 
0 > Cy(K) > CO(K) > CS(K) > 0. 


Exercise 6.2.1. 
(a) Show that the composition 0102([vo, v1, Vv2]) = 0. 


(b) Show that in general 0;0;,1 = 0. (Hint: It suffices to check this on a gener- 


ator [vo,..., 0:41]. For any (i — 1)-simplex formed from this by omitting 
two vertices, show that this term occurs twice with opposite signs in 
O;0;41([vo, eae ,vi4i])-) 


We denote the image of 0;41 in CA(K) by im(0;41) and denote the kernel of 
0; in CA(K) by ker(0;). The condition 0;0;;1 = 0 from the last exercise shows 
that im(0;41) Cc ker(0;). 


Definition 6.2.1. We define the A-homology groups 


We carry out a couple of calculations as examples and then leave others as 
exercises. 


¢ The interval J has a A-complex structure with two 0-simplices [0], [1], and 
one 1-simplex [0,1], with 0;[0, 1] = [1] — [0]. Then ker(0)) = Co = ZZ. 
Since im(Q;) is generated by [1]— [0], taking the quotient of ker(0p) /im(0;) 
identifies [0] with [1]. The quotient is Z, with generator the equivalence 
class of [0] ~ [1]. We then compute that ker(0,) = 0, and so we get 
HA(1) = 0,H>(1) = Z, and all other H; are 0 by definition since there 


are no simplices in dimensions besides 0, 1. 


6.2. 
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For the circle with the A-complex structure arising as a quotient of I 
where we identify 0 ~ 1, we have CA(S') = Z,C)(S") = Z, and 0, = 0 
since 0;({0, 1]) = [1] — [0] = 0 (since [0] = [1] here). Thus H\(S") = Z, 
HA(S y= Z. 

For a slightly more complicated example, we look at the torus with the 
A-complex structure of the torus in Figure 5.16. Here CS(T) = Z 9 Z, 
with generators [v1, v2, va], [v1, v3, va], CO(T) = ZOZ OZ, with generators 
a,b,c, and CS(T) = Z, with generator [v] = [v;], noting that all of the 
vertices are identified. The boundary homomorphisms are 


02([v1, v2, v4]) =a—c+ b, 02([v1, v3, v4]) = b-— ce +a, 
O1(a) 01 (b) O1(c) 0, Oo = 0. 


Thus ker(Q2) is the free abelian group generated by [v1, v2, va] — [v1, v3, Val 
and so HS(T) = Z. The kernel ker(0,) = CA(T), and the image im(02) is 
the free abelian group generated by a+ b—c. Factoring out by it serves to 
identify c to a+b. Thus the quotient HA(T) = ker(0,)/im(02) is the free 
abelian group Z @ Z on two generators a,b. The group He (T) = Z since 
im(01) = 0 and ker(09) = C3\(T) = Z. 


Note that in each of the examples we have found that HO(K) ~ Z. The 
reason for this is that each one is path connected and Ho measures the number 
of path components. We outline a proof for this in the next exercise. 


Exercise 6.2.2. Suppose K is a path connected A-complex. 


(a 


) Show that K+ is path connected, and in particular, given any two vertices 
V1, U2, there is a sequence of directed edges e€1, €2,..., €% (which give some 
of the 1-simplices, possibly with the opposite directions) which connect 
v, with vo. (Hint: First show that adding higher-dimensional simplices 
does not change path connectivity, so that K! and K have the same path 
connectivity properties. Then show that a path connecting two vertices 
may be replaced by a simplicial path.) 


we 


Show that factoring out by im(0,) serves to identify all vertices in 
CS(K) = ker(0o) by showing that [w] — [v] € im(0,) for any v1, ve. 
Conclude that HO(K) = Z, with a generator coming from each vertex. 


Exercise 6.2.3. Suppose that K is a A-complex with n path components 


ae 
and t 


., Ky. Show that each chain group CA(K) = CA(K1) @--- @ CA(K,) 
he boundary homomorphisms respect this splitting since 0; : CA(K 3) > 


CA ,(K;). Use this to show that HA(K) = HA(K1) ®--- ® HA(K,,). Thus the 
computation of homology just decomposes into the computation of the homology 
groups of the path components. Conclude that Hé‘(K) is the free abelian group 
with n generators. 


Exercise 6.2.4. Use the A-complex structure of the Klein bottle kK from 


Figur 


e 5.16 to compute the A-homology groups of K. 
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Exercise 6.2.5. Use the A-complex structure of the sphere S from Exercise 5.5.3 
to compute the A-homology groups of S. 


Exercise 6.2.6. Use the A-complex structure of the projective plane P from 
Exercise 5.5.4 to compute the the A-homology groups of P. 


In your computations above, you should have found that H(M) is the 
abelianization of 7;(M,v). The second homology group H3(M) of a surface M 
turns out to be Z whenever M is orientable and is 0 when M is nonorientable, 
as occurred in the examples and exercises above. 

Orientability of a surface that is given as a simplicial complex can be phrased 
as follows. First, the condition that the space is a surface (possibly with bound- 
ary) is phrased by requiring that, for each 1-simplex, there are either exactly 
two 2-simplices with that simplex as a face (for an interior point) or there is 
exactly one 2-simplex with that 1-simplex as a face (for a boundary point). A 
simplicial complex is called orientable if we can choose an orientation for each 
2-simplex so that, for each interior 1-simplex, the two 2-simplices with it as a 
face impose opposite orientations on that 1-simplex. In a A-complex where there 
are identifications on the boundary of a 2-simplex, it is also possible to have a 
single 2-simplex where two edges emanating from a vertex are identified. This 
occurred in the sphere example. In the A-complex case, each simplex has the 
orientation given by its ordered vertices, and this determines how boundaries are 
mapped and the corresponding boundary map for the A-chain complex. Then 
the condition required for the orientability of the surface is that orientations 
extend across identifications. This translates to the condition that we can select 
a sign +1 for each ordered 2-simplex so that, for any 1-simplex, it occurs with 
opposite signs in the boundary of two different signed 2-simplices or occurs with 
both signs in the boundary of a single 2-simplex. One can show that this con- 
dition is equivalent to our earlier notions of orientability. Later in the chapter, 
we will study orientability more thoroughly, so we do not pursue this point here. 
We use this definition of orientability in the following exercise. 


Exercise 6.2.7. Show that a compact connected surface M without boundary 
with a A-complex structure satisfies H(M) ~ Z when it is orientable as given 
above, and H3\(M) ~ 0 when it is nonorientable. Here we are using 0 for the 
trivial abelian group with one element. (Hint: Show that the only way to get 
a 2-cycle is from a multiple of > €(t)o;, where e(¢) = +1 and we sum over all 
2-simplices. You may use the fact that connectedness implies that, given any two 
2-simplices, there is a chain of 2-simplices going from one to the other with a 
common face. Start with an arbitrary sum )>n,;0; of 2-simplices and show that 
the only way it could be a cycle is that all |n;| are equal.) 


6.3. Singular homology H;(X) and the 
isomorphism 7/?(X,x) ~ H,(X) 


We next define singular homology. One difficulty with the definition of homology 
of a A-complex is its dependence on the structure of the space as a A-complex. 
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It is nontrivial to show that if we express the space as a A-complex in two 
different ways, then the homology groups we get are the same. By their defini- 
tion, the singular homology groups are invariant under homeomorphisms. The 
tradeoff is that they are more difficult to understand and compute directly from 
the definition. In singular homology theory, what is done is to prove general 
properties of the singular homology groups and use these to do the computations 
and not just rely on the definitions as we did above for A-homology. It is a 
fact that for a A-complex, the singular homology groups and the A-homology 
groups are isomorphic, leading to the invariance of the A-homology groups up to 
homeomorphism (or even homotopy equivalence) independent of the A-complex 
structure on a space. 

As with A-homology, we start by defining a chain complex. Here the singular 
chain groups are defined by letting S;(X) be free abelian groups, with one gener- 
ator for each singular i-simplex. By a singular i-simplex, we mean a continuous 
map ao: A; — X, where A; is the standard i-simplex with vertices eo, €1,..., €;. 
Note that these groups have an infinite number of generators in most cases. Thus 
the chain groups are more complicated than those that occur for A-complexes. 
The elements of S;(X) are finite linear combinations a NOR, Where nz € Z 
and ox is a singular i-simplex. These linear combinations are called singular 
i-chains. 

We define a boundary homomorphism 0; : 5;(X) — S;-1(X),7 > 0 by 
defining it on generators by 


a 


dio = dD oF, 


k=0 


where Fy : Aj; — A; is the affine linear map that is order preserving and 
whose image omits the kth vertex. As an example, Fy : A; — Ao sends [eo, e1] 
affine linearly to [e1, e2], F sends [eo, e;] affine linearly to [eo, e2], and F) sends 
[eo, €1] affine linearly to [ep,e1]. As before, we define 0p = 0. The argument in 
Exercise 6.2.1 extends to show that 0;0;41 = 0. 


Exercise 6.3.1. Verify that 0;0;41 = 0. 
Definition 6.3.1. The ith singular homology group H;(X) = ker(0;)/im(0;41). 


Note that since Ao is just a point, the chain group So(X) can be identified 
with the free abelian group with one generator for each point of X. Since 0p = 0, 
we have ker(0o) = So(X). A singular 1-simplex is a continuous map a : Ay = 
I — X, and so it gives a path in X connecting the end points. When we form 
the quotient H,(X) = ker(0)/im(01), we will be identifying [a] = [y] € Ho(X) 
whenever there is a path joining x to y. 


Exercise 6.3.2. Show that if X is path connected, then Ho(X) ~ Z. 
Exercise 6.3.3. Suppose the path components of X are X;,j =1,...,n. 
(a) Show that $;(X) ~ @'_, Si(X;) and 0; : S;(X) — S;-1(X) sends 


j=l 
S;(X,;) to S;_1(X,) in this direct sum decomposition. 


(b) Show that H;(X) + Dis H;(X;). 
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(c) Show that Ho(X) is the free abelian group with one generator for each 
path component. 


It is somewhat inconsistent with later computations that path connectivity 
is measured by Ho(X) ~ Z, rather than being trivial. In Section 6.13 we will 
introduce the notion of reduced homology, which will adjust our chain complex 
so that path connectivity is measured by the reduced homology in dimension 0 
being O in the path-connected case. Knowing that Ho measures the number of 
path components, we now examine what H, measures. Because of the last result, 
we can restrict to the path-connected case. 

Assume that X is path connected with base point x9. We now concentrate on 
examining the relation of the fundamental group 7(X, 29) and the first homo- 
logy group H,(X). Note that the generators of S,(X) are similar to the maps 
used to form equivalence classes in 7 in that they are maps from J to X; a major 
difference is that 7, uses equivalence classes of loops and for S; we are just using 
paths. However, suppose that we have a singular I-chain C = 377", npox, where 
OC = 0. Such a 1-chain is called a singular 1-cycle and is similar to a loop in many 
ways. For each 1-simplex o, in C, there are two singular 0-simplices which map 
to the points o;(1) and o,(0), respectively. Let x;,i = 1,...,p be the distinct 
points which occur as boundary points as we range over all singular 1-simplices 
in C. Since C is a 1-cycle, we will have }> nz,(o%(1) — o%(0)) = 0, where we are 
abusing notation and identifying a singular 0-simplex with its image point. This 
means that the coefficient of each x; in this sum is zero. For each x € X, choose 
a singular 1-simplex 7, : A; — X which is a path from the base point 2p to x. 
Now suppose that o;,(0) = p,o,(1) =q. Then define c, = Tp + 0% — Tq. 


Exercise 6.3.4. Show that 0;(C) = 0 implies that S77, nach = 2pL, NK: 


Now look at the loop oj, = Tp * 0x * Tq and consider it as a singular 1-simplex 
as well as a loop at xo. There is a continuous map from the square to X which 
has oj, on I x {0},7 on {0} x I,a,% on I x {1} and 7, on {1} x J. The square is 
divided into three pieces and the left piece is mapped using 7,, the middle piece 
is mapped via ox, and the right piece is mapped via Tg. We illustrate this with 
Figure 6.1. 


Exercise 6.3.5. Use Figure 6.1 as a guide to construct the map of the square 
so that the boundary is mapped as described. 


We now define a map / from continuous loops at x9 to S;(X) by sending the 
loop y to the singular 1-simplex y : Ay = I — X. Note that 0,(h(7)) = 0. For 
the rest of this section, we will use ~ to denote homotopy relative to the end 
points for paths (or loops) and ~g for the equivalence relation on 1-chains (or 
1-cycles) that c ~a cz iff c1 = co + O(D), where D is a 2-chain. 


Exercise 6.3.6. Show that if y ~ 7 for cycles y,7, then there is a singular 
2-chain D so h(n) — h(y) = 02(D); thus h(n) ~a h(y). (Hint: Take the homotopy 
as a map of the square and subdivide the square into two 2-simplices. Let D be 
the chain which is a difference of two singular 2-simplices D = a, — ag which 
first map into the two 2-simplices and then compose with the homotopy. See 
Figure 6.2 for an illustration.) 
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Tp Tq 


Tp Ok Tq 


Figure 6.1. A homotopy. 


Figure 6.2. Constructing D. 


Exercise 6.3.7. Using the previous exercise, show that h induces a map h : 
m™1(X, Xo) =? A(X). 


Exercise 6.3.8. Show that h(a*3) ~g h(a)+h(3) and so h is a homomorphism. 
(Hint: Consider Figure 6.3. First construct a map of the triangle with vertices 
(0,0), (4,1), (1,0) with a « 8 on the bottom, a on the left, and @ (directed 
downward) on the right. Use it to show that h(a « 3) differs from h(a) + h() 
by the boundary of a singular 2-simplex.) 


Note that if e,, represents the trivial loop at x9, the homomorphism property 


implies that c}, = h(ez,) is a boundary. 


Exercise 6.3.9. Show this directly by showing that if ce. is the singular 


2-simplex mapping to ao, then 0:(c2,) = ch.,. 


The homomorphism property and the last exercise imply that h(@) ~ag 
—h(a). 


Exercise 6.3.10. Show this directly by showing that h(@)+h(a) is the boundary 
of a 2-chain. 
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a B 


Figure 6.3. Diagram showing that h is a homomorphism. 


Exercise 6.3.11. Use Exercises 6.3.4-6.3.8 to show that h is surjective. (Hint: 
Use the ideas in the previous exercises to show that if C = yy NOR iS a 
l-cycle in X, then, if of = Tp * 0% * 7, we have h([o},]) = [cx]. Then use the 
homomorphism property of h to show [C] is in the image of h.) 


Since H;(X) is an abelian group, any element of the commutator subgroup of 
m(X,xo) must map to 0. Thus h factors through the abelianization 1$°(X, xo) 
and induces a map h! : 1%°(X, a9) + H,(X). This induced map is surjective, so 
to show that it is an isomorphism it suffices to show that the kernel consists of 
the identity element. 


11(X, Xo) > n2>(X, x0) 


Theorem 6.3.1. The map h’ : 72°(X,29) = H1(X) is an isomorphism. 


Theorem 6.3.1 states that the first homology group is the abelianization of 
the fundamental group. We give an argument that proves Theorem 6.3.1 through 
a series of exercises. Start with an element [a] in the kernel of h. We have to 
show that [a] is in the commutator subgroup. Just as we replaced a singular 
l-simplex o with o’ which came from a loop, we want to replace a singular 
2-simplex with one which maps the vertices to the base point. We can do this 
with the techniques developed in proving the Seifert-van Kampen theorem. We 
just take small triangular neighborhoods of the vertices that are not mapped to 
xo and first alter D so that the map is constant on these neighborhoods sending 
them to the same point that D sends the vertex. Then we take a map from 
the simplex to itself that sends the truncated neighborhood to the vertex and 
otherwise expands the rest of the simplex to fill up the simplex. This map can 
be constructed by defining it on the boundary of the truncated simplex and then 
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Tr Tr 


Tp Tq 


Tp Tq 


Figure 6.4. Constructing D’ from D. 


extending it to the whole truncated simplex by coning from the centroid. We 
define a new singular simplex D’ by using the composition of our map from 
the truncated simplex to the simplex and composing with D. On the triangular 
neighborhoods of the vertices, we take the map that is the composition of Tp 
with projection from the neighborhood to an interval (which we are identifying 
canonically with J). Basically, this map is defined so radial lines from the vertex 
formerly sent to p are mapped via a reparametrized 7,. If we look at a term o 
in 0)D, then D’ is constructed so that 0D’ now contains the term o’ (at least 
up to homotopy relative to the end points). 

We illustrate this in Figure 6.4. 

Now suppose a is a loop so that h(a) = 0. Then h(a) = oy n,02D;. But 
this means that the term h(a) occurs on the right-hand side and then all of the 
other terms which occur do so in pairs with canceling signs. This means that it 
will also be the case that 0D’ = h(a) since the term h(a) will be unchanged and 
any other term o would be replaced by a corresponding term o’. Hence we can 
assume from the outset that any term D; is a singular 2-simplex whose vertices 
map to xo. For any singular 2-simplex D whose vertices map to %, there is a 
loop at x9 given by Dp*Do*D1, where D; = DF;. The three components are just 
the face maps. This can also be written as D( Fp * Fy * F,). The term Fy * Fo * Fi 
just represents a loop that runs counterclockwise around the standard 2-simplex. 


Exercise 6.3.12. Show that F2 « Fo * F, represents the trivial element of 
m™1(Ag, eg) and that D represents the trivial element of 7(X, x9). 


For any singular 2-simplex D; which occurs in the formula h(a) = 
Re n;O2D; (with our assumption that D; maps the vertices to ao), look at 
the loop Dy; * Doi * Di; = Vi- 


Exercise 6.3.13. Show that in the abelianization 7?°(X,x9) that [a] and 
[yi]! «+++ * [ye]"* represent the same element. (Hint: Break the second term 
into the individual components D;; so that each component occurs a net zero 
number of times except for a. Here Djs counts as —1 when it occurs since it 
represents the inverse of Dj; in 7.) 
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Exercise 6.3.14. Complete the proof of Theorem 6.3.1. 
We can apply Theorem 6.3.1 to compute the first homology groups of surfaces. 
Theorem 6.3.2. 


(a) A(T’) is the free abelian group on 2g+p—1 generators for p # 0 and 


the free abelian group on 2g generators when p = 0. 

(b) Hy Pe is the free abelian group on h+p—1 generators when p 4 0 and 
is the direct sum of Zo with the free abelian group with h — 1 generators 
when p = 0. 


Exercise 6.3.15. Prove Theorem 6.3.2. 


6.4 Cellular homology of a 
two-dimensional CW complex 


We now consider a two-dimensional CW complex X and define a chain complex 
(C£(X),0;), ¢ = 0,1,2, of free abelian groups and boundary homomorphisms 
related to it. All higher-dimensional homology H;(C) is defined to be zero since 
there are no cells in these dimensions. In the two-dimensional case it is relatively 
simple to define this complex in an ad hoc manner not relying on the general 
theory of singular homology. Later on we will give the full definition which applies 
in all dimensions and serves to link cellular and singular homology. The justifi- 
cation for 0,02 = 0 will be given then. Here we just focus on how computations 
are done in this low-dimensional situation. 

We let C§(X) be the free abelian group with one generator g? for each (-cell 
e2. As before, we define 09 = 0. For each 1-cell e+, we choose the standard 
positive orientation of the interval and have a generator g} for this oriented 
l-cell. If it is attached via f so that f(1) = ef, f(0) = e, then we define 
O1(g2) = % — gi. For each 2-cell e%, we choose the standard positive orientation 
of the cell and have a generator 95. Corresponding to this orientation, there 
will be a positive orientation of the cell and a corresponding generator g of 
H,(S;) ~ Z. When the 2-cell is attached via f; : $; — X', there is an induced 
homomorphism (fj). : Hi(S/) + Hi(X'). We can form the quotient space 
q: X' + X'/X° by identifying the points in X° to a single point. The quotient 
is homeomorphic to \/?_, S} with one circle for each 1-cell of X'. By the results 
of the last section relating 7, to H, as well as the Seifert-van Kampen theorem, 
Ay( poe Si) ~ ct Z= HG the free abelian group on p generators, one for 
each 1-cell. We can thus identify the group to Cf{(X), and consider the image 
(qf)«(g) of the generator g of Hy(S}) in H,(\/?_, S}) with an element of C{(X). 
This image is defined to be 02(g?). Another way to think of this boundary map 
is to note that a map to a direct sum of copies of Z is determined by its image on 
each component. To determine the coefficient n;; when 02 (93) a eG iPr gi, we 
look at the composition f;; : Sj — $} of the attaching map f; with the quotient 


map p; : X' — S$} coming from collapsing all of X' except the 1-cell e} to a 
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point. The image of the generator will be nij times the generator, so we just 
need to compute the degree of this map between circles. 

To help us understand this boundary homomorphism better, we look at some 
examples. 


¢ For the torus T, the 2-cell is attached to X! via the commutator aba~!b71, 
and so 02(g?) = gi + 9; — 94 — 9 = 0. Since there is only one 0-cell, 
O1(g1) = 01(g) = 0. We then form the cellular homology groups H¢(X) 
via ker(0;)/im(0;41). Thus all of the boundary maps are 0 and so Hf = 
Cs, giving that the homology of the torus is H§(X) ~ Z,Hf(X) ~Z@ 
Z, Hé(X) ~ Z. 

The computation of the homology of the Klein bottle is similar, with the 
main difference being that the attaching map of the 2-cell uses the pattern 
abab~'. This leads to 02(g?) = gi + gf +94 — 9; = 29;. Thus ker(02) = 0 
and so H§(X) = 0. Then 


Hy (X) = Z(9q) © Z(95)/ {29a} ~ Zz BZ. 
As before, H§(X) ~ Z. 


As the two examples show, the way the 2-cells are attached determines the 
boundary map 0b, and it is largely a matter of reading off the boundary informa- 
tion and abelianizing it. We give an example which is not a surface; see Figure 6.5 
for an illustration. Consider the space with three 0-cells, which we will call 
a,b,c. Then attach five 1-cells A,B,C,D,E'so that their attaching maps determine 
O\(A) = a—b,0,(B) = a—c,0\(C) =c—c=0,0,)(D) = b-6¢,0,\(F) =c—a. 
To describe the attaching maps of the 2-cells, we think of dividing the bound- 
ary into subarcs and say where the image of consecutive subarcs is in terms of 
1-cells with a superscript —1 to indicate running over the 1-cell in the opposite 
direction. 

For our example, we will have two 2-cells which we label a, 3, and are attached 
via the patterns AECD and BA~!D~!. This leads to the chain groups C§ = 
2Z, CY = 5Z, C§ = 3Z, with boundary map 


0n(a) =A+E4+C+D, 02(8) =B-A-D. 


Figure 6.5. Computing the cellular homology. 
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The homology is then computed as follows. For H§, factoring out by the 
image of 0; identifies all of the generators of C§, so H§(X) ~ Z, which indicates 
that X is path connected. To compute A}, we first find a basis for ker(0,). To do 
this, we can write down a matrix which represents 0, with respect to our basis 
of Cf. This matrix is 

1 1 0 O -!1 
-l1 0 0 1 0 
0 -1 0 -1 1 


Using gaussian elimination, we can find a basis of ker(0,) to be C,A — B+ 
D,B+E. A basis of im(02) is given by A+ E+C+D,—A+B-— D. These 
elements can be written in terms of the generators of ker(0,) as A+} E+C+D = 
C-(A-B+D)+(B+E£E),-A+B-D=-(A-—B+D). The quotient is 
HY(X) ~ Z. One way of seeing this is to think of 0) as identifying (A — B+ D) 
to 0 in the quotient and then identifying (B + FE) to C. Thus the quotient is 
generated by C with no further relations. Since 02(a),02(3) are independent, 
ker(02) = 0 and so H§(X) ~ 0. 


Exercise 6.4.1. Compute the cellular homology groups for all surfaces without 
boundary, where we form the CW complex by thinking of the surface as a polygon 
with identifications. 


Exercise 6.4.2. Compute the cellular homology groups for the dunce hat. (Hint: 
See Exercise 5.3.3.) 


Exercise 6.4.3. Compute the cellular homology groups for the pseudoprojective 
plane P, (Exercise 3.9.4) which has a CW complex decomposition as a 0-cell, 
one 1-cell, and one 2-cell, where the 1-cell is attached trivially to the 0-cell to 
form a circle for X', and the attaching map for the 2-cell is the map z > z4 
which wraps around the circle q times. 


Exercise 6.4.4. Compute the cellular homology groups for the CW complex 
with cellular decomposition given by a single 0-cell, two trivially attached 1-cells 
(labeled a,b), and three 2-cells attached via a?b~1a, ba?, abababab. 


Exercise 6.4.5. Find the cellular homology groups of the two spaces in 
Figure 5.2. 


Exercise 6.4.6. Find the cellular homology groups of the two spaces in 
Figure 5.3. 


Exercise 6.4.7. Find the cellular homology groups of the two spaces in 
Figure 5.4. 


Exercise 6.4.8. Find the cellular groups of the two spaces in Figure 5.5. 


6.5 Chain maps and homology 


In this section we develop some basic results about chain complexes and 
homology which we will apply in studying singular homology more deeply. 
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We first look at the notion of a chain map between chain complexes. 


Definition 6.5.1. Suppose (C;,, 00), (Dx, OP) are chain complexes. A sequence 
of homomorphisms hz : Cy — Dy, is called a chain map if OP hr = hp10¥. 


This can be re-expressed in terms of the following commutative diagram: 


An important facet of chain maps is that they induce maps on homology 
by the formula h..([c]) = [A(c)]. Here [c] denotes the homology element which is 
represented by the chain c with O(c) = 0. 


Exercise 6.5.1. Verify the claim above that chain maps induce homomorphisms 
on homology. You need to show that if [c] = [c'] € H,»(C), then [hn(c)] = 
[hn(c’)] € Hy(D). 


These induced maps behave well under composition. 


f 9g 
Exercise 6.5.2. Show that if A —+ B —~> OC isa composition of chain 
maps, then (gf)» = gx f- 


To simplify the notation from now on with chain maps and boundaries, we 
will delete the subscripts unless they are needed for clarity. Thus we express the 
chain map condition as hO = Oh and just use h(c) for h,(c) when c € Cy. 


Definition 6.5.2. Suppose C,D,E are abelian groups and we have homo- 
morphisms f : C — D and g: D — E. The sequence of homomorphisms 


f 
Cc —> D = s Eis said to be exact at D if ker(g) = im(f). The sequence 


ci g 
0 > C > D > BF > 0 


is called a short exact sequence if it is exact at C,D,E; this means that f is an 
injection and g is a surjection as well as ker(g) = im(f). 

When there is a short exact sequence as above, there is an isomorphism of 
abelian groups E ~ D/im(f). Since f is an injection, C ~ im(f) and so they are 
frequently identified. C is then thought of as a subgroup of D and the quotient 
D/im(f) is as written D/C. Two examples of short exact sequences are 


° 0 > Z, >ZezZz > Z, > 0, where f(n) = (n,0), 
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‘i 
© 0 —+Z—> Z —=> 2 —— 0, where f(n) = 2n and g(n) =n 


mod 2. 


In the first example, the middle term is a direct sum of the first and third 
terms and the maps f,g have a standard form f(n) = (n,0),g(n,m) = m. 
This is called a split short exact sequence. Any short exact sequence of abelian 
groups where the third term is a free abelian group can be shown to be equi- 
valent to a split short exact sequence. By being equivalent to a split exact 
sequence, we mean that there is a commutative diagram where all the ver- 
tical maps are isomorphisms and the horizontal maps on the top row are 
F(c) = (f(c),0), Glee) =e. 


> HB > 0 


The second example shows that not all short exact sequences are split, and 
identifies the presence of torsion in the third term as a source of difficulty in 
splitting a short exact sequence. 


Exercise 6.5.3. Show that if FE ~ Z®---@6Zis a finitely generated free abelian 


group, then a short exact sequence 0 >C > D as E > 0 is 
equivalent to a split short exact sequence. (Hint: Define a map r: E — D 
with gr(e) = e by first defining it on generators and extending linearly. Then 
define a map 1: C@ E = D by I(c,e) = f(c) + r(e). Show that I gives an 
isomorphism and leads to the required commutative diagram. To show that I is 
onto, start with d € D and look at d—r(g(d)) and show that there is c € C with 


d—r(g(d)) = f(e)-) 


More generally, two short exact sequences are equivalent if there are vertical 
isomorphisms so the following diagram is commutative: 


f g 
> D > Bb > 0 


bo, be 


0 > C' > D! > fF! > 0 


0 a 


We generalize the preceding exercise. 
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Exercise 6.5.4. Suppose that there is a commutative diagram with exact rows, 


0 > C > D > B > 0 


oe ae 


0 > Cc" > D' > FY > 0 


Show that if y and ¢€ are isomorphisms, then 6 is an isomorphism and the 
two short exact sequences are equivalent. (Hint: The type of argument used is 
called diagram chasing. We have to show that 6 is both surjective and injective. 
For surjectivity, start with d’ € D’. Take g'(d') € E’ and use surjectivity of 
e to find e € E with e(e) = g'(d’). Use surjectivity of g to find d € D with 
g(d) = e. Then look at d’ — 6(d). If it were 0, then we would have shown that 
6 is surjective. It does not have to be 0, but you can use commutativity of the 
diagram to show that g’(d' — 6(d)) = 0. Then use exactness at D’ of the bottom 
row to show that there is a c’ € C’ with f’(c’) = d' — 6(d). Use surjectivity of y 
to find c with y(c) = c’. Then use commutativity of the diagram to show that 
d' — 6(d) = 6(f(c)), from which you can conclude that d’ = 6(d + f(c)). Then 
argue that 6 is injective by using a similar diagram chase.) 


Now suppose C, D, EF are chain groups of chain complexes. Let f : C —- D,g: 
D — E be chain maps. 
Definition 6.5.3. A sequence of chain maps is a short exact sequence if, for 


f g 
each 7 > 0, the sequence 0 > C; > D; > EF; > 0 is a short 


exact sequence of homomorphisms between abelian groups. 


Theorem 6.5.1. Suppose there is a short exact sequence 


f g 
0 > C > D > FB > 0 


of chain complexes. Then there is a corresponding long exact sequence in 
homology: 


fx Gx 0 fx 
—7 H;,(C) = Hi;,(D) —_ A,(E) —- Ay-1(C) eee 


The sequence then continues to the right until we are in dimension 0 and ends 


We break the proof up into a number of exercises. The induced maps f,, gx 
are all defined as in: f.([c]) = [f(c)], where [c] is the homology class containing c. 
This is well defined by Exercise 6.5.1. We now indicate how the boundary map 

(2) 
Ay,(E) —— > H,-1(C) is defined. For an element [e] € H,(£), we select an 


element e € Ex in the homology class. Note that Oe = 0 since e represents a 
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homology class. Since the map g is surjective, there is an element d € D, with 
g(d) = e. We note g(O(d)) = O(g(d)) = O(e) = 0. Since the sequence is exact, 
there is an element c € Cy_1 with f(c) = O(d). Moreover, f(O(c)) = O(f(c)) = 
00(d) = 0. Since f is an injection, this implies that O(c) = 0 and so represents a 
homology class. We define O([e]) = [c]. Note that we are using the same notation 
O for the map on homology and the boundary maps in the chain complexes. 


dé Dz >eck, 


| 


(o Cr-1 Od Dy-1 


Exercise 6.5.5. Show that this definition is well defined. This means that if 
we choose another representative e’ of [e] € H,(£) and go through similar steps 
to define [c'] € Hx_i(C), then [c’] = [c]. (Hint: Start with e — e’ = de. Write 
€ = g(6). Then show g(d— d’ — 05) = 0 and so d—d! — 06 = f(7). Chase around 
the diagram to show that c—c’ = 0y and so [c] = [c’].) 


Exercise 6.5.6. Show that the sequence is exact at H;,,(C). (Hint: This requires 
you to show that ker(f,.) = im(0). Doing so requires showing inclusions in both 
directions. To show that im(0) C ker(f,.), use the fact that, if [c] = O([e]), then 
we can assume f(c) = O(d) with g(d) =e. For the other direction, if f.([c]) = 0, 
then f(c) = Od. Use d to find e with O(e) = 0 and O([{e]) = [c].) 


Exercise 6.5.7. Show that the sequence is exact at H;(D). (Hint: This requires 
you to show that ker(g,.) = im(f,). For one direction, you just need to use gf = 0. 
For the other direction, suppose that g,([d]) = 0, which means that g(d) = O(e). 
Choose 6 so that g(6) = €. Then show that g(d—0(d)) = 0 and use this to show 
that there is a c with O(c) = 0 and f,.({c]) = [d].) 


Exercise 6.5.8. Show that the sequence is exact at H;,(F). (Hint: This requires 
you to show that ker(0) = im(g,). To show that ker(0) C im(g,), suppose 
[e] € H;,(E) satisfies O([e]) = 0. Then there are elements d,c,y with g(d) = 
e, f (ce) = O(d),c = O(y). Then show that 0(d—f(y)) = 0 and g.([d—f(7)]) = [e].) 


An important property of the long exact sequence is its “naturality”. 


Theorem 6.5.2 (Naturality of long exact sequence). Suppose that there 
are two short exact sequences which are connected via chain maps as represented 
in the following commutative diagram: 


f g 


| 


0 —> Cc’ —> pD' —~> EF’ —~ 0 


0 Se 
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Then the corresponding long exact sequences are connected via the commutative 
diagram 


Exercise 6.5.9. Prove Theorem 6.5.2. 


We now give an algebraic result which we will apply to the long exact sequence 
in homology. 


Exercise 6.5.10. Show that if there is a long exact sequence of abelian groups, 


f 9g h k 
A > B > C > D > EH, 


then there is a corresponding short exact sequence 


0 —— coker(f) sae C es ker(k) ——> 0 


Here coker(f) = B/im(f). 


This last exercise is used in computations as a means of determining C from 
coker(f) and ker(k). As important special cases, we note: 


e if B= D=0, then C =0; 

e if B= EF =0, then h: C — D is an isomorphism; 

¢ if f is surjective, then C ~ ker(k); 

¢ if k is injective, then C ~ coker(f); 

¢ if D is a free abelian group, then ker(k) will also be free abelian and 


C ~ coker(f) @ ker(k). 


The next result, the five lemma, allows us to compare two long exact 
sequences. 


Exercise 6.5.11. (Five lemma) Suppose there is a commutative diagram of 
abelian groups, 


Ae Bi ee 


where the horizontal rows are exact and the maps 3,6 are isomorphisms, a is 
surjective, and € is injective. 
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(a) Show that this diagram induces a commutative diagram 


0 —— coker(f) anaes C mimes ker(k) ——+> 0 


Vad a 


0 ——~ coker(f’) ——> C’ ae ker(k’) ——> 0 


(b) Show that 3 and 6 are isomorphisms. 


(c) Use Exercise 6.5.4 to show that + is an isomorphism. 


We next define the notion of two chain maps as being chain homotopic. This 
definition is motivated by the notion of homotopic continuous maps. The goal 
is to show that if f,g are homotopic continuous maps, then they induce chain 
maps fy,g; which are chain homotopic. 


Definition 6.5.4. We say that chain maps F,G : C — D are chain homotopic 
if there is a map Hy : Cy + Dx41 for each k > 0 so that Gy — Fy = OP, Hy + 
Hy 108. 


Ay Ay-1 
Fria | Gert Fr | Gr Fr—1 | Gri 
D D 
On, 


Exercise 6.5.12. Show that if the chain maps F,G are chain homotopic, then 
F and G induce the same map on homology. This involves showing that if c is a 
cycle in C;,, then G;,(c) — Fy(c) is a boundary. 


6.6 Axioms for singular homology 


We have discussed a number of different homology theories. In this section, we 
discuss a set of properties which characterize singular homology theory for a CW 
complex. Because of these properties, it can be shown that cellular homology and 
singular homology coincide for a CW complex. 

We start by listing these properties, which are called the Eilenberg—Steenrod 
axioms. 


¢ (Functorial property) For each topological pair (X, A) and integer k > 0, 
there is an abelian group H;,(X,A) so that if f : (X,A) — (Y,B) is 
continuous, then there is an induced homomorphism f, : H,(X,A) > 
H,(Y, B) which is functorial. This means that the following two properties 
hold: 


— If we have a composition of continuous maps 


Ca AS a) Ss cy ates. Hae 
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— The identity induces the identity homomorphism: (1(x,4))« = la,(x,a): 
When A is the empty set, we denote H;,(X,¢) = H;,(X). 

Moreover, for each pair (X, A) and integer k > 1, there is a homo- 
morphism 0 : H,(X,A) — Hx (A) satisfying the property that, if 
f : (X, A) — (Y, B) is continuous, then there is a commutative diagram 


HA 4) 


| + | 


Hy BS oO) 


(Homotopy property) If f,g : (X,A) — (Y,B) are homotopic continuous 
maps, then f, = gx. 

¢ (Exactness property) Ifi4 : A > X,j : X — (X, A) are the inclusions, 
then there is a long exact sequence 


dx J x fo) 
eee | eran Ale oe en Oe eee: | eee ee 


(Excision property) If U C int A, then the inclusion (X\U, A\U) — (X, A) 
induces an isomorphism in homology. 


¢ (Dimension property) If P is a one point space, then 


0 k#0, 
Ay,(P) = 
BE) : k =0. 

Note that the invariance of homology under homeomorphisms follows from 
the functorial property since, if f : (X,A) — (Y, B) is a homeomorphism with 
inverse g, then f, : Hy(X,A) — H;(Y,B) is an isomorphism with inverse g,. 
We note this result for future reference. 


Theorem 6.6.1. If f : (X,A) — (Y,B) is a homeomorphism of pairs, then 
fa : Hy(X, A) — A, (Y, B) is an isomorphism. 


Using the same argument, the homotopy property implies that a homotopy 
equivalence induces an isomorphism in homology. 


Theorem 6.6.2. Suppose f : (X,A) — (Y,B) is a homotopy equivalence of 
pairs. Then f, : H,(X,A) > H,(Y, B) is an isomorphism. 


Exercise 6.6.1. Prove Theorem 6.6.2. 


Definition 6.6.1. The induced chain map f, : S(X) — S(Y) coming from a 
continuous map f : X — Y is defined on a generating singular simplex o : 
A; — X by fi(o) = fo. It is then extended to a general chain by linearity: if 
c=), noi, then fy(c) = +0, na fy(or). 
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Exercise 6.6.2. Check that f, is a chain map; that is, f,O% = Of fy. 


ax 


Se — = 


1 | | 
oR 


Sp(¥Y) — > S-1(Y) 
Exercise 6.6.3. Check that f; satisfies the functorial property that, if we have 


f g 
a composition X ——> Y ——> Z , then (gf); = gu fe. 


If f : (X,A) > (Y,B) is a continuous map, then this means that there is 
an equality fi4 = ipf, where, on the left, f : X — Y and, on the right, we 
are regarding f : A — B. Here i4,ig are the inclusion maps. Then the previous 
exercise implies that f(ia)y = (¢B)s fe. 

For singular homology, we have defined chain groups and corresponding 
homology groups for a topological space X. We now extend this definition 
to a pair (X,A), where A is a subspace of X. We first define singular chain 
groups 5;,(X,A) as quotient groups S;,(X,A) = 5;(X)/S;(A). Here we are 
identifying S,(A) with its isomorphic image (i4)4(S,(A)). This quotient is iso- 
morphic to the free abelian group with one generator for each singular simplex 
of X whose image does not lie in A. Each element of the quotient comes 
from a representative in S;,(X). We denote by é@ the element in the quotient 
S,(X,A) = S,(X)/S;,(A) with representative c € S,(X). Then fi(ta)4 = (defy 
implies that, if f : (X,A) — (Y,B) is continuous, then fy : S,(X) — S;(Y) 
induces a homomorphism fy : S,(X,A) — S;,(Y, B) via fx(@) = fz(c)- 


Exercise 6.6.4. Check that this definition of fy : S,(X,A) > S(Y, B) is well 
defined. 


Exercise 6.6.5. Check that this induced map satisfies the functorial property 
f g 
(of)t = 94f4, where (X,A) ——> (Y,B) ——> (Z,C) are continuous maps. 


We then use the boundary map in S(X) to induce a boundary map in 
S(X,A). The construction used is a general construction for quotient groups. 
We define aX) (c) = Ox (c). In order to see that this is well defined, we use the 
commutative diagram 


de 


ay | | uy 
ar 


Si (X) —_ Sp_-1(X) 


This commutes since 74 is a chain map. 
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Exercise 6.6.6. Show that the map ae” : S,(X,A) > Sp_i(X, A) is well 
defined. 


Exercise 6.6.7. Show that, if f : (X,A) — (Y, B), then fy; is a chain map; that 
is, for” = AB) F,, 


Since fy is a chain map, it induces a homomorphism in homology fy, : 
Hy,(X,A) — H;(Y,B) via f.([c]) = [f4(0)]. This map satisfies the functorial 
property since fy does. 


Exercise 6.6.8. Verify that (gf). = «fx and (1(x,4))« = lacx,a)- 


It is interesting to interpret what a cycle is in S;(X, A). If we take a represent- 
ative to be a chain c € S;(X), then a) (a) = 0 means that 0 (c) € S,-1(A). 
This leads to a boundary homomorphism 0 : H;(X,A) — H,—1(A) being defined 
by O[é] = [0Xc]. This is just the boundary homomorphism which is formed 
from having a short exact sequence 0 — S(A) — S(X) — S(X,A) — 0 of 
chain complexes. For we are taking a cycle € € S,(X, A), using the fact that 
the map 5;(X) — S;(X, A) is onto to pull the element @ back to an element 
c € $;,(X), then take its boundary 0X(c), and then pull it back to an element 
of S;,1(A). Here we are just identifying S,_1(A) with its image (i4)4(S,~1(A)). 
Then the work in the last section means that this is a well-defined homomorph- 
ism 0: Hy(X,A) — Hx_1(A) given by this formula. Of course, we do need to 
establish that 0 — S(A) — S(X) — S(X, A) — 0 is a short exact sequence of 
chain complexes. 


Exercise 6.6.9. Show that 0 — S(A) — S(X) — S(X, A) — 0 is a short exact 
sequence of chain complexes. 


With this definition of 0: H,(X,A) — H,_-1(A), we then get the long exact 
sequence in singular homology as a consequence of Theorem 6.5.1. To establish 
the property that there is a commutative diagram 


HCD Sah 


| | 


He Be Ah 


we can use Theorem 6.5.2 once we have established that, if f : (X,A) — (Y, B) 
is a continuous map, then there is a commutative diagram 


(:-—» SA) —_> Sx) —* 56, A) —— 0 
nr 
0 — > 6(8):— Si") ——» SY, 8) -— 0 


In fact, Theorem 6.5.2 will imply that there is a commutative diagram 
connecting the two long exact sequences. 
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Theorem 6.6.3. Suppose f : (X,A) — (Y,B) is continuous. Then there is the 
following commutative diagram linking the long exact sequences: 


a 


f de fo) 
—— H(A) —> ,(X) —- H,(X, A) —+> H;,_\(A) —~-:: 


ae ee ee 


7 


Shes Oe Sa) Se a 


Exercise 6.6.10. Prove Theorem 6.6.3 by showing that there is a commutat- 
ive diagram connecting the two short exact sequences of chain complexes for 
(X, A), (Y, B) as described above. 


We next verify the dimension property. 


Exercise 6.6.11. 
(a) Show that S;,(P) ~ Z for k > 0 with generator the singular simplex o;, 
which sends A; to P. 


(b) Show that 


Ox(on) 0 k odd or k = 0, 
(on = 
fe On-1 keven,k £0. 


(c) Prove the dimension property 


0 k40 
A,(P) = , 
e(P) - k =0. 

We have shown the functorial, exactness, and dimension properties of singular 
homology. We postpone to later sections the homotopy and excision properties 
since they are substantially more difficult. However, we will be assuming them 
in the remainder of the chapter. 


6.7 Reformulation of excision and the 
Mayer-—Vietoris exact sequence 


We now discuss a reformulation of the excision property of homology and the 
closely related Mayer—Vietoris exact sequence. As we stated it, excision concerns 
an isomorphism between the homology of (X,A) and (X\U,A\U), where U c 
int A. We want to first rephrase the statement in terms of open covers and then 
show how the rephrased version leads to the excision theorem. For simplicity, we 
will use a cover with two sets A, B whose interiors cover X although the ideas 
work for a general cover by sets whose interiors cover X. We denote S{4-F}(X) = 
S(A)+5(B). By this notation we mean the sum as a subchain complex of S(X), 
not the direct sum. There is a homomorphism $14:3}(X) — S(X) which is 
induced by the two inclusion maps S(A), $(B) — S(X). The key fact needed for 
excision is the following theorem. 
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Theorem 6.7.1. If {int A, int B} is an open cover of X, then the homomorphism 
S{4-B}(X) — §(X) induces an isomorphism HL“-®3(x) — H,,(X) in homology 
for allk > 0. 


To see how this relates to our statement of excision, we use the cover {A, X \ 
U}. The hypothesis in excision that U C int A means that {int A, int(X\U)} is an 
open cover of X. Then Theorem 6.7.1 says that the map S(A)+S(X\U) > S(X) 
induces an isomorphism in homology. There is a similar statement for the quo- 
tient (S(A) + S(X \ U))/S(A) — S(X)/S(A), which can be proved via a 
relative version of the theorem or through some homological algebra. But the 
quotient (S(A) + S(X\U))/S(A) is naturally isomorphic to S(X \ U)/S(A\U) 
via a Noether isomorphism theorem from algebra. The combination of the iso- 
morphism on homology induced by $(X\U)/S(A\U) — (S(A)+S(X\U))/S(A) 
and the isomorphism on homology induced by (S(A) + S(X\U))/S(A) — 
S(X)/S(A) gives the excision isomorphism H;,(X\U,A\U) — H;,(X,A). We 
will prove Theorem 6.7.1 in Section 6.17, and now pursue its implications and 
reformulations of excision. 

Here is a useful restatement of excision. 


Theorem 6.7.2. Suppose X = AUB, where int A, int B cover X. Then there 
is an isomorphism H;,(B, ANB) > H,(X, A) induced by inclusion. 

Exercise 6.7.1. Show that Theorem 6.7.2 is equivalent to the original statement 
of excision. (Hint: Let U = X\B. Be sure to check that the hypotheses of the 
excision property translate to the hypotheses of Theorem 6.7.2, and vice versa, 
with this substitution.) 


We now look at the Mayer—Vietoris exact sequence, which follows from 
Theorem 6.7.1. 


Theorem 6.7.3 (Mayer—Vietoris exact sequence). Suppose X = AUB, 
where {int A, int B} is an open cover of X. Then there is a long exact sequence 


ix de 5 ti 
/ — +> H,(ANB) > H;,(A) ® Hx(B) > H,(X) —~> HAz-1(ANB) —~.«:-. 


The map i, is given by ix(x) = ((ta)x, —(ip)«) and the map j,(x,y) = (ja)a(a)+ 
(jp)«(y). Hereig: ANB A,ip: ANB B,j,:A—> X,jp:B-X are 
the inclusions. 


Exercise 6.7.2. Follow the outline to prove Theorem 6.7.3. 
(a) First show that there is a short exact sequence 


ty Je 


0 —» S(ANB) —=+ S(A)@ S(B) —> S(A)+S(B) —~ 0. 


(b) Deduce a long exact sequence in homology 


bx jx o 
/ ——> H,(AN B) —— > H;(A) © Hy(B) —> Hf?) (x) — > Hy-1(AN B) —> 


from the above short exact sequence. 
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(c) Use Theorem 6.7.1 to transform the last exact sequence into the Mayer— 
Vietoris exact sequence. 


5 
Exercise 6.7.3. The map H;,(X) ——> H,z_-1(AMN 8B) in the Mayer—Vietoris 


exact sequence uses the composition H;,(X) H{*?} (x) — H,,-1(ANB). The 
first map is the isomorphism from Theorem 6.7.1 and the second is the boundary 
map O from part (b) of the last exercise. Suppose that « € H;(X) is represented 
by a cycle a+ 6, where a € S;(A), 8 € S,(B). Show that 


(a) O(a) = —O(B), and these give chains in S,-1(A MB) = Sp_i(A) 
Sp-1(B); 
(b) d(x) = [da]. 


For many applications, it is useful to generalize slightly the hypotheses of the 
Mayer-Vietoris sequence to include situations where X = AUB, and int A, int B 
do not cover X but slight enlargements of them by homotopy equivalent sets 
do. For example, this will allow us to apply the Mayer—Vietoris sequence to 
decompositions of the sphere as the union of its hemispheres or to a surface 
which is a connected sum. 


Exercise 6.7.4. Suppose X = AUB = A’UB' where A Cc A’, B C B’. Suppose 
the inclusions AN B — A’ B’,A — A’',B — B’ induce isomorphisms in 
homology and X = int A’ U int B’. By following the outline below, show that 
there is a Mayer—Vietoris exact sequence 


tx 


ix dx 5 


(a) Use the chain maps induced by inclusions between short exact sequences 


0 ——> 5(AnB) ——» S(A)@S(B) ——> S(A)+5(B) —+ 0 


| | | 


0 —+ S(A'N B’) —+ S(A’) @ S(B’) —> 8(A) + 8(B’) —> 0 


to get a diagram linking long exact sequences 


ix jx 6 tx 
- ——> Hy(AN B) ——> Hy (A) @ Hy(B) ——> Hf4:?} (x) —— > Ay-1(AN B) ——> --: 


. _ |, 


ae) dj 5 a 


- ——> Hy (A' B!) ——> Hy (A!) © Hy (B’) —> Hf48(x) — > Hy-i(A'N BB’) —> 
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(b) Use the five lemma and the hypotheses to deduce that all vertical maps 
are isomorphisms, so in particular Hi“? (x) — H{A" B(x) is an 
isomorphism. 

(c) Combine (b) with the Mayer—Vietoris exact sequence for {A’, B’} to get 
the result. 


Exercise 6.7.5. Suppose a surface S = AU B is decomposed into two surfaces 
with boundary (A,0A), (B,0B) with ANB = OA = OB. Suppose there is a closed 
neighborhood N of ANB so that (VN, NN.A, NN B, NAMB) is homeomorphic 
to (OA x [-1, 1], 0A x [-1, 0], 0A x [0, 1], 0A x {0}). The set N comes from collars 
in A, B and is called a bicollar neighborhood. Use the last exercise to show that 
there is a Mayer—Vietoris exact sequence based on X = AUB. 


An n-manifold A with boundary OA possesses an interior collar (C,0A) ~ 
(OA x [0,1], 0A x {0}). Frequently, A is a subset of a larger n-manifold M so that 
M splits as M = AUB, where A,B are n-manifolds with common boundary 
OA = OB whose interior collars piece together to give a bicollar neighborhood 
N so that 


(N, NN.A, NAB, NN ANB) ~ (@Ax[-1, 1], 0A x [-1, 0], OA x [0, 1], 0A x {0}). 


Exercise 6.7.6. Generalize the last exercise to decompositions of n-manifolds 
for arbitrary n. 


There are also parallel results for both forms of excision. They are proved by 
similar techniques as the last exercises. 


Exercise 6.7.7. Suppose U'’ CU CAC X 
e U' C int A; 
¢ the inclusion (X\U, A\U) — (X\U’, A\U’) induces an isomorphism in 
homology. 


Then the inclusion (X\U, A\U) — (X, A) induces an isomorphism in homology. 


As an example for the last exercise, consider X = S?, A equal to the lower 
hemisphere $2, and U = int A. We then choose for U’ = $2\C, where C is 
an interior collar within the lower hemisphere so that (C,.$1) is homeomorphic 
to (St x [0,1], S! x 0), where 09? = S! is being sent to S! x 0. Using spher- 
ical coordinates (0,¢), we can specify U’ by requiring ¢ to satisfy ¢ > 37/4, 
where the north pole corresponds to ¢ = 0 and the south pole to ¢ = 7. We 
cannot excise U directly from Se. since U is not contained in int oe. However, 
we can excise U’. Moreover, the inclusion (S?\U,$?\U) — ($?\U’,S?2\U’) is 
a homotopy equivalence since ($?\U", $2 \U") = (($?\U) UC, (S2\U) UC) and 
we can just deformation retract C ~ S$! x [0,1] back to $1 x {0}, keeping the 
identity on S?\U = S%. Here the collar corresponds to ¢ € [m/2, 37/4] and we 
are using the linear homeomorphism between [a/2, 37/4] and [0, 1] in expressing 
it as homeomorphic to $! x [0, 1]. 


Exercise 6.7.8. Suppose M = AUB is an n-manifold and A,B C M are 
embedded n-manifolds with common boundary. Assume that the interior collars 
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of A, B piece together to give a bicollar neighborhood N so that (VN, NN A,NN 
B,NQN ANB) ~ (0A x (-1,1), 0A x (—1,0], 0A x [0,1), 0A x {0}). Show that 
the inclusion maps induce an isomorphism H;,(B,0B) — H;,(M, A). 


What is occurring is this last case is part of a more general result. 


Exercise 6.7.9. Suppose AU B = A’U B’= X and AC A’,B C B’. Suppose 
int A’ U int B’ = X and the inclusion (B, AN B) — (B’, A’ B’) induces an 
isomorphism in homology. Then the inclusion (B, AM B) — (X, A) induces an 
isomorphism in homology. 


These last exercises allow us to apply excision and the Mayer-—Vietoris 
sequence more generally than its original statement. We will use these refined 
forms in our applications in succeeding sections. 


6.8 Applications of singular homology 


Most calculations using singular homology are a consequence of applying the 
basic properties rather than using the definition directly. We illustrate this in 
this section with a few basic applications. 

We first use the basic properties to give the homology of a disk, a sphere, 
and a disk-sphere pair (D"*1, S$”). 


Exercise 6.8.1. Use Theorem 6.6.2 and the dimension property to show that 


H,(D") = oe sa) 
0 k>0. 
Exercise 6.8.2. Show that 
ZOeZ k=0 
Hy(S%) = 9° ° 
0 k>0. 


Exercise 6.8.3. Use the long exact sequence of the pair (D', S°) to show that 


Z k=1 
HAD SS 

0 kA. 
Exercise 6.8.4. Give an explicit singular simplex o : A; — D1! which represents 
the generator of H,(D',S°). (Hint: It should map via 0 to a generator of the 
kernel of i2 : Ho($°) + Ho(D").) 


Exercise 6.8.5. Show that there is a homeomorphism h : D! > S} = {a € 
S*: x2 > 0} and use this to compute H;,(S},$°) for all k > 0. 


Exercise 6.8.6. Suppose B = st Cc S! is the upper semicircle x2 > 0 and 
A=S! is the lower semicircle. 
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(a) Use Exercise 6.7.7 to show that there is an isomorphism H;,(S1,S°) > 
H;,(S', $1). Indicate how to find the sets U,U’ used in the exercise. 


(b) Use Exercise 6.7.8 to show that there is an isomorphism H;,(S1,$°) > 
H;,(S', $1). Indicate how to find the required bicollar neighborhood. 


Exercise 6.8.7. Use the two previous exercises to compute H;,(S1, $+). 


Exercise 6.8.8. Give an explicit singular simplex o : A, — S$! which represents 
a generator of H,(91,S1). (Hint: The essential ingredient of a generator is that 
it corresponds to a generator of Hy (Si, $°), and this generator must map to a 
generator of ker(i?) C Ho(S°). From our earlier work, ker(i2) is generated by 
({1] — [-1]). There is a simple trigonometric formula that works for o.) 


Exercise 6.8.9. Use the previous exercises to compute H;(S1) by using the 
long exact sequence of the pair ($1, $1). 


Exercise 6.8.10. Give an explicit singular chain which is a sum of two singular 
simplices, one of which is the answer to Exercise 6.8.8 and the other is a singular 
simplex in S!, which represents a generator of H,(S'). Explain how this relates 
to the isomorphism between H,($') and 7(S1,1). 


The argument so far has shown that there is a chain of isomorphisms 
Hyi(S")  Hyai(S Se) = yr (8 O°) ~ BD", 8"). 


When k > 0, there is also an isomorphism H;,4;(D!, S°) ~ H;(S°). When k = 0, 
the argument is slightly different since S° is not path connected, and we use 
the isomorphism H,(D1, 9°) ~ ker(i2) instead. These arguments all generalize 
to compute the homology of S? and (D?*!,S?) for p > 1 via an inductive 
argument. Before starting with the general argument, note that $?, D?*! are 
path connected, so Ho($?) ~ Ho(D?*') ~ Z. The portion of the exact sequence 


Ho(S?) Hob?) Ao(be™ 5?) = 0 


shows that Ho(D?*', S?) = 0 since the first map is an isomorphism. 


Exercise 6.8.11. Suppose p > 1. Show that Hy,41(D?*1,$?) ~ H;,(S?),k > 0. 
Show that H,(D?*1, 9?) =0. 


Exercise 6.8.12. Suppose p > 1. Show that H,(D?+!, S?) ~ Hise. SP) k> 
0. Here oe denotes the part of the sphere where the last coordinate is > 0. 


Exercise 6.8.13. Suppose p > 1. Show that Heise 8") ~ Hy,(SPtt, 
Gey ee 0, 


Exercise 6.8.14. Suppose p > 1. Show that H;,(S?+!) ~ H;,(S?*1, 9241), k > 1, 


Exercise 6.8.15. Suppose p > 1. Combine the last exercises to show that 
Hy41(S?*1) ~ Hy (S?) for k > 1, and H,(S?*) = 0. 
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Exercise 6.8.16. Use an inductive argument to show that 


ZOZ n=k=0, 
Ay(S") = 4Z n=k>0orn>0,k=0, 
0 otherwise; 


Hy,(D", 8°") = f ae 
0 otherwise. 

Later on, we will introduce reduced homology Hy,(X) and this will sim- 
plify the statements above for low-dimensional homology to give isomorphisms 
Hy41(D?*1, SP) & Hy,(S?) and Hy s.4 (5?) sd Hy,(S?). 

We now apply these calculations to generalize the result from Chapter 3 that 
a 2-disk cannot retract onto its boundary circle. We first recall the definition. 
If A Cc X with inclusion map 7, then a map r: X — A is called a retraction if 
Ti = la. 


Exercise 6.8.17. Show that, ifr: X — A is a retraction, then r,.: Hy(X) - 
H,(A) is surjective for each k. 


Exercise 6.8.18. Show that, if there is a k with H,(X) = 0 and H;,(A) 4 0, 
then there is no retraction of X onto A. 


Exercise 6.8.19. Show that D” does not retract onto $”~!, n> 1. 


Exercise 6.8.20. Show that if f : D” — D” is continuous, then there is a fixed 
point x € D” with f(x) =x. (Hint: See the proof of Theorem 3.5.4.) 


Exercise 6.8.21. 
(a) If M denotes the Mobius band with boundary 0M, show that H\(0M) 
and H,(M) are each isomorphic to Z, but the induced map 7, is given 
by multiplication by 2. 
(b) Use (a) to show that a Mobius band does not retract onto its boundary 
even though they have isomorphic homology. 


6.9 The degree of a map f : 5S” — S” 


We discuss in this section the degree of a continuous map from S” to S”. Here 
we first take n > O and modify the definition for n = 0. We showed above 
that H,(S") = Z. Let g denote a generator. If f : S” — S” is continuous, 
then f.(g) = dg for some integer d. The degree of f is defined to be the integer 
d = deg(f) with f.(g) = deg(f)g. We note the following elementary facts about 
degree: 


¢ deg(1) =1; 
* deg(hf) = deg(h) deg(f); 
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¢ if f is homotopic to f’, then deg(f) = deg(f’); 
¢ if f is a homotopy equivalence, then deg(f) = +1. 


Exercise 6.9.1. Prove the facts cited above about degree. Also, show that the 
degree does not depend on which generator of H,,(.$”) = Z you choose. 


When n = 0, we have Ho(S°) = Z@Z, so the above definition of degree does 
not apply. However, there is a modification which can be made to define degree in 
this case. We look at the map induced by inclusion 72 : Ho($°) — Ho(D*). Then 
ker(i2) is generated by [1] — [—1], where [x] denotes the homology class of the 
singular 0-simplex which maps to the point x. Moreover, any map f : S° > S° 
must map this generator to a multiple of itself since if both points are sent to 
the same point, the induced map is 0, and if not, it is multiplication by +1. In 
defining degree in dimension 0, we replace Ho(S°) by ker(i2) ~ Z. Thus we can 
look at g = [1] — [—1] and define deg(f) by the same formula, f(g) = deg(f)g. 
The map r(x) = —a is an important example of a map of degree —1. 

When f : (D"t1,S") — (D"*1, S$”), there is a similar definition of degree 
which uses H,,4;(D"t!,S") ~ Z. If g is a generator here, define degree by the 
same formula, f.(g) = deg(f)g. 


Exercise 6.9.2. Show that deg(f) as defined above is the same as deg(f|S”). 
(Hint: Use the exact sequence for the pair (D"*!,$”) to relate the two 
computations.) 

Exercise 6.9.3. Suppose f : (Sorts Serre) = (stl, aR ae al h 
We can define deg(f) and deg(f|S”). Show that they are equal. (Hint: You need 
to relate the generators. Consider how we computed the homology of spheres 
inductively. Use isomorphisms 


BS Te Ge eg (SE SY) IS, 


when n > 0 and an appropriate modification when n = 0.) 


Exercise 6.9.4. There is a reflection of any sphere of dimension greater 
than or equal to 0 given by mr; : S$" — S™, where r1(21,2%2,...,2n41) = 
(—21,22,...,%n41). By starting with the case of S° show that the degree of 
ry is —1 for all n. 


Suppose r: 5” — S” is a reflection. It is of the form r(a) = x — 2(a”-v), 
where v € S” is the normal vector of the plane through which you are 
reflecting. For example, for r; above, v = e;. For ro(a1,%2,...,%n41) = 
(%1,—-X2,-.-,%n41), then v = eg. 


Exercise 6.9.5. Let n > 0. 


(a) Use the fact that S” is path connected to show that any reflection r is 
homotopic to r,. 
(b) Show that the degree of a reflection of S” is —1. 


The antipodal map A: S$” — S” is A(a) = —a. It can be written as the 
composition of n + 1 reflections in the individual coordinates. 


312 6. Homology 


Exercise 6.9.6. Show that the degree of the antipodal map of 9” is (—1)"*1. 


Exercise 6.9.7. Show that the antipodal map of $” is homotopic to the identity 
iff n is odd. (Hint: First consider the case of $1 using a rotation to get a homotopy 
between the antipodal map and the identity. Then generalize this argument to 
take care of other odd-dimensional spheres. It is useful to write an element of an 
odd-dimensional sphere as (21,..., 2%), where z; = (%2;-1, %9;) is identified with 
a complex number.) 


We noted that we can also define degree in the context of maps (D”", S"~') > 
(D", S"~') since the nth homology is also Z. This fact is useful in defining the 
notion of local degree of a map. Note that if D, denotes a small disk about zx, 
then D’, = S"\int D, is also a disk that is contractible to a point. Then the long 
exact sequence of the pair says that H,,(.S”) ~ H,(S”, D/,). Note that by excision 
H,,(S", D!.) ~ H,(Dz,0D,). Alternatively, we can use the long exact sequence 
to show that H,,(S”") ~ H,(S",S"\{a}), which is isomorphic to H,,(Dz,0Dz) 
by excision. We will use the notation S, = S”\{x}. We denote by g, the image 
of g in H,,(S”, S;). 

Suppose that f(x) = y and we have a small disk neighborhood D, about x so 
that f restricts to give a map f : (Dz, D,\{z}) — ($”, S,). Then excision gives 
an isomorphism H,,(D;,D;\{«}) ~ H,(S",S,). Then g, determines via this 
isomorphism a generator g? € H,(D.,D,\{x}), and so we can form f,(g2). It 
is a multiple of the generator g,. We define this multiple as deg, (f), and call it 
the local degree of f at x. 


Exercise 6.9.8. Show that the local degree is well defined, independent of which 
disk D,. is chosen. (Hint: First show that if we choose a smaller disk, then there 
is a commutative diagram showing that the local degrees are the same. Then use 
the fact that any two disks contain a third disk in their intersection.) 


Exercise 6.9.9. Show that the following alternative definition gives the same 
answer. Choose a small disk D, about y so that f(Dz) C Dy and f : 
(Dz,Dz\{x}) + (Dy, Dy\{y}). Then define deg, (f) by f(g2) = deg. (f) 97: 
Exercise 6.9.10. Show that the local degree has the following properties 
analogous to the degree: 

° deg, (1) = 1; 

e if f(z) = y,h(y) = 2, and there are disks D,,D,,D, with f 

(De, Dz\{r}) > (Dy, Dy\{y}), 2: (Dy, Dy\{y}) > (Dz, Dz\{2}), then 


deg, (hf) = deg, (h) deg, (f); 


¢ if f is a local homeomorphism at x so that there is a disk D, which is sent 
homeomorphically to a disk D,, then deg, (f) = +1. 


In most applications of local degree, the original map will be modified up to 
homotopy so that it is a local homeomorphism when the local degree is being 
calculated. What the local degree is measuring there is whether the map is 
locally preserving or reversing the orientation. In a later section, we will discuss 
orientation in terms of homology. 
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We now begin to relate the definition of the local degree and the degree of 
the map. We first note a special case when f—!({y}) = {a}. 


Exercise 6.9.11. Suppose f : (S",S,) — (S”,5,). Then f.(g2) = deg(f) gy 
and thus deg(f) = deg, (/). 


It is usually not the case that f~'({y}) = {x} but there are geometric tech- 
niques to homotope f so that f~'({y}) is a finite number of points 71,..., 2p. 
Then by choosing small disks about these points, we can define the local degrees 


deg, (f). 
Theorem 6.9.1. When f~1({y}) = {x1,..., 2%}, then deg(f) = pa deg, (f). 


Note that the hypothesis implies that f : ($",S"\{a1,...,a~}) — ($", Sy). 
There is a commutative diagram 


H,(S”) H,(S”) 


fs 
H,,(S", S"\{a1,...,2~}) ——> Hn(S", Sy) 


Exercise 6.9.12. Show that H,(S",S"\{a1,...,a@n}) & Gea Ay, (Dz,,; Dx;\{xi}) 


and, using the identification of these two, e,(g) = Seed ge. 


Exercise 6.9.13. Use the last exercise and the commutative diagram preceding 
it to prove Theorem 6.9.1. 


We now do a computation which we will use in the next section. 


Exercise 6.9.14. Suppose that T : 5” — S” is a homeomorphism and f : 5” > 
S” satisfies f(x) = f(x). Suppose the local degree deg,(f) of f is defined at 
z. Then show that deg7,,)(f) is also defined and 


deg, (f) = deg(T) degy(.(f). 


Exercise 6.9.15. Consider the quotient map q: 5S” — S"/(a ~ —ax) = RP”. 
We compose with the map RP” — RP”/RP”—! which identifies RP”—! to a 
point, and identify this quotient as S” since it is homeomorphic to a disk with 
its boundary sphere identified to a point. This composition gives a map S” — S”. 
Use the preceding exercise and Theorem 6.9.1 to show that the degree of this 
map is +(1 + (—1)"*?). 


6.10 Cellular homology of a CW complex 


In Section 6.4 we gave a description of the cellular homology of a two-dimensional 
CW complex. We now define the cellular homology more formally in terms of sin- 
gular homology for any finite CW complex and will verify that our new definition 
agrees with the one given earlier in the two-dimensional case. In the next section 


314 6. Homology 


we will show that cellular homology agrees with singular homology for a finite 
CW complex. 

We denote by X* the k-skeleton of X, which is the union of the cells of 
dimension less than or equal to k. Recall that the k-cell ef is a unit disk 
(up to homeomorphism) which is attached to X*~! via an attaching map 
Rs Sk-1 _, X*-1, We can extend X*~! to a larger set K*~! in X*® by attach- 
ing L*~! = D*\(int $D*) via f; for each k-cell. We will use this set for excision 
purposes. There is a corresponding pair (Df, Lk) for each k-cell and call the 
corresponding disjoint unions (Dx, Zx-1) = (LIL, DF. LSS: Ee) as well as 
Og sea = (le De US a) 


Exercise 6.10.1. 
(a) Show the inclusion (D*, $*~!) — (D*, L¥~') induces an isomorphism in 
homology. (Hint: Show that there is a homotopy equivalence of pairs.) 
(b) Show that the inclusion (X*, X*—!) = (X*, K*-') induces an isomorph- 
ism in homology. (Hint: See the hint above.) 


Exercise 6.10.2. 

a ow that 1 ; = arg? oa tae ;) 18 a disjoint union of pat 
Show that if (Y,B pt YisLby B;) is a disjoi ion of path 
components (Y;, B;), then H,(Y, B) = Oo HYG, B;): 

(b) Show that Hy(Dz,S-1) ~ O5£,Z. Call the generator gh that corres- 
ponds to a generator of H,(D¥, oo) 

(c) Show that the inclusion H,(Ds,Sr—-1) — Hp(Dx,Lx—1) induces an 
isomorphism in homology. Conclude that 


H,(Dg, Le_-1) = O94, Hp(D¥, LE) ~ @%,Z. 


Exercise 6.10.3. Show that the restriction of the characteristic maps to 
the k-cells gives a homeomorphism of pairs (D,\int Dy_1, Lp—-1\int Le-1) 
(X*\int K*-1, K*-+\int K*-!). Conclude that there is an isomorphism in 
homology. 


Exercise 6.10.4. Show that there is a commutative diagram where all maps are 
isomorphisms. The map ¢ = [|]; is the disjoint union of the characteristic maps 
of the k-cells which restricts to the attaching maps on the boundary spheres. 
The other horizontal maps are induced by restrictions of this map. The vertical 
maps are inclusions. Use the previous exercises to justify why each map is an 
isomorphism. 


Hy(Dz; Se—1) 2 = Hy(X*,X*-1) 
(tL) | | (ix)« 
Hye Ven) sad > H,(X*, KE) 
(in) [ vo. 
(oz) 


H,(Dg\int Le_1, Lx—1\int Lx_-1) ——> H,(X*\int K*-!, K*-}\int K*-?) 
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When we combine the results of Exercises 6.10.3 and 6.10.4, they say 
that the characteristic maps induce an isomorphism BFE sHyDE Se) => 
H,(X*,X*-!). In particular, all terms are 0 unless p = k. When p = k, 
the generator g; of the term BD) 7S") is mapped to a generator te of 
H,(X*, X*-!). Thus H,(X*, X*~') is a free abelian group with generators 
ak... 0k. 

For the next few exercises, we will be assuming that k > 0. Recall that 
the quotient space D*/S*~! is homeomorphic with S*. When we start with 
the disjoint union (D,, S,—1) and form the quotient space D;/S,—1, we get the 
space formed from cz copies of S* where base points in each sphere (coming 
from the S$ a terms which are collapsed to a point) are all identified to a single 
base point *. Thus the quotient space is Vit SF. From a CW decomposition 
point of view, there is one 0-cell coming from the identified spheres and then 
cy k-cells. When we form the quotient space X*/X*~1, this has the same CW 
decomposition and the map ¢ induces a homeomorphism ¢. Thus there is an 
isomorphism Hy(VjE1 SF, 4) Ne) 

Exercise 6.10.5. Show that when k > 0, Ay (V5h1 94, *) ~ 5h An (S), *). 
(Hint: Use an inductive argument with the Mayer-—Vietoris sequence.) 

Any element y of this direct sum is expressible as pore 177yj, where y; is 
a chosen generator of H, n (SF, *). Then the inclusion of the jth sphere into the 
wedge induces algebraically the inclusion of the term y; in the direct sum. Let A, 
represent the other spheres except for the jth one. When we form the quotient 
V5e SF /Aj;, we just get a homeomorphic copy of Sk. In this case the element 
y maps to njyj. This uses the fact that the composition Se => Vii oF = 
Vote S;/Aj = S¥ is the identity and the composition SF > V5t,S* > V5k, SF = 
SF maps SF to the base point * when p 4 j. Since the identity induces the 
identity map and the constant map to the base point induces the zero map, this 
gives the algebraic result. 


Exercise 6.10.6. Verify that the map Se => St, p # j which sends the whole 
sphere to the base point induces the zero map in homology in dimension k > 0. 


Exercise 6.10.7. Let A; C D;,B; C X* denote the subcomplexes consisting of 
everything except the jth k-cell. We can form a quotient spaces D,/A;,X*/B; 
by collapsing A; and B; to a point. Show that the characteristic map D} => 
D; — X* induces homeomorphisms between the quotient spaces Dt / Bet => 
D;,/A; = XK / Be, 


We next want to show that the maps (Dg, Sp-1) — (De/Sp-1,*) and 
(X*®, X*-1) — (X*/X*-1,%) induce (consistent) isomorphisms in homology. 
This will use an excision argument. Each sphere St has a closed neighborhood 
Le about the base point * which comes from the image of Le under the 


Cc 


collapsing map. The union of all of these in V5 SF provides a closed neigh- 


borhood L*~! of the base point *. Analogously, the set K*—! provides a closed 
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neighborhood He k-l of the base point * € X*/X*~!. The homeomorphism @ 
sends L*-1 to K*-1. 


Exercise 6.10.8. Show that (Dg/S,—1,L*~') is homotopy equivalent to 
(Dx /Sp—1,*), and (X*¥/X*—!, K*~?) to (X*/X*-1, x). 


Exercise 6.10.9. Show that the restriction of the quotient map gives 
a homeomorphism (X*\int K*-1, K*-\int K*§-1) 5 (X*/X* Vint KFA}, 
Ke Nint K*-), 


Exercise 6.10.10. 
(a) Suppose k > 0. Show that there is a commutative diagram where all 
maps are isomorphisms. Horizontal maps are induced by inclusions and 
vertical maps are induced by quotient maps. 


Hy, (X*, X*-1) ————+ H;,(X*, Ke-1) <———___ HH, (X*\int K*-1, K*—1\int K*-1) 


| | 


Hy (X*/X*-1, %®) ——> H,(X*/X*-1, Ke-1) <—— Hy,(X*/X*-1\int K*-1, K*-1\int K*-1) 


(b) Deduce a similar result for (Dz,.9,—1) in place of (X*, X*~1). 
(c) Show that there is a commutative diagram, where all maps are 
isomorphisms. 


Ay (Dp, Sp—1) ———} Hy x ee) 


| | 


Ay(De/Se—1,*) ——> Hy(X*/X*—1, «) 


Se 


FV 8,6) 


We now define a generator ye of Fy (V5E1 55, *) coming from the image of 
the generator 9; € Hy(Dx, Sp_1). Using the commutative diagram above, this 
is the image of ay via the vertical maps on the right. If we name the map 
P; that collapses all but the jth sphere of Vii SF, then (P;)« (yf) = ye and 
(Pm) « (yf) =0,m #jJ via the discussion before Exercise 6.10.6. 

We define the cellular chain groups Cé(X) = H;,(X*, X*~!),k > 0, where 
X-1 = $ so C§(X) = Ho(X°). This is a free abelian group with generators 
oF; one for each k-cell. To define the boundary homomorphisms Of we use the 
composition 


(2) Ix 
PSEA. Gare Goma — Hpoa(X-") eee Rie iA . 


Note that, when k = 1, we can just regard the definition as meaning Of = 0: 
H,(X', X°) — Ho(X°). As usual, O§ is defined to be 0. 
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Exercise 6.10.11. Show that 0f0;,, = 0. (Hint: Use the exactness of the long 
exact sequence of the pair (X*, X*~').) 


We now want to re-express this boundary map in a more computable form. 
Note that 0% is a mapping from the free abelian group with generators ae to the 


free abelian group with generators ge Thus this homomorphism is determined 
by the formula dg (2%) = ¥>njjr}~|. To determine the coefficient n;; of a?! we 
can collapse all cells of X*~1 except the ith one to get a sphere cs The 
generator a maps to yet and the other generators map to 0. If we call 
this collapse p; then we get (pi) «O§ (af) = nigyy We want to bring in the 
characteristic map of the k-cell that leads to the generator and so look at the 
following diagram: 


Since (5) (97) = a we can rewrite Of (a) as ix(fj)«(Og?). Thus to find nij we 
just take (pi f;)«(Og*), where p; : (X*~1, X*-?) — (X*-1/B;,*). Another way 


to state this is to find n;;, we take the induced map on the (k—1)st homology from 


fy Pi 
the composition g*-1 =u Xk-1 — >» X*-1/B; = S*-!, where the B; 


represents everything but the ith (k—1)-cell. Then we are computing the degree 
of the map p;f; between these two spheres. In this case the generator for the 
first copy is coming from the chosen generator of H;,(D*,S*~!) coming from the 
jth k-cell after taking its boundary in H;,_,($*~!). The generator for the second 
copy is coming from the chosen generator of H;,_1(D*~1, S*~") for the ith (k—1)- 
cell and then taking its image in H,_;(D*~!, S*-!) — H,_,(D*-1/$*-1, «) = 
Hy,-1(S*~1, x). The number n;; then gives the degree of this map with respect 
to these generators. For the case when & = 1, this is simpler since we do not have 
to worry about collapsing a lower skeleton and so the boundary Of (25) is just 
computed by taking the composition H,(Dj,S') — Ho(S?) > Ho(X°). This 
just takes the difference [f;(1)] — [f;(—1)]. Note that our descriptions coincide 
with how we defined the cellular chain complex in the two-dimensional case. 
We now summarize our results for future reference. 


Theorem 6.10.1. Let X be a finite CW complex, with X* its k-skeleton. Then 
the map induced by the characteristic maps of the k-cells, bs : Hp(Dk,Sk—1) > 


H,(X*, X*~1), induces an isomorphism. In particular, H,)(X*, X*~+) = 0 when 


p #k, and is the free abelian group on cy generators x*,... ae when p = k. 


The generator at = (oF) (97), where gj} generates Hy(DF, ae and of is the 
characteristic map of the jth k-cell. Moreover, fork > 0, there is an isomorphism 


Hy (X*, X*-1) — Hy(X*/X*-1, *) ~ Ay (VG SF, *) & CFL He (S*, +), and the 
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generator at maps to the generator ye which corresponds to the image of gh 


under the map peo" => (DES 33) ~ (SK, *). 

In the cellular chain complex Cé(X) = H;,(X*, X*~1), the boundary map O¢ 
is characterized by OF (a) = ena where njj can be computed for k > 1 
by taking the degree of the composition p;f;. Here pj : X*~+ > oe is the map 
which collapses all but the ith (k—1)-cell to a point to form a sphere, and f; is the 
attaching map for the jth k-cell. The computation is done using the generator for 
the first copy coming from the chosen generator of Hy,(D*, S*~1) coming from the 
jth k-cell after taking its boundary in Hy_1(S*~+). The generator for the second 
copy is coming from the chosen generator of Hy—1(D*~!, S*~+) for the ith (k-1)- 
cell and then taking its image in Hy_,(D*—1, S*-1) — Hy_,(D*-!/S*-1,«*) = 
Hy_1(S*-!,*). The map O§ is computed using the simpler formula O(x;) = 
[fi (1)] — [Fi(—1)] € Ho(X°). 

We have already given computations of the cellular homology in the two- 
dimensional case. We look at some computations via the cellular chain complex 
for higher-dimensional CW complexes. We first look at the case of S? x $?. Here 
there are cells in dimensions 0, 2,4, and the cellular chain complex is 0 — Z > 
0—Z@Z— 0 — Z in low dimensions, 0-5. Since all boundary maps are 0, the 
homology groups are the chain groups. Thus we get 


Zz k =0,4, 
He(s?x S*)~¢ZeZ k=2, 
0 otherwise. 


The computation for CP” is similar and is left as an exercise. 


Exercise 6.10.12. Show that 


Z O<k<2n,k even, 
0 otherwise. 


H{(CP") = 


We next look at the computation for S! x RP?. The chain complex is 
C$ = Z(x°) + C$ = 22?) @ Z(3) + Cf = Z(e}) @ Z(e}) + O§ =Z 0. 


The boundary map Of = 0. We denote by x} the generator from the 1-cell 
to form the circle S' x y and x} the generator from the 1-cell to form the circle 
x x S' C RP?. We denote by 27 the generator from the 2-cell to form the 
torus. We denote by x3 the generator from the 2-cell used in forming x x RP?. 
Finally, «* corresponds to the generator for the 3-cell. From our methods for 
two-dimensional complexes, we get that 0§(x7) = 0, 0§(x3) = 2x}. To compute 
the boundary map 0$, we look at the attaching map of the 3-cell, f : S? — X?. 
We write S? = 0(D! x D?) = 8° x D? UD! x $1. This map sends each copy 
of {+1} x D? via the characteristic map of the 2-cell in RP?. It sends D! x S$ 
via the characteristic map of the first circle crossed with the attaching map of 
the 2-cell in RP?, which uses a map of degree 2. Since the two copies of D? in 
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the first part are mapped the same way, but inherit different orientations in $?, 
they contribute 0 to 03(x?). This can also be phrased in terms of local degree 
since they have opposite local degrees at two points in the inverse image of a 
point. For the second part, D! x S' maps with a degree-2 map to the torus in 
X? which gives the x} generator, so O$(%3) = 2x7. Thus we get ker(03) = 0, 
so H§(S' x RP?) = 0. We also get ker(O$) is generated by x7, and im(03) is 
generated by 277. Hence H2(S1 x RP?) ~ Zp». This term is basically coming 
from the same source as the Zz = H, (RP). Finally, im(0$) is generated by 225, 
so we get H,(S' x RP?) = Z@ Zy. We have Ho(S! x RP?) = Z and all other 
homology vanishes. The hardest part of the above argument to justify is the 
statement about orientation leading to 0 contribution from the S° x D? part. 
What is geometrically clear is that each disk maps to a generator that comes from 
collapsing the lower skeleta to get RP?/S' = $?. Thus the only other possibility 
would be that O§(x?) = 2x? + 223 instead. But the fact that applying OS to 
this element gives +422 4 0 and two successive applications of the boundary 
homomorphism have to give 0 verifies our earlier claim. This is a case where the 
algebra helps us out, so we do not have to figure out exactly what is happening 
geometrically. From the geometric point of view, we are computing the degree 
from the part of the map S° x D? when we identify D® with D! x D?. Reflection 
in the first coordinate is a map of degree —1 and in S? it remains a map of degree 
—1 which interchanges the two copies of D? in S° x D?. Thus the local degree at 
a point in one copy of D? is the negative of the local degree at the other point. 
Thus these two contributions to the degree cancel one another. 


Exercise 6.10.13. Compute the cellular homology of S! x S?. 
Exercise 6.10.14. Compute the cellular homology of RP? x RP?. 


We next look at RIP?. The cellular chain complex is 


0O-Z-Z-Z2-2Z4-0. 


The 2-skeleton is RP? and we already computed its cellular homology, so we know 
that O§(x?) = 2x2', f(a!) = 0. To compute O§, we can again rely on algebra as 
in the last example. For we must have im(0$) C ker(0§) = 0. Thus 0§ = 0, and 
so we get 
Z k=0,3, 
Hé(RE?)=<Z k=1, 
0 otherwise. 


This computation can also be done using our earlier result that the degree 
of the map S? — RP? — RP?/S1 = S? is 1+ (—1)? = 0 from Exercise 6.9.15. 
If we try to continue to compute the cellular homology of higher-dimensional 
real projective spaces, we can no longer rely on algebra to help us, but can 
use Exercise 6.9.15. Since ker(0§) = Z, it does not tell us anything about the 
map Of. The cellular chain complex says to look at the attaching map of the 
4-cell, which is just the standard double covering S? — RP?. We then compose 
this with collapsing RP? C RP? to a point to get S°. Each hemisphere covers 
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the 3-sphere exactly once. The maps from the two hemispheres are related by 
f(—x) = f(x). Thus f = fA, where A(x) = —x. A: S? — S$? has degree 1; 
that is, its induced map sends the generator of H3(S?) to itself. We can express 
the degree of f as the sum of the local degrees. Since A has degree 1, the local 
degree is the same at two points in the inverse image of a point. The generator 
of $* is sent to twice the generator. This means that 0°(2*) = +2zx3. Hence 
H4(RE*) = 0, H3(RP*) = Ze. Since the 3-skeleton is the same for RP? and RF, 
they have the same cellular homology in dimensions 2 and lower. Thus 


Z k=0, 
H,,(RPE*) =< Z. k=1,3, 


0 otherwise. 


Exercise 6.10.15. Compute the cellular homology of RP”. 


6.11 Cellular homology, singular homology, and 
Euler characteristic 


We now want to show that the homology of the cellular chain complex gives the 
same homology as the singular homology of X. As a tool, we will use the long 
exact sequence of a triple (X, A,B), where BC AC X. 


Exercise 6.11.1. 
(a) Show that there is a short exact sequence of chain complexes, 


0 — S(A)/S(B) — S(X)/S(B) > S(X)/S(A) > 0. 
(b) Show that there is a long exact sequence of the triple (X, A, B) given by 
++ — Hy41(X, A) — H(A, B) — A(X, B) — H,(X,A) > --- 


Exercise 6.11.2. 

(a) Use the long exact sequence of the triple (X,X”, X?~1) to show that 
Hy(X, X”) ~ Hy(X, X°-1) fork > p+1. 
(b) Use (a) and induction to show that H;,(X) ~ H,(X,X*-?). 


Exercise 6.11.3. 
(a) Use the long exact sequence of the triple (X?+', X?, A) to show that 
Hy,(X®, A) ~ Hy(X?*1, A) for k < p. 
(b) Use (a) and induction to show that for a finite CW pair (X, A), we have 
Ay (X, A) and Hy,(X**1, A). 


Exercise 6.11.4. Combine the last two exercises to show that H;,(X) ~ 
Bix, AP), 


By our definition of the chain complex (C°,0°) the kth homology is 
ker(0;)/im(O;,,). By the last exercise we need to identify this quotient with 
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Hy, (X*+1, X*-?), First note that Oy, occurs as a boundary map in the long exact 
sequence of the triple (X*, X*—!, X*-?), 


Exercise 6.11.5. Use the long exact sequence of the triple (X*, X*~!, X*~?) 
to show that H;,(X*, X*~?) maps isomorphically onto ker(0¢) as a subgroup of 
H,(X*, X*-1), 


Exercise 6.11.6. Use the long exact sequence of the triple (X*t+!, X*, X*~?) to 
show that the quotient H,(X*, X*~?)/im(Hy41(X*t!, X*) — H,(X*, X*-)) 
is isomorphic to H,(X*t!, X*-?). 


Exercise 6.11.7. Use the last two exercises and the commutative diagram 


(6) 
Hyai(X*+1, X*) —» H,(X*, X*-2) 


On+1 
(j12)« 


HX et) 


to complete the argument that the cellular homology Hf(X) is isomorphic to 
the singular homology H;(X). 


In Chapter 2 we used the Euler characteristic as defined in terms of a handle 
decomposition as a tool to distinguish surfaces up to homeomorphism. We stated 
there that the Euler characteristic was an invariant of the surface up to homeo- 
morphism, independent of the chosen handle decomposition, but did not prove 
this claim. We will prove this by defining Euler characteristic in an invariant 
manner using singular homology and applying the result that the singular homo- 
logy can be computed from the cellular chain complex. The connection to handle 
decompositions is that in Chapter 5 we showed that given a handle decomposition 
of a surface S (possibly with boundary), there is a corresponding CW complex 
K which is homotopy equivalent to the surface so that there is one k-cell of K 
for each k-handle of S. 

Suppose that (C,0) is a chain complex of finitely generated free abelian 
groups so that there is a number n with Cy, = 0 for k > n (ie. C is 
n-dimensional). The rank of C;, which we denote by cx, is the number of gener- 
ators. In the case of the cellular chain complex, it is just the number of k-cells. 
The homology groups H;(C) will also vanish for k > n and they will be finitely 
generated abelian groups of the form H;(C) ~ h;Z ® T;. Here h;Z denotes the 
free abelian group which is the direct sum of h; copies of Z, and T; denotes a 
torsion group which is a direct sum of a finite number of copies of Z,,. Here h; 
is the rank of H;(C). 


Definition 6.11.1. Define the Euler characteristic of C to be 
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and that of H,(C) to be 


Our main result is 
Theorem 6.11.1. x(C) = x(H(C)). 


The starting point for our argument will be the result from algebra that 
whenever we have a short exact sequence of finitely generated abelian groups 


0-A-B-C-0 


then there is an equation 
rk(B) = rk(A) + rk(C). 
Here rk denotes the rank of a finitely generated abelian group. 


Now let B; C C; denote the subgroup of boundaries and Z; C C; be the 
subgroup of cycles. 


Exercise 6.11.8. 
(a) Show that there is a short exact sequence 


0— Z; —~ C; — B;_1 — 0. 
(b) If z; =rk(Z;) and b; = rk(B;), show that c; = 2; + b;-1. 
Exercise 6.11.9. 
(a) Show that there is a short exact sequence 
0 B; — Z, — H;,(C) > 0. 
(b) Show that z; = b; + hj. 
(c) Use the previous exercise to show that c; = h; + b; + 0;-1. 


Exercise 6.11.10. 
(a) Show that 57"_)(—1)*(b; + bi-1) = 0. 
(b) Show that x(C) = x(H.(C)). 


Here is another algebraic result which is sometimes useful. 


Exercise 6.11.11. Suppose there is a long exact sequence of finitely generated 
abelian groups: 


an Qan-1 a2 ay 
0 > An > An-1 oe Re > Ay > Ao > 0 


Show that 57j.)(—1)'rk(A;) = 0. (Hint: Use induction on n starting with the 
case n = 2. For n > 2 rewrite the exact sequence in terms of two exact sequences 


0 ——~> A, = An-1 = s ker(an—2) ——~> 0. 


0 —— ker(an—-2) ——> An _2 Bb bis. A see Ao > 0.) 
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There is an alternative approach to equating the Euler characteristic given by 
a handle decomposition and the Euler characteristic coming from using the 
homology groups, that is, to use an inductive argument on the number of handles. 


Exercise 6.11.12. Suppose that we have a handle decomposition of a surface 
S (possibly with boundary) with ko O-handles, k; 1-handles, and kp 2-handles. 
Let h; = rk(H;(S)). 


(a) Show that if there is a single handle (ie. ko = 1,k; = kg = 0), then 
ho = 1, hi = ho = 0. 

(b) Show that if § = H Uh’ is formed from the handlebody H by attaching 
another handle h’, then 


Z, =. 
0 pHi. 
(c) Use the exact sequence of the pair (S,H) and the Exercise 6.11.11 to 
show that 


(d) Use induction to prove that kp — ky + ko = ho — hi + ho. 


Exercise 6.11.13. Use the technique of the last exercise to prove directly that 
if X is a finite CW complex of dimension n, and we define c; to be the number 
of i-cells, then x°(X) = S7y.9(-1)’ci = yg (-1)'hi = x(A(X)). 


6.12 Applications of the Mayer—Vietoris 
sequence 


We next look at some applications of the Mayer—Vietoris exact sequence which 
use our refinements given earlier. We first use it to give a different derivation of 
the homology of spheres. We start with the basic computation 


We know that Ho(S") ~ Z for n > 1 by path connectivity, so we concentrate 
on higher-dimensional homology. What we want to show inductively is that 
Fysa(S""') & H,(S"),n > 1, k = 0. 


Exercise 6.12.1. (a) Use the decomposition $"*! = AUB, where A is the upper 
hemisphere where 2,42 > 0, and B is the lower hemisphere where x42 < 0, and 
the refined Mayer-Vietoris sequence to show that H,41(S"*!) ~ H,(S"),n > 
0,k > 0 and Ho(S") ~ Hy(S"*') @Z. 
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(b) Show by induction that 


ZOZ n=k=0, 
Ay(S") = ¢« Z n=k>0Oorn>0,k=0, 


0 otherwise. 


Note that the Mayer—Vietoris argument used for the sphere in Exercise 6.12.1 
applies to suspensions of spaces. Suppose X is a path-connected topological 
space. Then the suspension 5+ X of X is the space formed from X x D! by 
identifying X x {1} to a point and identifying X x {—1} to a point, and then 
using the quotient space topology. 


Exercise 6.12.2. Show that S$” is homeomorphic to $”*+1. 


Exercise 6.12.3. 
(a) Show that ©X is path connected, and so Hp(=X) ~ Z. 


(b) Use the Mayer-—Vietoris exact sequence to show that H,41(2X) ~ H;,(X) 
for k > 0. 


(c) Show that H,(=X) @ Z ~ Ho(X). 


We now use the Mayer—Vietoris sequence to compute the homology of the 
torus. We divide the torus into two halves T = T, UT_. We will think of T as 
arising as a quotient space of D! x D! and let T correspond to the quotient of 
points whose first coordinate is between —$ and t with T_ corresponding to 
the quotient of those points whose first coordinate is either < —4 or > 4. Note 
that each of T',,T_ is homotopy equivalent to a circle as 7, deformation retracts 
to the circle with first coordinate equal to 0 in the quotient space description, 
and T_ deformation retracts to the circle with first coordinate equal to 1 in the 
quotient space description. The intersection T_T; is the union of two circles 
C_UC\. Here C_ is chosen to be the circle with first coordinate equal to —4, 
and C', is the circle whose first coordinate is 4. 

Using standard identifications of the homology of T;,,7T_,C1,C_ to the 
homology of the circles to which they each deformation-retract, we can look 


at the Mayer—Vietoris exact sequence. 


Exercise 6.12.4. For k > 2, show that H,(T,) = H;(T_) = A, (T,NT_) =0 
and use this to show that Hy,41(T) = 0 for k > 2. 


We thus concentrate on the lower part of the exact sequence. 


Exercise 6.12.5. Using our earlier calculations, show that we can identify it to 
the following sequence: 
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a O41 io Jo 
—_>- Ay(T) —_> Ho (T+, NT_) ——_> Ho (T+) @ Ho(T_) —_- Ho(T) ——> 0 


ey ee 


i to Jo 
—>ZOZ > ZOoZ > ZOoZ > 7, > 0 


Exercise 6.12.6. 
(a) Show that io(a,b) = (a +6, —a — b). 
(b) Show that i;(a,b) = (a+, —a-—b). 
Exercise 6.12.7. 
(a) Show that Ho(T) ~ Z. 


(b) Use Exercise 6.5.11(a) to show that there are short exact sequences 


5 
0 ——> coker (i;) ——> H, (T) =e ker(io9) ——> 0 


and 
62 
Qo—_—— Hy(T) —> ker(iz) —> 0. 


Exercise 6.12.8. 
(a) Show that ker(t9) = {(a, —a)} ~ Z. 
(b) Show that coker(2,) ~ Z. 
(c) Use (a),(b), and Exercise 6.5.3 to show that Hi(T) ~ ZZ. 


Exercise 6.12.9. 
(a) Show that ker(#,) = {(a, —a)} ~ Z. 
(b) Use (a) to show that H2(T) ~ Z. 


Exercise 6.12.10. Give an explicit pair of singular 1-chains which generate 
A(T) ~Z@Z. 

Exercise 6.12.11. Give an explicit singular 2-chain which generates H2(T) ~ 
Z. (Hint: First find chains in S2(T,) and S2(T_) whose boundaries give a 
representative of the generator of ker(i;) C Hi(T, MN T_).) 


We apply the same ideas used for the torus to compute the homology of the 
Klein bottle. As for our discussion of the torus, we regard K as a quotient space 
of D! x D', where we make the identifications (x, —1) ~ (x, 1), (—1,y) ~ (1,—-y). 
We decompose K into K,U K_, where K 4 corresponds to the first coordinate 
satisfying —4 <a < 4 and K_ corresponds to the first coordinate satisfying 
=[<7< at or $ <a <1. Each of K,, K_ is homemorphic to an annulus and 
the intersection K4M K_ is homeomorphic to the disjoint union of two circles. 
Exercise 6.12.12. Use the Mayer—Vietoris sequence to show that H(i) = 0 


for k > 2. 


Exercise 6.12.13. Let io : Hp(K,NK_) ~ ZZ — Ho(K+) © Ho(K_) = 
Z@Z,i,:Wy(KyNK_)~Z@OZ— Ho(K+) ® Ho(K_) ~ Z@Z be the maps 
in the Mayer—Vietoris sequence. 
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(a) Show that io(a,b) = (a+b, —a — b). 

(b) Show that 7; (a,b) = (a+b,a—b). Here we are using the first coordinate 
of Z @ Z to correspond to an upwardly oriented {-$ x D!/ ~ and the 
second coordinate to correspond to an upwardly oriented {5} x Dif wn. 


Exercise 6.12.14. 
(a) Show that Ho(K) ~ Z. 


(b) Use Exercise 6.5.11(a) to show that there are short exact sequences 


5 
0 ——~ coker(i1;) —— H,(Kk) =e ker(i9) ——> 0 


and 


6 
0 ——» Ho(K) —~ ker(i;) —~> 0 


Exercise 6.12.15. 
(a) Show that ker(io) = {(a,-a)} ~ Z. 


(b) Show that sey ) ~ Zy. (Hint: For coker(i;), show we have [(1,0)] = 
[(0, 1)] = [(—1, 0)], Gel gives the relation 2[(1,0)] = 0.) 


(c) Use (a),(b), ha Exercise 6.5.3 to show that Hi(K) ~ Z. © Z. 


Exercise 6.12.16. 
(a) Show that ker(i;) = 0. 
(b) Use (a) to show that H2(K) ~ 0. 


Exercise 6.12.17. 
(a) Show that reversing the direction of a singular 1-simplex o to get a(t) = 
o(1—t) satisfies o + ¢ = Or. Do this via a direct construction and by 
using H,(I) ~ 0. 
(b) Give an explicit pair of singular 1-chains which generate H,(K) ~ Zo@Z. 
Explain how the 2-torsion arises for one of the generators by giving a 
2-chain whose boundary represents twice the generator of Zag. 


We now look at the general problem of computing the homology of a compact, 
connected surface. We first note how orientability is related to the inclusion map 
from the boundary circle to a surface with a disk removed. In Exercise 6.8.21(a), 
it is shown that the inclusion map from the boundary 0M ~ S$! of a Mobius 
band to the Mobius band M induces multiplication by 2 on the first homology 


H,(0M) =Z ——> Hy(M) ~Z. 


If P denotes the projective plane, then removing a disk from P to form Pi) 
gives the Mobius band. Thus the map Hi(0Pq)) ~ Z > Ay(Pa)) & Z is mul- 
tiplication by 2. Now look at the Mayer—Vietoris sequence based on splitting P 
into Pay U D?. 
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Exercise 6.12.18. 
(a) Show that H;,(P) ~ 0 for k > 3. 
(b) Show that H2(P) = 0 by using the fact that the map i; : Hi(S') — 
Hy (Pa)) © Ai (D?) is injective. 
(c) Show that Hi(P) ~ Zp and Ho(P) ~ Z by using the Mayer—Vietoris 
sequence. 


We next consider a compact connected nonorientable surface N. Such a sur- 
face contains a Mobius band and so splits as a connected sum of P with another 
surface Q. Decompose N = Pi) U Qi). The intersection is the circle which is 
the common boundary of the two pieces. 


Exercise 6.12.19. 
(a) Show that H,(N) = 0 for k > 3. 
(b) Show that Hj(N) = 0 by using the fact that the map i; : Hi(S') > 
Ay (Pay) ® Ai(Q 1) is injective. 


(c) Use the relation to the fundamental group to show that H,(P“)) ~ Zo® 
(k —1)Z, where (k — 1)Z denotes the connected sum of k — 1 copies of Z. 


(d) Use path connectivity to show that Ho(P™)) ~ Z. 


We have seen that for the sphere and torus, the second homology is iso- 
morphic to the integers. The other compact, connected and orientable surfaces 
are connected sums of copies of the torus. We want to show that their second 
homology is also the integers. 


Exercise 6.12.20. 
(a) Show that the inclusion map OT) = S' — Ty) induces the zero map on 
Hi. 
(b) By using the decomposition T = Ty) U D?, use the Mayer-Vietoris 
sequence to show that H2(T) ~ Z and H;,(T) ~ 0 for k > 3. 
(c) Use the relation to the fundamental group to show that H;(T) ~ Z®Z. 
Use path connectivity to show that Ho(T) ~ Z. 


We use Exercise 6.12.17(a) in the next exercise. 


Exercise 6.12.21. (a) For the other oriented surfaces T, i use the descrip- 
tion of the T) as the quotient of a 4k-gon with identifications to show that 
Hy (OT,) — Hy, Gy) is the zero map. (Hint: Think of the disk being removed 
as an interior 4k-gon and its generator for H; as a sum of the edges and see 
where it maps via the standard deformation retraction to the boundary which is 
being identified.) 

(b) Use the Mayer—Vietoris sequence based on T*) = Ty U D? to show that 
Hy(T) ~ 0,1 > 2 and Ho(T™) ~ Z. 

(c) Use the relation to the fundamental group to show that Hi(T) ~ 2kZ, 
where 24Z denotes the direct sum of 2k copies of Z. 

(d) Use path connectivity to show that Ho(T)) ~ Z. 
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Exercise 6.12.22. Consider T) as arising as a quotient of the 4k-gon as in 
the previous exercise. Divide the 4k-gon into 4k triangles with common point at 
the center of the 4k-gon. 


(a) Find a 2-cycle o which is the signed sum of 4k singular simplices 
corresponding to these triangles. 


(b) Let A represent one of the triangles. Show that the map which sends 
Ho(T”) — Ho(T,T®\int A) ~ Ho(A,OA) ~ Z sends [o] to a 
generator. 

(c) Show that o is a generator of H2(T™) ~ Z. 


The calculations above show that H2 detects orientability of compact con- 
nected surfaces, with oriented surfaces having integral second homology and 
nonorientable surfaces having zero second homology. 


6.13 Reduced homology 


In most of our calculations so far, the spaces have been path connected and so 
computation of Ho has not been an issue. When it is a concern, it is useful to 
use reduced homology instead of homology. In the path-connected case, using 
reduced homology also makes the statements of results simpler. If we have a 
chain complex of free abelian groups (C;,0;),i > 0, we can extend it further by 
introducing C_,; = Z. We define 0p = € by first selecting a basis of generators of 
Co and define «(g) = 1 for each generator g. This means that ker(e) is generated 
as a free group on a difference of generators. When 0, has the property that, for 
a generator g of Ci, 0:(g) is a difference of generators, we have im(0,) C ker(e). 
Thus the extended chain complex is still a chain complex. The map 0p = € is 
called the augmentation of the original chain complex. 

Definition 6.13.1. We define the reduced homology H,(C) to be the homo- 
logy of the augmented chain complex for k > 0. This is the same as H;,(C) 
in dimensions greater than 0 but Ho(C) = ker(e)/im(0,), whereas Ho(C) = 
Co/im(01). 


Exercise 6.13.1. Show that the short exact sequence 


0 —— ker(e) Co > Z > 0, 
leads to a short exact sequence 
0 — > Ho(C) —~ Ho(C) —~ Z —~ 0, 
which splits to give 7 
For the singular complex S(X) of a topological space X we define the aug- 
mentation € : So(X) — Z by e(o) = 1 for a singular 0-simplex o. Then the 


reduced homology Hy,(X ) is defined to be the homology of this augmented 
singular complex. 
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Exercise 6.13.2. 

(a) Verify that for S(X) we have «0, = 0. 

(b) Show that Ho(X) ~ Ho(X) @ Z. 

(c) Show that a topological space is path connected iff A(X) ~0. 
Exercise 6.13.3. Show that the reduced homology of the sphere can be 
expressed as 

~ ZL k=n 
A,(S") = , 
e(S") is kén. 
Exercise 6.13.4. Show that the homology of the suspension ©X of a path- 


connected space can be expressed as Hy41(2X) ~ Agyi(OX) = Hy (X) for 
k>0. 


The long exact sequence of a pair (X, A) can be modified to replace homology 
by reduced homology, as can the Mayer—Vietoris exact sequence. 


Exercise 6.13.5. By using the augmented complex in place of the original 
complex and using S_,(X, A) = S_\(X)/S_1(A) = Z/Z = 0, show that there is 
a long exact sequence in reduced homology which ends in 


H,(X, A) > Ho(A) > Ho(X) > Ho(X, A) — 0. 


The Mayer—Vietoris exact sequence can also be modified to use reduced 
homology as long as AN B # 9. Here we need to augment the usual simplicial 
chains used by S_1(AM B) = Z,S_\(A) @S_1(B) = Z@®Z, S_)(A) + $_1(B) = 
Z,S_1(X) =Z. 

Exercise 6.13.6. Assume that X = AUB, ANB # 9 and the hypotheses giving 


the usual Mayer—Vietoris exact sequence hold. Show that there is a long exact 
sequence using reduced homology which ends in 


H,(X) are H)(AN B) —S Ho(A) © Ho(B) ae, H)(X) ——~ 0 


Exercise 6.13.7. Use the above reduced sequence to show that, if A and B 
are path connected, AN B 4 0,AUB = X, and the hypotheses giving the 
Mayer-Vietoris exact sequence apply, then X is path connected. 


6.14 The Jordan curve theorem and 
its generalizations 


We now apply the reduced Mayer—Vietoris exact sequence to prove the Jordan 
curve theorem. Instead of R?, we consider $? and use the fact that there is 
a homeomorphism between R? and S?\{N}, where N is the north pole. Since 
there is a rotation sending any one point on the sphere to another (the sphere 
is homogeneous, as is any connected surface—see Exercise 2.9.34), $?\{p} is 
homeomorphic to R?. 
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Exercise 6.14.1. Suppose that C is a compact set in R? and h(C) its image 
under a homeomorphism between R? and $?\{p}. Show that one of the path 
components of R?\C contains all points outside some large ball, and that there 
is a homeomorphism between this path component and K\{p}, where K is the 
path component of $?\h(C) which contains p. Show that for all other path com- 
ponents of R?\C, there is a homeomorphism to a corresponding path component 


of S2\h(C). 


The previous exercise allows us to transfer the problem about a simple closed 
curve separating R? into two path components to a problem in the sphere. What 
we first need to see is that an arc does not separate the sphere into multiple path 
components. By an arc we mean the homeomorphic image of an interval [a, }]. 


Definition 6.14.1. We say a set C' disconnects S$? if S?\C is not path connected, 
or, equivalently, Ho(S?\C) % 0. 


Exercise 6.14.2. Let A be an arc h([a,b]) in S? and c = $(a +6). Let Ay = 
h([a, c]), A2 = h([c, b]). Use the Mayer—Vietoris exact sequence with 


S°\A = (S°\A1)N(S*\A2), —-S°\{h(c)} = (S*\A1) U (S?\A2) 


to show that Ho(S2\.41) @ Ho(S?\A2) ~ Ho(S?\A). 


Exercise 6.14.3. Use the last exercise to show that if an arc A disconnects 5S”, 
then there is a sequence of subarcs --- C A; C Aj_1 C--- C Ay C A so that the 
maps induced by inclusions Ho(S?\.A) + Ho(S2\.A1) > --» > Ho(S?\A;) each 
map a given nontrivial element [p] — [q] to a nontrivial element. Moreover, show 
that these subarcs intersect in a point. 


Theorem 6.14.1. Jf A is an arc in S?, then S?\A is path connected. 


Exercise 6.14.4. Use the previous exercise to prove Theorem 6.14.1 that an 
arc does not disconnect $7. (Hint: Suppose it did. Choose p and q in different 
path components and use the previous exercise to show that there is a sequence 
of subarcs whose diameters tend to zero with limit a single point so that p and q 
remain in different path components in the complements of each of these subarcs. 
Show that this leads to a contradiction.) 


Exercise 6.14.5. By using an analogous argument to the one used for Ho, show 
that H,(S?\A) ~ 0, where A is an arc in S?. 


We now consider a simple closed curve C Cc $?. Since C = h(S') and S? is 
the union of two subarcs, we can write C = A; U Ag, where A; M Ag = {p,q} 
represent two points in the sphere. 


Exercise 6.14.6. 
(a) Show that $?\{p,q} is homeomorphic to R?\{O}. 


(b) Show that Ho(S?\{p, q}) ~ 0, Hi(S?\{p, q}) ~ Z. 


6.14. The Jordan curve theorem and its generalizations 331 


Exercise 6.14.7. 
(a) Let C be a simple closed curve in $?. Use the above exercises and the 
reduced Mayer—Vietoris sequence to show that Ho($?\C) ~ Z. 


(b) Show that $?\C has precisely two path components and that each path 
component is open. 


Exercise 6.14.8. Suppose that p,q are points in different path components 
Ky, Kg of S?\C, and r € C. Let D be an open disk about r. Show that there is a 
point of each path component in D. (Hint: First find a subarc A, of C containing 
r that is in D. Then write S?\C = ($?\A1) (S?\Ape), where C = A; U Ag as 
before. Use the path connectivity of S*\Az2 to find a path connecting p to q 
which misses Ag. Show that this path must pass through D and use it to prove 
the result.) 


Theorem 6.14.2 (Jordan curve theorem). Suppose C is a simple closed 
curve in R?. 


(a) R?\C has precisely two path components, which are also its two compon- 
ents and are open sets. 


(b) One of these components is bounded and the other is not. Call the bounded 
component the interior I and the unbounded component the exterior E. 


(eV farud,.g=2UC. 


Exercise 6.14.9. Prove Theorem 6.14.2. 


The ideas that have gone into proving the Jordan curve theorem can be 
generalized to prove similar separation theorems. The natural context for proving 
these is for embedded subsets which are homeomorphic to a sphere of lower 
dimension. 

We first use the Mayer—Vietoris sequence to show that the complement of an 
embedded disk of any dimension in a sphere has trivial reduced homology in all 
dimensions. The following lemma, which is implicit in our proof above, will be 
useful. 


Lemma 6.14.3. Suppose there is a closed set B which is expressed as the inter- 
section of a nested family of closed sets B;,i =0,...,00 with By41 C B; and a 
nonzero element « € H,(S"\Bo) which maps injectively to Hp(S"\B;) for alli. 
Then x maps injectively to a nonzero element of Hp(S”\B). 

Exercise 6.14.10. Prove Lemma 6.14.3. (Hint: Ifa chain c € S,(S”"\Bo) bounds 


a chain d € S,41(S"\B), show that d is actually a chain in $,41($"\B,) for 
some i.) 


Theorem 6.14.4. Suppose h : DE -— §” is an embedding. Then 
H,(S"\h(D*)) ~ 0,7 > 0. 


Exercise 6.14.11. Use induction and the Mayer—Vietoris sequence to prove 
Theorem 6.14.4. 
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We now apply the Mayer-—Vietoris to relate the homology of the complement 
of an embedded S* in $”. Before doing this, we motivate the answer by looking 
at the model situation where S* is embedded in a particularly nice fashion so 
that we can see directly what the complement is. This is basically the standard 
embedding, but we will look at it from a slightly different perspective. We start 
by writing S” = 9D"*!. Then we note that there is a homeomorphism between 
D"*! and D'*+! x D"-*, Using this homeomorphism, there is a corresponding 
homeomorphism between their boundaries given by 


She Dx De) SSDP De xe, 


When S* = S* x {0} is removed, S* x (D"—*\{0}) first deformation-retracts to 
Ses * 1) = Oo Dx 6° > +) and thenda""* %S"-"—-1 deformation-retracts 
to $"-*-1_ Thus the complement $”\S* deformation-retracts to $"~*—1 and so 


Ae ale. Si Z p=n-k-l, 
Hee f otherwise. 

The ideas used in the decomposition above are critical for understanding 
handle decompositions of higher-dimensional manifolds as well as generalizing 
the procedure of surgery for modifying manifolds of all dimensions. These ideas 
play a central role in the topology of manifolds. 

We now show that the homology of the complement of an embedded sphere 
is independent of the embedding. 


Theorem 6.14.5 (Alexander duality for spheres). Suppose that h : S* > 
S’,.0<k <n is an embedding. Then 

~ Z p=n—-k-1 

H,(S"\h(S*)) ~ : 

oS \R(S")) i otherwise. 
The next three exercises lead to a proof of Theorem 6.14.5. 

Exercise 6.14.12. Prove Theorem 6.14.5 when k = 0. 
Exercise 6.14.13. Under the hypotheses of Theorem 6.14.5 with k = m+1 > 1, 
use the Mayer—Vietoris exact sequence based on the decomposition 


S”\h(S™) = (S"\h(S$))U(S\A(SE)), —-S™\S* = (S™\A(ST))N(S"\A(SE)) 


and the results above on the homology of complements of embedded disks to 
show that > - 

Hy+1(S"\h(S™*")) ~ H,(S"\h(S™)). 
Exercise 6.14.14. Use the previous two exercises and induction to prove 
Theorem 6.14.5. 


Theorem 6.14.5 is part of a much more general phenomenon called Alexander 
duality. In the general case, the Alexander duality is concerned with the homo- 
logy of a complement M\C, where C is some subset a manifold WM. The reader 
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can find nice developments of this duality in [5, 13]. We now state a consequence 
of the special case k = n — 1 for further reference. 


Theorem 6.14.6 (Jordan separation theorem). Suppose that h : S"~! > 
S” is an embedding. Then S"\h(S"~+) is the disjoint union of two open sets. 
The closure of each set is the union of the set and h(S"~?). 


Exercise 6.14.15. Prove Theorem 6.14.6. 


In Chapter 2 we used invariance of domain to prove a number of results. We 
now prove invariance of domain using the Jordan separation theorem. 


Theorem 6.14.7 (Invariance of domain). Suppose that U is an open subset 
of R” and f :U — R” is 1-1 and continuous. Then f is an open map; that is, 
it maps open sets to open sets. 


By composing f with a homeomorphism between R” and S”\{p}, we can 
assume that the image is contained in S” and we just have to show that the 
image of an open set in U is an open set in S”. The next exercise leads you 
through a proof of Theorem 6.14.7. 


Exercise 6.14.16. Suppose x € U,y = f(x) € S” and let V be an open set in 
U containing x. Choose a small disk D, = D(x,¢) about x which is contained 
in V with S, = ODy,. 


(a) Use the Jordan separation theorem to show that S”\f(S;) is the union 
of two disjoint connected open sets. 

(b) Show that f(int D,) is one of these sets. (Hint: Show that f(int D,) and 
S”\ f(D) are each path components.) 


(c) Conclude that f(V) is open. 


6.15 Orientation and homology 


In this section we will discuss the concept of an orientation of an n-manifold in 
terms of homology. We will relate this to our earlier discussion of orientation of 
surfaces in Chapter 2 and isotopy classes of embedded disks. In particular, we will 
outline proofs of some statements made there. A key concept in this discussion 
is the relative homology group H,,(M,M)\{zx}), so we will begin by discussing 
this group and then apply it to distinguish interior points and boundary points 
and to show that the dimension of an n-manifold is well defined. 


Exercise 6.15.1. Suppose that M is an n-manifold, and « € int M. Leth: 
D" — M be the restriction of a homeomorphism h’ from R” onto an open set 
U’ in int M so that if U = h(int D”), then x = h(y) € U. 


(a) Show that 


Z k=n, 


Hy(M, M\U) ~ H;,(D", 8°") ~ 
0 otherwise. 
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(b) Show that 


Z k=n, 


Ai,(M, M\{x}) ~ Hk(D”, D”\{y}) ~ fi otherwise. 


(c) Show that the map H;,(M,M\U) — H;,(M, M\{«}) is an isomorphism. 


Exercise 6.15.2. Show that if D’ is the upper half disk and on is the upper 
half of the sphere, then H;,(D%, 5") ~ 0. 


Exercise 6.15.3. Show that a boundary point x and an interior point y of 
an n-manifold M with boundary are distinguished by their homology groups 
A,(M, M\{x}) ~ 0 and H,(M,M\{y}) = Z. 


Exercise 6.15.4. Show that if M is an n-manifold, then it is not an m-manifold 
form # n. 


Now suppose M is a connected n-manifold. We will assume that M has no 
boundary—if it does, then our first step is to replace M by M\OM = int M 
for this discussion. Note that we have shown that if « € M and U is an open 
set about x homeomorphic to the interior of an embedded n-disk which con- 
tains x, then if ru, : Hn(M,M\U) > H,(M, M\{x}) is the map induced by 
inclusion, then ry,; is an isomorphism of groups isomorphic to Z. Moreover, 
h:(D",S"~') = (M, M\U) = (M, M\{z2}) gives the corresponding generators 
bu € H,(M,M\U), ue € Hy((M, M\{x}) with ru.x(uy) = Us as images of a 
generator of up of H,,(D",S"~+). This leads to the following definition. 


Definition 6.15.1. An n-manifold M is orientable if there is a choice uy, € 
A,(M, M\{x}) for each x € M so that 


* jt, is a generator of H,(M,M\{x}) for each x € M; 


¢ these choices are locally consistent in the sense that for each x € M, there 
is an open set U containing x which is homeomorphic to the interior of a 
disk in an embedded R” and a generator wy € H,(M, M\U) ~ Z so that 
ru,y(“u) = My for all y € U. Here ry,z is the map induced by inclusion. 


A choice of pu, for all x as above is called a homology orientation or just an 
orientation for M. 


Exercise 6.15.5. Show that if a connected n-manifold M is orientable, then the 
choice of homology orientation at a fixed xg determines the choice everywhere. 
(Hint: Use the fact that it determines it locally and path connectivity.) 


Since we will be working extensively with the groups H;(M,M\A), we intro- 
duce the shorthand notation HM ‘4 for these groups. Whenever A C B, we 
have an inclusion (M,M\B) Cc (M,M\A) and an induced homomorphism 
TBA: rs aa => HM, Of particular importance to us are the homomorph- 
isms r4,,. Note that, if« ¢ AC B, then rasrg,4 =1B,2. We use the notation 
r, for the H,(M) — H* induced by inclusion. For a manifold with boundary, 
there is also a map we denote by r; : H,(M,0M) — H™-* when x € int M. 
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We now show how to orient R”. Consider the disk of radius r about 0, 
which we denote D,. When r1 < re there is an inclusion D,, C D,,. Let C, = 
R”\D,. Now there is an inclusion (R”, C;,..) C (R", C;,). By excision, there is an 
isomorphism H®":Pr ~ H,,(IR",C;) ~ Hy(D",S"—1), where we are excising out 
the complement of a disk of larger radius and then deformation-retracting the 
annular region between the spheres to the outer sphere. Thus H. ie ~ Z with 
a generator , coming from a selected positive generator zp € H,(D", S$"). 
Moreover, we can choose these generators consistently so that rp... .p,.. (Mr) = 
Ltr, by choosing pu and getting the others using the isomorphisms induced by 
inclusion. Now let « € D,. Then the inclusion map (R",C,) > (R",R”\{z}) 
induces an isomorphism in homology since R”\{} deformation-retracts back to 
C, for any s > r, as does C,. Then T/D,.,c(fr) is a generator [lz € is ilies Moreover, 
ifr, < rg, and « € D,,, then Ti Be, (Ltrs) = Ly, and T Dry ® =U Dr, 21 Dry sDry 
imply that both p,, and p,, map to the same element zz. We now define an 
orientation fz by the following prescription. Choose a disk D, with x € D, 
and let uz = rp, xr. Note that, if U is an open disk about x with U C D,, 
then ry,, and rp, being isomorphisms imply that rp,.y is as well. Thus these 
choices of 4, give an orientation for R” since they come from ry,.(uu), where 
Lu = p,,u (Lr). Instead of the argument that rp, y is an isomorphism, we could 
use the convexity of U as follows. The radial deformation retraction of R”\{x} to 
C, for s > r will restrict to a deformation retraction of R"\U onto C,. This will 
work for any convex set K, giving consistent homotopy equivalences between 
(R",C,) and (R”,R”\D,.), (R",R”"\K), (R", R"\{z}) for « € K. This implies 
that Hees = 0 fori 4 n and H®"-* ~ Z with a generator rp, «(,) so that 
TK a(UWK) = be for each x € K. If we start with a given orientation , for each 
x, then this will determine consistent choices for yz, for all r and a consistent 
Lux. We will later use this for K an 7-cube given by a product of closed intervals 
I, x +++ x I, (some of which may be points). For future reference, we state the 
results of this discussion as a proposition. 


Proposition 6.15.1. R” is oriented by choosing a consistent set of generators 
ty € HE"Pr ~ Z so that, if ry < rz, then T Dry Dr, (Hera) = bry. Then for 
any x € R”, choosing r with « € D, and defining tu, = rp,,2(ur) gives an 
orientation. Moreover, if K is a compact convex set contained in D, anda € K, 
then the inclusion maps R"\D, — R"\K — R”\{ax} are homotopy equivalences 
inducing isomorphisms for alli. The maps rp,,.K,'K,. are each isomorphisms 
with composition the isomorphism rp,,2. Thus HK =0 ifi#n and Aes ~ 
Z. If we choose the generator un = Tp,,K (Mr), then it has the property that 
TK (MK) = Me for each x € K. Given an orientation s(x) = pz, the choice of 
Ly for a single x will determine the choice of consistent u, for all r and hence 
a consistent u~ whenever x € K. 


Now suppose A is any nonempty compact set in R”. Choose r so that A C 
D,. Then rp,,a(“r) is an element 14 so that ra(ua) = Me for each x € 
A. Thus the map r4.z is surjective for each x € A, but it is not always an 
isomorphism. For example, if A consists of two points, then HE":4 ~ Z @ Z by 
excision. 
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Here is another way to look at our orientation of R”. We can consider R” 
as embedded in S” as S”\{N}, where N = (0,1), via stereographic projection. 
The pair (R”, C.) then corresponds to (S"\{N}, B,\{N}) where B, is an open 
disk about N. Note that, as r increases, the diameter s decreases. By excision, 
Ay, (S"\{N}, Bs\{N}) ~ H,(S", B;). Thus our system of generators f4, corres- 
ponds to consistent generators of H,,(S”,B,). From the long exact sequence of 
the pair (S”, B,), the map H,(S”) — H,(S”, Bs) is an isomorphism. Thus our 
generators 4, come from a single generator 4. € H,(S”). So an equivalent way to 
have found our orientation was to start with a generator py © H,,(.S”) and use it 
to induce generators of u. € H,(S",S"\{x}) and then identify this group with 
H,,(R”,R”\{x}) by excision whenever x #4 N. 

Note that this discussion shows that S$” is oriented by choosing a gener- 
ator 4 € H,,(S”"). Similarly, any compact connected n-manifold M without 
boundary with H,,(M") ~ Z so that r, : H,(M) — H’-* is an isomorphism 
for all « € M will be oriented in this fashion. For a manifold with bound- 
ary, we can get an orientation (which is a consistent choice of generators of 
H™* for « € intM, or, equivalently, an orientation of int M) by showing 
that H,(M,0M) ~ Z and rz : H,(M,0M) — H’* is an isomorphism for 
all x € int M. 

Recall that for the case of compact connected surfaces without boundary, 
we found that the orientable surfaces were distinguished from the nonorient- 
able ones in that H2(M) ~ Z when M is orientable and H2(M) ~ 0 when M 
is nonorientable. Since the surfaces with boundary come from ones without a 
boundary by removing disks, we could use long exact sequences of pairs and the 
fact that the disks are contractible to show that for an orientable surface with 
boundary H2(M,0M) ~ Z. We could also have checked from our calculations via 
CW complexes that the map restricting to (M, M\{x}) gives an isomorphism in 
homology. 

Our main theorem is a parallel result for n-manifolds, where we are now using 
the definition of orientability in terms of homology. 


Theorem 6.15.2. Let M be a connected n-manifold with boundary OM, possibly 

empty. 

1) H,(M) =0,i>n. 

2) If M is compact, nonorientable, or M is not compact, then H,(M) = 0. 

3) If OM = and M is compact and orientable, then rz : H,(M) — HM* 

is an isomorphism for alla € M. 

4) If M is compact with OM #90, then H,(M) =0. 

5) If M is compact with OM # @ and M is orientable, then rz 
H,(M,0M) — H™* is an isomorphism for each x € int M. 


In part (3), the homology orientation classes 4, will all be in the image 
of a single generator  € H,,(M), which is called the orientation homology 
class of M corresponding to the orientation. Conversely, when there is a class 
uw € H,(M) ~ Z and the maps rz : H,(M) — H* are isomorphisms for 


6.15. Orientation and homology 337 


each x, then the classes fi, = r2(f) will determine a homology orientation. 
For if U is an open set homeomorphic to a disk about x and y € U, then if 
we take the map ry : H,(M) ~ HM, then ry(u) = py gives a class so 
that ru,y(“u) = ruyru(H) = Ty(“) = by. Thus these classes satisfy the local 
consistency condition for a homology orientation. In part (5), the orientation 
class comes from the generator of H,(M,0M). 

The proof of Theorem 6.15.2 will be quite involved. Before beginning our 
discussion of it, we want to look back at surfaces and see how to apply ideas 
of homology orientations to them. To distinguish different definitions of orienta- 
tions, we will refer to the current form as homology-orientable. We will show that 
handle-orientable implies homology-orientable implies disk-orientable, providing 
another proof that handle-orientability implies disk-orientability. We also show 
that if r is a reflection of the disk, then ir and r are not ambient isotopic as 
maps of R?. We will work in dimension n and then apply this to surfaces. 


Exercise 6.15.6. Suppose M is a compact and connected and homology- 
oriented n-manifold without boundary. Denote by u € H,,(M) a generator with 
pe pz under r, : H,(M) > H™* and p, the class in the definition of homology 
orientation. 


(a) Show that if H; : M — M is an isotopy and Ho = id, then (H;z).(u) = uw 
for all t € I. 

(b) Suppose that H;(x) = y. Show that (Az). (fc) = fy. (Hint: Considering 
the commutative diagram 


is helpful.) 


(c) Let ho, hy : D” — M be embedded disks which are ambient isotopic; that 
is, hy = Hyho, where H; is an isotopy of M. Let up € H,(D", D”\{0}) 
be the positive generator. If (ho)«“p = €Hno(o), Show that (hi).up = 
ELh (0): 

(d) Show that ho is not ambient isotopic to hor, where r : D” > D” isa 
reflection. 


Note that if WM is a compact, connected and homology-oriented n-manifold 
with boundary, then all of the previous exercise can be repeated virtually word 
for word where we now use the assumed class jp € H,,(M,0M) instead. 

We showed earlier that H,(S”) ~ Z,n > 0. Hence our theorem says that it 
is homology orientable, with homology orientation coming from r, : H,(S") > 
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Exercise 6.15.7. 
(a) Suppose that n > 0. Without using the theorem, show that H,(S”) ~ Z 
with generator j implies that r, : H,(S") > HS" is an isomorphism. 
(b) If uz = Te(u), show that jz satisfies the definition of a homology 
orientation. 


Exercise 6.15.8. Suppose H : R" x I — R” x J is an isotopy. Extend H toa 
map H : S$” x I + S$” x I by regarding R” as embedded into S” as S"\{N}, 
where N = (0,1), and defining H(N,t) = (N,t). Show that H is an isotopy. 


Exercise 6.15.9. Suppose that ho, hy : D” — R” are embedded disks which are 
ambient isotopic. By regarding R” as embedded in S$” as S”\{N} and taking 
the homology orientation of R” as coming from the homology orientation of S$”, 
show that if (ho)«(“p) = €-no(0) then (h1)«(“p) = €4n,(0). Conclude that ho is 
not ambient isotopic to hor. 


Here is a more direct approach to the last result, where we are now using 
ambient isotopies of R” which are the identity outside a disk, as in Chapter 2. 


Exercise 6.15.10. Let G; : R” — R” be an isotopy which is the identity outside 
of a large disk B with Go = id. 

(a) Show that the map (G1), : HE” int? — HR" intB is the identity. 

(b) Use (a) to show that the map (Gi), : HE? > HE") sends the 
local homology orientation at x determined via a choice of generator 
gp € H®'*® to the local homology orientation at Gi(a) determined 
by gs. 

(c) Show that if ho, hy : D” — R” are ambient isotopic embedded disks with 
ambient isotopy G which is the identity outside of a large disk B (i.e. 
Go = id, Giho = hy), and we choose the homology orientation consistent 
with ho, then it is also consistent with h,. 


(d) Show that h and hr are not ambient isotopic. 


Finally, we look at a direct approach without the assumption that the isotopy 
is the identity outside a disk. 


Exercise 6.15.11. Let G; : R” — R” be an isotopy with Gp = id. 


(a) Show that if D, is a disk about the origin in R”, then there is another 
disk D, for s > r about the origin so that G;(R”\D,) C R"\D,. for all 
t. (Hint: Consider the image of p;H~!(D, x I), where p; : R" x I = R” 
is projection onto the first coordinate. This is a compact set and so is 
contained in some D,.) 


(b) Show that the map (G1), : HP"»?s > HE"Pr sends pus to Up. 
(c) Use (b) to show that the map (G,), : HE"* > Hp) sends the 


local homology orientation at x determined via a choice of generator 
gs € H®"-Ps to the local homology orientation at G(x) determined 


by gr- 
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(d) Now suppose that ho,hy : D" — R? are ambient isotopic embedded 
disks (ie. Go = id, Gjho = h,). Show that if we choose the homology 
orientation consistent with ho, then it is also consistent with hy. 


(e) Show that A and Ar are not ambient isotopic. 


We now apply this information to surfaces. First, any handle-orientable con- 
nected handlebody is homology-orientable. This follows from the classification 
theorem and homology calculations but can also be proved inductively. It suf- 
fices to assume that the handlebody is formed from a single 0-handle, disjointly 
attached 1-handles, and some 2-handles. The O0-handle is homology-oriented 
from its orientation as a handle. The assumption that the surface is oriented 
as a handlebody means that when we attach any 1-handle to the 0-handle, the 
result is identifiable to an annulus which has a homology orientation arising 
as a subset of the plane which is consistent with the homology orientations on 
the 0-handle and 1-handle. This then allows us to get a homology orientation of 
the sub-handlebody formed from the 0-handle and 1-handles. When a 2-handle is 
attached, then the collar where it is attached plus the 2-handle is identifiable with 
an open disk in the plane in a manner consistent with the homology orientation 
of the 2-handle and the one imposed on the collar by the rest of the surface. 

For a compact connected surface without boundary, Exercise 6.15.6 implies 
that homology-orientability implies disk-orientability. If the surface has bound- 
ary, the bounded version of Exercise 6.15.6, which we discussed immediately 
following it, gives the result. Combining this with the last paragraph, this implies 
that handle-oriented surfaces are disk-oriented. This was used in the Chapter 2 
supplementary exercises to show that all of the definitions of orientability are 
equivalent for handlebodies. 

We now leave surfaces and return to begin the proof of Theorem 6.15.2. We 
first want to rephrase the choice of a consistent local orientation in terms of 
covering spaces. Suppose M is a connected n-manifold. We form two covering 
spaces of M, which we denote M,, M. The points of M are elements of the group 
HM, where x ranges over the points of M. To be a point of M,, the element 
must be a generator of the group. We are using the notion of covering space in 
a more general sense than we did earlier, in that we are not requiring M,M, 
to be path connected. In fact, the path connectivity of M, will be shown to 
be equivalent to nonorientability. However, we are requiring the local triviality 
condition of a covering space. Thus we may think of these covering spaces as the 
disjoint union of covering spaces in the earlier sense. There is a natural inclusion 
M, C M. We define a projection map p: M — M by sending k € Hi 46 
x € M. By restriction we get py : M, — M. We want to define a topology of 


M ; M, so that these maps are continuous and are covering maps. To do this we 
use the idea of elements of H)>* being locally consistent. Thus we use as a basis 
of the topology the sets U = {ru,y(a)}, where U is the interior of an embedded 
disk in a Euclidean neighborhood and a € Hy" denotes a fixed element. Here 
the maps ry,, are induced by inclusion. 
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Exercise 6.15.12. 

(a) Show that the elements of U., are locally consistent in the sense that if 
we have vz € Uo with vg € HM and W Cc U is a neighborhood of x 
homeomorphic to an open disk with vw the element of He We 7 Sigs ae 
which maps to v, under this isomorphism, then we have rw,,(vw) € Bis. 


(b) Show that this does provide a basis for a topology. 
(c) Show that (My, Pq, M) and (M,p, M) are covering spaces. 


Exercise 6.15.13. a 
(a) Show that nearby points in M have the same divisibility as elements of 
groups isomorphic to Z. 
(b) Show that M consists of the disjoint union of one copy of the identity 
covering space (corresponding to the 0 element of H’:* for each x) and 
a natural number of copies of covering spaces equivalent to (My, Pg, M), 
one for each divisibility d € N. 


Exercise 6.15.14. 

(a) Show that the homology-orientability condition on M is equivalent to 
finding a continuous map s: M > M, so that ps(a) = x. Such a map s 
is called a section of the covering space. 

(b) Show that if there is a nonzero section of p: M — M (so that the image 
of x is not the zero element of H}“:*), then there is a section of M,. 


(c) Show that M is nonorientable iff the only section of p : M = M is the 
zero section. 


We next look at properties of sections of M , which we denote by Ty. 


Exercise 6.15.15. Show that if 51, s2 are sections and s,(x) = s2(x) for one x, 
then 51 = 89. 


Exercise 6.15.16. Show that there exists a section s : M — M, iff the cov- 


ering space (M,,p,,.M/) is equivalent to the two copies of the identity covering 


space, or, equivalently, M, is the union of two components, each of which is sent 
homeomorphically to M via pg. 


Exercise 6.15.17. Show that M is orientable iff M, is homeomorphic to the 
disjoint union of two copies of M. 


Exercise 6.15.18. Use the theory of covering spaces to show that a simply 
connected manifold is orientable. (Hint: Nonorientability leads to a nontrivial 
connected double covering.) 


Exercise 6.15.19. 
(a) Show that if 7,(,a) does not have an index-2 subgroup, then M is 
orientable. 
(b) Give an example of a surface which is orientable and whose fundamental 
group contains an index-2 subgroup. 
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Exercise 6.15.20. Suppose that M is connected. Show that I'yy has the struc- 
ture of a group, and the evaluation map E : Ty — HM* ~ Z given by 
E(s) = s(x) is an injective homomorphism (monomorphism) for all « € M. 


Exercise 6.15.21. 
(a) Show that if M is connected and orientable, then [yy ~ Z with 
isomorphism given by E. 
(b) Show that if M is connected and nonorientable, then Ty, = 0. 


For a manifold M with possibly empty boundary, there is a map Syy : 
A,(M,0M) > Tint a so that Sy¢(a)(x) = rz(a). 


Exercise 6.15.22. 
(a) Show that Sy,(a@) satisfies the local consistency condition required for a 
section. 


(b) Show that Sjz is a homomorphism. 
Our main tool in proving Theorem 6.15.2 is the following theorem. 


Theorem 6.15.3. Let M be a connected n-manifold, with OM = 0), and let A 
be a compact subset of M. 
(1) HM4 =0,i>n. 
(2) Ifae HMA andra,(a) =0 for allx € A, thena=0. 
(3) If M is oriented via a section s(x) = fiz, then there exists wa € HMA 
with 7 4.o(A) = Me. 


Proposition 6.15.1 asserts that Theorem 6.15.3 is true for M = R” and Aa 
compact convex set. The next set of exercises will deduce Theorem 6.15.2 from 


Theorem 6.15.3. 
Exercise 6.15.23. Suppose that M is connected and compact, 0M = 0. 
(a) H;(M) =0,i>n. 
(b) If M is nonorientable, then H,,(M/) = 0. 
(c) If M is orientable via a section s(x) = jz, then there exists u € H,(M) 
with r, (41) = Ww. (Hint: Take A = M.) 


Exercise 6.15.24. Suppose M is connected and is not compact and 0M = 9. 
Let i > n. Let a € H;(M) be represented by a chain c and suppose S' is the 
support of c. 


(a) Show that there is an open set U with S C U and U compact. 
(b) Let V = M\U. Show that H;(U) ~ H;(U UV,V). 


(c) Use the long exact sequence of the triple (M,U U V,U) and 
Theorem 6.15.3(1) to show that H;(U UV,V) =0 fori >n. 


(d) Show that a = 0 when i > n. 
For the remaining parts, let 1 = n. 
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(e) Show that rz(a@) = 0 for all x € M by evaluating it at x € V. 


(f) By first regarding c as a chain in (U UV,V) and using the long exact 
sequence of the triple, show that a = 0. 


The previous exercises have taken care of Theorem 6.15.2(1)—(3) when 0M = 
. The next exercises will assume 0M # 0. To deal with this case, we use the 
fact that there is a collar neighborhood C of 0M which is homeomorphic to 
OM x (0, 1). 


Exercise 6.15.25. Let C ~, OM x [0,1] be a collar. Let C; = h[0,t) and 
A; = M\C;,t < 1. 


) Show that M,int M and A; deformation-retract to A. 
b) Show that (1, C;) deformation-retracts to (M,0M) for t < 1. 
(c) Show that H;(M) ~ H;(int M) 
(d) Show that the map induced by inclusion H;(M,0M) — HM’ is an 
isomorphism for all t. 


(a 
( 


We next take care of the remaining cases of Theorem 6.15.2(1)—-(4) when 


OM # 0. 
Exercise 6.15.26. Show that H;(M) =0, i> n. 
The next exercise takes care of Theorem 6.15.2(5). 


Exercise 6.15.27. Suppose M is compact and orientable with OM 4 0). Let 
s(x) = fy € Tint be a section for x € int M. Show that there exists a class 
H,,(M,0M) which maps to jz, under the map r, : H,(M,0M) — H-* for each 
a2 €int M. 


We now return to prove Theorem 6.15.3. The key to the argument is 
to examine the relative Mayer—Vietoris sequence connecting the homology of 
(M,M\C) when C takes on the values C = A,B,AN B,AUB. Note that 
(M\A)U(M\B) = M\ANB, (M\A)N (M\B) = M\AUB. We leave it as an 
exercise to justify the necessary relative Mayer—Vietoris exact sequence since we 
have only discussed this in the absolute case. 


Exercise 6.15.28 (Relative Mayer—Vietoris sequence). Show that if U,V 
are open sets in M, then there is a long exact sequence with segment 


5 tk Jk 
Hy41(M,U UV) ——> HA, (M,UNV) ——> Hy (M,U) © He4i(M,V) ——> Hy(M,UUV) 
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(Hint: Start with the diagram 


0 0 0 
Y Y Y 
Y Y Y 
i Y Y 
0 ——> Sk(M,UNV) ——> Sx(M,U) @ Se(M,V) ——> Sx(M)/(Sz(U) + 5z(V)) ——> 0 
Y 
0 0 0 


and consider the horizontal rows as chain complexes and the vertical columns 
as giving an exact sequence of chain complexes. Look at the long exact 
sequence in homology to see that it says that the bottom horizontal row is 
exact. Then take the long exact sequence arising from this exact row. Then 
show that the fact that there is an isomorphism induced by inclusion between 
HOM UV) and H;,(U U V) leads to an isomorphism between H;,(M,UUV) 
and H,(5(M)/(S(U) + 5(V)).) 


Exercise 6.15.29. Use the previous exercise to show that if A,B are closed 
subsets of /, then there is long exact sequence 


The exact sequence from Exercise 6.15.29 will be the basis for most of the 
remaining arguments. The next exercise shows that if Theorem 6.15.3 holds for 
A, B, ANB, then it holds for AU B and is the basis of inductive proofs to show 
that it holds generally. 


Exercise 6.15.30. Show that if A,B, AM B satisfy Theorem 6.15.3, then so 
does AU B. 


The point of Exercise 6.15.30 is that we can inductively build up sets C’ 
satisfying the conclusion of Theorem 6.15.3 by starting with pieces A,B, AN B 
which have this property and using C = AUB. Note that if C is a compact 
subset of a coordinate neighborhood U C M which is homeomorphic to R”, then 
A oe Con AP? by excision. Thus to prove our results for C' it suffices to prove 
these statements when M = R”. 

Our starting point for the argument will be when M = R” and C is a cube 
of some dimension k with 0 < k <n. By a cube we mean a product of intervals 
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I, x--+ x I,, and each interval is of the form [a;, };| with a; < b;. This case was 
done in Proposition 6.15.1. 

Now consider the space C® formed from an n-cube by subdividing it using 
subdivisions of each subinterval. This is built up from subcubes by adding them 
one step at a time, where the intersections are finite unions of cubes of lower 
dimension. We can think of this as a CW complex where all of the cells are 
embedded cubes of various dimensions. Let K be any subcomplex of C*. 


Exercise 6.15.31. Show that if K is a subcomplex of C%, then show the con- 
clusion of Theorem 6.15.3 holds for AK. (Hint: Use induction on the number of 
cells in &K and Exercises 6.15.30.) 


Now suppose A is a compact subset of R”. It will be contained in a large cube 
C. By subdividing this cube into subcubes successively (say subdivide the edges 
in half, fourths, etc.) we can let K* be the subcomplex of the ith subdivision 
consisting of all closed subcubes which intersect A somewhere in their interior. 
We will have --- C K? C K! Cc K®° =C and A C K’ for all i. Moreover, 
A= nN, Ke. 

Suppose a € HRA is represented by a chain c. Look at Oc. It is a finite sum 
of singular simplices, each of which has image is R”\.A. Let B C R”\A be the 
compact set which consists of images of these simplices. 


Exercise 6.15.32. 

(a) Show that there is a minimal distance between points of A and points of 
B. Use this to show that there is an integer p so that c also represents a 
cycle of S;(R”", R"\K?). 

(b) Show that (a) implies that a = 0 when i > n since it is in the image of 
H(R”,R"\ EK"). 

(c) Suppose 7 = n and r4..(a@) = 0 for  € A. Show that this means that if 
ax is the class represented by c, then rxr,,(ax) = 0 for « € K”. Then 
show that this implies that ax = 0 and hence a = 0. 


(d) Show that the usual orientation of R” provides the class j1.4 that restricts 
to the orientation class ju, for x € A in the statement of Theorem 6.15.3. 


We now have proved Theorem 6.15.3 when M = R” and A is any compact 
subset. We next consider a general connected n-manifold M. 


Exercise 6.15.33. Show that Theorem 6.15.3 holds for M when A is a compact 
subset of a coordinate neighborhood U. 


Exercise 6.15.34. Show that any compact set A C M can be written as the 
union A = A, U---UA,, of a finite number of sets A; which are compact sets in 
an Euclidean neighborhood U; Cc M. 


Exercise 6.15.35. By using induction on the number of sets, m, in the 
description above, complete the proof of Theorem 6.15.3. 


6.16. Homotopy invariance of homology 345 


6.16 Proof of homotopy invariance of 
homology 


We next look at the homotopy invariance property. One of the important facets 
of singular homology is that it is a homotopy functor, which includes the fact that 
a homotopy equivalence of topological spaces f : A — X gives an isomorphism 
of homology groups H;,(A) — H;,(X) in each dimension. We first look at a proof 
of this when & = 0,1, where the argument is simpler to understand. For Hp, we 
use the fact that Ho just measures the path components, with one copy of Z 
for each path component. A representative cycle is a map from Ag to a point in 
that path component. 

Suppose that f,g : X — Y are homotopic maps. To show that they induce 
the same map in homology, we need to see that the chain maps fy and g are 
chain homotopic. 

We first look at dimension 0. Since all of the maps we are consider- 
ing are linear, it suffices to look at a singular 0-simplex o. Let F' be 
the homotopy between f and g, so F(x,1) = g(x), F(x,0) = f(x). The 
induced maps are f(a) = fo and g(o) = go. Suppose o(0) = p. Let 
y : [0,1] = Ai — Y be the singular 1-simplex defined by the composition 


[0, 1] ——> {p} x [0,1] —> y. 


Exercise 6.16.1. Define Ho(o) = y and show that Ho provides a chain 
homotopy between fo and go. 


We now look at dimension 1, noting that we have defined Hp above. We need 
to define Hy : S\(X) — 52(Y) so that, for a singular l-simplex 0 : I — X, we 
have the formula 


go — fro = O2Hy (oc) + Ho01(0). 


We first use the homotopy F' to define a map K = F(a x id): I x I + Y where 
oxid: IxI > XxI. Note that Kio = fo, Ki; = go, where io(s) = (s,0),%1(s) = 
(s, 1). Moreover, if 7,(0) = a(1), 7(0) = a(0) are the singular 0-simplices coming 
from restricting o to its end points, then we have 0,0 = 7, — 79. Moreover, 
Ao(1)(y) = K(1,y), Ho(70)(y) = K(0,y). 

We now look at Figure 6.6. 

Motivated by this figure, we can define two singular 2-simplices a, 3 in Ix I = 
A, xJ with positive orientation on a and negative orientation on ( as depicted via 
the arrows on their boundaries, and then define Hi(0) = KG— Ka = K;(G—a). 


Exercise 6.16.2. Show that with this definition of H,, we have the required 
formula 


94(0) — fa(o) = 02A1 (0) + Hod (c). 


Exercise 6.16.3. Use the previous exercises to show that if f,g: X — Y are 
homotopic maps then the induced maps f4, gy are chain homotopic in dimensions 
0 and 1. Deduce that f, = g, in homology. 
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Ho(70) Ho(71) 


fo 


Figure 6.6. Constructing Hy. 


In order to extend this to higher-dimensional chains, we need to analyze 
the process above. First, the homotopy F' is used at the last step in each case 
and can be separated from the definition. The relation between f, g, F' is g = 
Fix, f = Fig, where i* : X > X x I is iX (x) = (a,j). If we label the maps 
Hy = HX’ : Sg(X) > Spii(¥) that we have defined already, k = 0,1, then 
there are corresponding maps related to the maps 7; : X — X x J, which we will 
label as H;* instead of the more cumbersome H;\**!. Here we use the identity 
homotopy I(x,t) = (,t) as the map connecting ig and i;*. The maps re ; 
S.(X) — S;,(Y) then factor as FyHXX, where HX : S;,(X) > Spi (X x 1). 
The term (0,H** + He** d1)(c) just: becomes F,(OH*X + HX 01)(c). On the 
right-hand side, we note that g; = F;(i*‘)s, fy = Fi(i% )y, and so we can rewrite 
gi(o) — fa(o) = Fy((ix)a(o) — (4 )¢(0)). Thus our formula follows from the 
special case 


(O2H* + He A1)(o) = (i) — '))() 


by taking composition with Fy. Thus we now restrict to looking at what is 
happening in this case. 

Let ee be the corresponding inclusions for A;. Then if we use the identity 
map t; € S;(Aj), we will have a formula 


(QoH + Ho) (01) = (Ci )g — (6 ))(4a)- 


Now apply (o x id); to both sides of this equation. On the left-hand side we note 
first that our definition of Hi (c) is just (o x id)y(@ — a) = (o x id)yHP* (1). 
When we take 02 of this, we can use the fact that (o x id), is a chain map 
and commutes with 02 to rewrite 02H*(c) = (0 x id)y02H?* (11). Moreover, 
Hs‘ 01(c) = (o x id)40(z). by our construction. Thus the left-hand side of our 
fundamental equation becomes 


(o x id)3((Q2H™ + HS 0,)(0)). 
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For the right-hand side, we note that o = o4(11) and i*o = (0 x id)i> 
implies (i*)y() = (i )yoy(t1) = (o xX id)y(u1). Thus the right-hand side can 
be rewritten as 

(ox id)g((i22) (11) — G24)4(44)). 


Thus our formula for ¢ follows from the formula for 1 by composing with (o xid),. 

This discussion shows that generalizing this construction to higher dimensions 
can be done through first specializing to the case of A, and the identity singular 
simplex 1, and then defining our maps in general using this. 

The key to extending the above argument to all dimensions is finding a way to 
systematically subdivide the product A; x I into (i+1)-simplices as we have done 
in the case i = 1 above. This can be done inductively on 7. An important fact 
about A; x I is that it is a convex subset of R* x R = R’+!. We can redefine what 
we have done as follows. Whenever we have a convex space with points uo,..., Us, 
we can define an affine linear singular i-simplex by using the affine linear map 
that sends e; to u;. We will denote this by [uo,ui,..., ui]. Now consider A, x J. 
Denote by v; the point (e;,0) and by w; the point (e;,1). Then Ho([eo]) = 
[vo, Wo], and when we extend to Aj, we get Ho([e;]) = [v;, w;], 7 = 0, 1. Another 
way to state what we are doing for A; is that we are using the definition for Ap 
to define Hp on these particular singular simplices in A, by defining it on the 
face maps F; : Ao = Ai,j = 0, 1, by Ho(F;) = (Bj x id); Ho([eo])- 

Now look at our definition of H,. For simplicity, we will delete the super- 
script A,. For the case when o is just the identity map 4; = [eo,e1], then 
the simplex 6 = [vo,wo,wi] and a = [vo,v1, wi]. Thus our definition is 
A, ((eo, €1]) = [vo, Wo; wi] = [vo, U1; wi. Note that 


HA ([eo, e1]) = Ho([e1] — [eo]) = [v1, wi] — [vo, wo). 


When we take OHj([eo,e1]), we get [wo,wi] — [vo,vi] = (41)s([eo,e1]) — 
(to)4([eo, €1]), as well as the terms coming from deleting a vertex besides vp in the 
first and w, in the last term. There are two types of terms here. The first type 
comes from deleting a nonrepeated index—here this gives |[vp, wo] — [v1, wi] = 
—HpO0([eo, e1]). The other type of terms come from deleting an interior repeated 
index. Here we get two terms such that —[vo, wi] + [vo, wi] = 0. Putting all of 
these together gives the formula 


(OH, + Ho9)(eo, e1]) = (41) 4(Leo, e1]) — (0) 4([eo, e1]). 


The formulas we gave above for Hg‘, Hj can now be rephrased in a more 
functorial way. We define them as maps from $;(X) > S;41(X x I) by using the 
formula H¢ (oc) = (o x id)yHo([eo]) and Hy (co) = (o x id)4(H1([eo, e1]). Then 
ON Ho(o) = O¥ (0 x id)gHo([eo]) = (@ x id),9P° Ho([eo])) 

= (0 x id)g((éP")¢([eo}) — (4°) (Leo])) = (4) (Leo) — (é0" Jee (Leo]) 
= (it )x(0) — (6) (2). 
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Exercise 6.16.4. Verify by an argument analogous to the one given above that 
(O35 Hy + He‘ OF) (0) = (i )e(@) — (io) 40) 
follows from the similar formula 
Ai A 1 1 ,oA1 »—1 
(05 Hp + Hy" OP") ([eo, e1]) = (ét)e (leo, e1]) — (0) (Leo, e1])- 


We next note that our definition of Ho, H, satisfies the further property of 
naturality. 


Exercise 6.16.5. Show that, if f : X -— Y is a continuous map, then 
Hy (fe(o)) = (f x id),(H* (0), 1 = 0,1. 

We now indicate what is involved in extending this to define H*(c) for 
i > 2. We first need to define it in the case of X = A; and o = [eo,..., e;] and 
show that it satisfies the condition 0;41H;([eo,...,e:]) + Hi-10({eo,.--,¢ei]) = 
(i1)4([eo,---,e:]) — (éo)4([eo,-.-,e:]). We then extend it by using the formula 
Hx (oc) = (o x id) H>*([eo,..., e:]) to show that it satisfies the required formula 
for X and that it has the same naturality property as in Exercise 6.16.5. 

We extend the formula for H; inductively where we have already defined H; 
for 7 <7 on A; and extended it over any X via 


HX (a) = (0 x id) pH; ([eo,.--,€,])- 


In particular, we will already have it defined for the face maps Fy, : Aj;_1 — A; 
and so we will have the definition of H4‘,0;([eo,...,e:]) determined from this. 
The general definition of H;([eo,...,¢;]) in any dimension is given by 

Hi; ([eo, wey e;]) = S>(-1)[vo, s00 Uj, Wjy-+- , wil. 

j=0 

Exercise 6.16.6. 
(a) Check that this corresponds to the definition given for i = 0,1 above. 
(b) Check that our naturality property gives 


i: heed ueerna veeeres 
i-l 
DALY [6s neg Op Went Wey «5th ifk >, 
j=0 
= a . 
Yo (-1) [v0,- 5, Gey. Up41y WH4I1y ++, Wal if k <j. 
j=0 


Using the last exercise, we can now compute 


Hj-10([eo, .--, e]) 


a i-1 
= SL [goes WR ctny Wags eg wil 
k=0 \j=0,j<k 
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tI 
a a (—1)2*¥ fu, ..-5 Gk e+) Vita, Wits +++, Wi] 
jaOgek 


= Se tet Oe oul 
J, k=0,5<k 


a 
+ 3 (-1)FY9 73 ug, 2, ey ey Vy Wyy- + Wid: 
j,k=0,j>k 


We now look at 0;41H;i([eo,..., e:]). 
Exercise 6.16.7. Show that 


4 


041i (leo, ---, ez]) — Pw (-1)9 TF lug, 6.5 hey Vj) Wyse Wl 

Jk=0,j>k 
a a 

+) [vo,.--, 07-1, Wj,--- wi] — D [v0, ..-¥y, W541, +. wal 
j=0 j=0 

a 
j+k+1 a 

+ a (yest [U0, +++, Uj, Wj,.+-, Wey. , Wi] 

j,k=0,9<k 


Exercise 6.16.8. Show that 
i i 


S [Poses Opa Wyre WY] — [Riis re 5 Oy Wiisa eg Wel 
j=0 j=0 


= (i1)}([e0,-+-s€4]) — (é0)4(leo,--- ei) 
Exercise 6.16.9. Combine the calculations from the last exercises to show that 
(0:41.4; + Hi-19;)([eo,---, ei]) = (Cé1)¢ — (40) 4) (leo, ---, es). 


We now extend this result to a general space and singular simplex. 
Exercise 6.16.10. Show that if we define H*(o) = (o x id)4Ho/([eo,.--, ei]) 
and then extend linearly to chains, then this satisfies the condition 


OM HY + HE OF = (i a — (3 )e- 


Moreover, this satisfies the naturality property that when f : X — Y, then 
(f x id)pH* = HY fy. 


Note that the formula we have proved shows that (i; ), and (7%), are chain- 
homotopic chain maps with the chain homotopy provided by H*. Hence they 
induce the same map in homology. Thus (ix), = (i )«- 
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We now apply this to the situation of homotopic maps fo ~ f; via a homotopy 
F:X xI-—Y. Then (fj). = Fi(i;)«. Hence (fo). = (f1)« and we have proved 
the homotopy property in the absolute case. 


Exercise 6.16.11. Prove that if f : X — Y is a homotopy equivalence, then 
f. : Hy(X) — H;,(Y) is an isomorphism. 


Exercise 6.16.12. 
(a) Adapt the previous exercises to prove the relative case: if f,g : (X,A) - 
(Y, B) are homotopic, then f, = gx. 
(b) Show that if f : (X,A) — (Y, B) is a homotopy equivalence, then f, is 
an isomorphism. 


6.17 Proof of the excision property 


We now discuss the proof of the excision property of homology in terms of the 
reformulation Theorem 6.7.1, which we now restate for our convenience: If {int A, 
int B} is an open cover of X, then the homomorphism S{4-?}(X) — S(X) 
induces an isomorphism in homology. 

In discussing the proof of Theorem 6.7.1, we will mainly restrict our attention 
to the cases k = 0,1,2, where the geometric constructions are simpler, and then 
derive the general case based on these models. The fundamental idea is that since 
{int A, int B} is an open cover, then small enough images of singular simplices 
should lie in either int A or int B. Thus we want to replace a singular simplex up 
to homology by the sum of many small ones. To achieve this technically, we use 
the notion of barycentric subdivision of the domain. This is defined inductively, 
with no action on 0-simplices, subdividing a 1-simplex into two 1-simplices of 4 
the length, and subdividing a 2-simplex into six 2-simplices using the subdivision 
on the boundary. A basic estimate used is that, in subdividing an n-simplex, the 
maximal diameter of a subdivided simplex is reduced by a factor of n/(n + 1). 
Another key idea, which is similar to that used in the last section, is that it 
suffices to deal with subdividing the domain A, and then using naturality to 
define subdivision on a singular simplex which is defined on Ax. 

We first show pictures of subdividing A; and Ag (Figure 6.7). For a geometric 
1-simplex e in the plane, the barycenter of e with vertices v,w is € = $(v + 
w). The new 1-simplices are then [é,v], [é,w] and their length is half of the 
original length of e = [v, w]. For a 2-simplex t = [u, v, w], we first subdivide the 
edges, introducing new vertices at the barycenters of [v, w], [u, w], [u, v]. Let us 
name these vertices 9, €1,€2, respectively. We introduce a new vertex ¢ at the 
barycenter t = 3(u+v+w) of t. We then have new 1-simplices 


[eo, vl, [eo, wv), se ul, ler, w), [e2, ul, [e2, v] 
coming from the subdivision of the boundary of t, new 1-simplices 


[t, eo], [t, €1], [t, eo], [t, ul, [t, vj, [t, uw] 
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Figure 6.7. Barycentric subdivision of A; and Ag. 


Figure 6.8. Second barycentric subdivision of Ag. 


coming from joining ¢ to the 0-simplices of the subdivision of the boundary of t, 
and new 2-simplices 


[é, €0, UJ, [t, €0, w], [E, é1, ul, (é, €1,v), [t, 2, Ul, [t, €2, 0] 


coming from joining t to the 1-simplices of the subdivision of the boundary of t. 
In this subdivision it can be shown that the diameter of any 2-simplex is less than 
two-thirds of the original diameter. Thus when the process is repeated again and 
again, the diameter of simplices goes to 0. Through repeated subdivision we can 
make the subdivided simplices lie within any open cover of the original simplex. 
We show in Figure 6.8 the result of subdividing A» twice. 

In dimension 0, we know that Ho(X) just measures the path components of 
X. We need to see that Ho(.S(A) + S(B)) also measures the path components. 


Exercise 6.17.1. Verify the conclusion of Theorem 6.7.1 in dimension 0 by 
showing the following. 
(a) Each path component of X is represented by a point in A or a point in B. 


(b) If two points x,y in X are in the same path component, then there is a 
1-chain c in S(A) + S(B) with O(c) = x — y. (Hint: Start with a path 
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connecting x to y and subdivide it so that each subinterval is mapped to 
A or B. This should use the open cover {int A, int B}.) 


(c) Use (a) and (b) to verify Theorem 6.7.1 in dimension 0. 


We break the verification of Theorem 6.7.1 in low dimensions into a number 
of steps. We first introduce a subdivision operator Sd : S,(X) > S;(X) for k = 
0,1,2. We start with the standard 2-simplex Ay = [eo, e1, €2]. For a 0-simplex 
[x], Sd[a] = [x]. For the identity 1-simplex [eo, e1], 


Sd[eo, e1| => [é, e1] = le, €0| = é.Sd(O[eo, €1]), 


where € is the barycenter of e = [eo, e1|. Here [a, b] denotes the affine linear map 
from A; to the segment joining a to b in that order. We are using the notation 
x.w = [x,w] in forming é - Sd(d[eo, e1]). More generally, when we start with 
an affine linear k-simplex [vo,...,v%], we form the affine linear (k + 1)-simplex 
v-[vo,---, Uk] = [V,V0,---, Uk]. 

Exercise 6.17.2. Show that O(v- [vo,..-,vx]) = [vo,---, Uk] — u+ Olvo,---, Ue]. 


We then define Sd(a) = o4(Sd{eo,e1]). Geometrically, what this does is 
replace a singular simplex by sum of singular simplices (with signs +1) which 
represent the composition of the original singular simplex with affine linear maps 
into simplices that occur in the subdivision of the geometric simplex. By pulling 
back an open cover to the domain simplex, we can guarantee that after a finite 
number of subdivisions, the images of the new subdivisions are contained in 
elements of the open cover. We extend the definition of Sd linearly over 1-chains. 


Exercise 6.17.3. Verify that 
O(Sd[eo, e1]) = O(E- Sd(O[eo, e1]) = O[eo, e1] = Sd(O[eo, e1]). 


Extend this to show that for any 1-chain c, we have 
A(Sd(c)) = Sd(A(c)) = O(e) 
In particular, this says that Sd is a chain map in dimensions <1. 


Exercise 6.17.4. Use the chain map Sd to give another proof that there is an 
isomorphism from Ho(S(A) + S(B)) to Ho(X). 


We now want to extend this construction to singular 2-simplices and 2-chains. 
We start with the identity map [eo,e1,e2] : Ag — Ag. Using the notation 
established above for the barycentric subdivision, we define 


Sd[eo, El, e9] = te Sd(dleo, El, €2]). 


We then define Sd on a singular 2-simplex 0 by Sd(a) = o4(Sd([eo, e1, €2]) and 
extend linearly to 2-chains. 


Exercise 6.17.5. By starting with the identity singular 2-simplex and then 
extending to singular 2-simplices and 2-chains, show that there is the formula 


A(Sd(c)) = Sd(d(c)). 
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Conclude that Sd is a chain map for dimensions < 2. 
Exercise 6.17.6. Extend the definition of Sd to a chain map in all dimensions. 


We claim that subdividing a 1-chain should not change it up to homology. 
In order to see this, we need two more operators Hp : So(X) — Si(X), MM : 
S\(X) — So(X), which essentially give a chain homotopy between Sd and the 
identity Id. The homomorphism Ho(o9) = 0. Note that we have the trivial 
formula O0Ho(c) = (Id — Sd)(c) = 0 for any 0-chain c. We want a map Hy witha 
similar formula, 


OH, (c) + Ho0(c) = OH (c) = (Id — Sd)(c), 


in dimension 1. 
We start by defining H, on the identity singular 1-simplex by 


Ai ([eo, €1]) =€: (Id —Sd—- H0)|eo, e1]. 
Then 


OH, (eo, €1]) = (Id —Sd—- H0)|eo, e1] —€é: O(Id —Sd—- H0)|eo, e4| 
= (id —Sd— HO) leo, ei]. 


Exercise 6.17.7. Extend the definition of H, to 1-chains so that the formula 
OH, + Hod = Id — Sd holds. 


Exercise 6.17.8. Suppose that X = AUB, where {int A, int B} is an open cover 
of X. Show that for any singular 1-simplex o, there is an integer k so that Sd*o 
is a chain in S(A) + S(B). Use this to show that the map S(A) + S(B) > S(X) 
induces a surjective map on Hj. 

Exercise 6.17.9. Suppose that X = AU B, where {int A, int B} is an open 
cover of X. Suppose c € S\(A) + S;(B) is a singular chain which is a cycle 
(Oc = 0), so that when it is considered as a chain in S,(X), it is a boundary: 
c = Od. Show that Sd(c) = OSd(d) is also a boundary in X and represents the 
same homology class as c in H,(S(A) + 5(B)). By taking enough subdivisions, 
show that the map H;(S(A) + S(B)) — Hj(X) is injective. 


Exercise 6.17.10. Prove Theorem 6.7.1 for dimension 1. 
We want to define an analogous map Hp : S9(X) > S$3(X). 


Exercise 6.17.11. Show that 0(Id — Sd — H,0)(c) = 0. (Hint: Use the facts 
Id, Sd are chain maps and the formula proved earlier for 0H; + Hod.) 


Exercise 6.17.12. For the standard 2-simplex [eo, e1, e2], define 
Haleo, E1, e2| = t.((Id — Sd — H,0)leo, El, €9]). 


Show that 
(OH + H,0)[eo, €1, €2| = (Id = Sd)[eo, El, €9]. 
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Exercise 6.17.13. By extending Hy to a singular 2-simplex, and finally 
extending to 2-chains, define a map H2 : S9(X) — S3(X) so that 


OH, + H,0 = Id —Sd. 


Exercise 6.17.14. Prove Theorem 6.7.1 for dimension 2. 


Exercise 6.17.15. Extend the definition of H,, to a chain map in all dimensions 
which satisfies OH;,(c) + Hn—10(c) = (Id — Sd)(c). 


Exercise 6.17.16. Extend the ideas of the previous exercises to prove 
Theorem 6.7.1. 


Appendix 


Selected solutions 


1.1.2. (a) A is not open since any ball about (0,y) will contain points with 
negative first coordinate. 

(d) D is not open since (0,0) € D, but every ball about (0,0) contains points 
with negative first coordinate and so is not contained in D. It is open in A. 


1.2.2. d’((x,y), (u,v)) = |x — ul + |y — v| > 0 and equals 0 iff x = u, y =v, so 
(x,y) = (u,v). Since |a — ul = |u— a], |y— v| = |v — yl, then d’((x,y), (u,v) = 
d'((u,1), (¢,9)). Finally, 


d'((x,y), (w, 2)) = | — wl + ly — 2] < (|e — u| + Ju — wl) + (ly — a] + |v - 2)) 


= (|x — ul + ly— vl) + (u— w| + |v — 2) 


= d'((x,y), (u,v) +4 ((u,v), (w, 2)) 


1.2.7. It is not closed since b € R\[a,b), but every interval about 6b contains 
a point of [a,b), so R\[a,b) is not open. The set [a,b) is not open since every 
interval about a contains a point which is less than a and so is not in [a, 0). 


1.2.11. Since A is defined as the intersection of closed sets, it is a closed set. 
Similarly, int A is open since it is a union of open sets. 


1.2.12. (b) A= {(z,y): y > O}, int A=¢, Bd A= A. 
1.3.3. (a) Suppose a; — ao, @2 — ao are linearly independent and 
Aoao + Aya, + Aga@g =0, Ag +A +Az2 = 0. 
Then Apap = (—A1 — A2)a@o and we may rewrite Agao + A1a1 + A2g@2q = O as 
A1(@1 — Ao) + A2(a2g — ao) = 0. 


Then linear independence of a, — ag, @2 — ao implies A, = A2g = 0. Combining 
this with Ag + Ay + Ag = 0 implies Ap = 0 as well. 
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For the converse, suppose Apa@o + A, a1 + A2g@2 = O, Ao +A + A2 = 0 implies 
Ao = Ai = Ag = 0. Then suppose 


ci (ay = ao) + C2 (a2 = ao) =0. 


Rewriting this as 


( Cl C2) ag + CjQ1 + Cc9a2 = O, 
note that the coefficients sum to 0. Thus our assumption on ao, @1, @2 implies 
that the coefficients all vanish and hence c, = co = 0. 


1.3.5. We just need to see that for each map and its inverse, the inverse image of 
an open set is open. But each open set in the square is a union of the basic open 
sets described and the inverse images of these are the basic open sets we gave for 
the disk. Thus the inverse image of an arbitrary open set is the union of basic 
open sets and so is open. Continuity in the other direction is proved similarly. 


1.4.2. Let A = A; U---U An, where A; is compact. Let U = {U;: i € I} be an 
open cover of A. In particular, it gives an open cover of each A,;. Since A; is 
compact, there is a finite subcover for each 7. The union of these subcovers give 
a finite subcover for A. 


1.4.3. (c) This is not compact since the open cover {(1/n,2)} has no finite 
subcover. 


1.5.2. To see that this subsequence is convergent to x, let U be an open set about 
x. Since U is open, we may find € > 0 so that the ball B(«,«) C U. Then choose 
N such that 1/N < «. Then n > N implies that s, € B(a,1/N) C B(a,e) CU, 
so the sequence converges to 2. 


1.5.4. If f is uniformly continuous and x € X, then given € > 0, uniform continu- 
ity implies there exists 6 > 0 so that d(y,z) < 6 implies that d(f(y), f(z)) < e. 
Taking z = x in this definition proves continuity at x. 

A counterexample is f(a) = 1/a on the interval (0,1]. For given « = 1, to 
get d( f(x), f(y)) < 1 requires (1/xy)d(x,y) < 1 whenever d(x,y) < 6. But the 
sequence t, = 1/n, yn = 1/2n has distance d(xp, Yn) = 1/2n, which tends 
toward zero yet d(f(tn), f(Yn)) =n = 1 for all n. 


1.6.2. X is connected iff it is not separated iff there do not exist open sets 
U,V CX with ACUUV, UNVNA=90,UNAZO,VNAF O. But this means 
that whenever U,V are open sets in X with UNVNA=9,A CUNY, then we 
must have ANU = @ or ANV = @. The first case is equivalent to A C V and 
the second case is equivalent to A C U. 
1.6.6. (1) ¢~ a: use the path f(t) = 
(2) If a ~ y, then there is a path fs I> X with f(0) = 2, f(1) = y. Then 
g(t) = f(1-t) is a path connecting y to x since g(0) = f(1) = y, g(1) = f(0) = 2; 
(3) If « ~ y, y ~ 2, then there exists paths f,g with f(0) = a, 
F(1) = 9(0) = y, g(1) = z. Then 


is a path connecting x to z, sox~ z. 
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1.6.10. $1\{a} is path connected. If there were a homeomorphism with h(x) = y, 
then R\{y} would have to be path connected, but it is not, since the intermediate 
value theorem says that there is no path in R\{y} connecting x < y and z > y. 


1.7.4. The hint describes a continuous map from the square to the triangle which 
is a bijection except on the bottom edge of the square, which is sent to the bottom 
vertex of the triangle. This induces a continuous bijection from the quotient space 
of the square where the bottom edge is identified to a point to the triangle. This 
map is a homeomorphism, by Proposition 1.7.3. 


1.7.9. Take the function which is defined by f(z) = z? on the upper half of the 
circle and sends the lower half to 1. This then induces a homeomorphism of the 
quotient space to S*. 


1.9.3. Following the hint, for each x € U, choose a basis element Biz) with 
LE Bix) CU. Then U = Useu Byyaz)- 


1.9.8. Since A is open in B, then A= BN V, where V is open in X. Since B is 
open in X and the intersection of two open sets is open, then A is open in X. 


1.9.12. (b) R. 


1.9.15. (a) Since A is the intersection of all closed sets containing A, we have 
ACC. 

1.9.21. Let U be an open set about f(x). Then f~1(U) is an open set about x. 
Hence there exists N so that n > N implies 2, € f~'(U). This implies that 
f (an) € U, so the sequence {f(z,)} converges to f(x). 


1.9.23. If « # y, then there are disjoint open sets U,V with x € U, y € V. If 
Ln — x, then there exists N so that n > N implies x, € U. This contradicts the 
sequence converging to y since the tail of the sequence is not in V. 


1.9.27. Following the hint, let V,W be disjoint open sets about 2, X\U, respect- 
ively. Note that X\U C W implies X\W Cc U. Then D = X\W is a closed 
set with V Cc D. Hence V C D C U. Combining these statements, we have 
rEeVcVcu. 


1.9.32. Let y € C,. Then d(y,C) < €, so there exists c € C with d(y,c) < e. 
Let r = € — d(y,c). Then, if « € B(y,r), the triangle inequality gives d(a,c) < 
d(x,y) + d(y,c) <r+d(y,c) =e. Hence d(x,C) < € and sox Ee C. 


1.9.41. We use the fact that there is a countable neighborhood basis Cy at each 
point of X with Cyi; C C, as constructed in the last exercise. Then Exer- 
cise 1.9.19 says that X is limit point compact and Exercise 1.9.14 says that 
every neighborhood of a limit point of a set contains infinitely many points of 
the set. If we have a sequence with only a finite number of values, then we 
can find a constant, hence convergent, subsequence. Thus we may assume the 
sequence {s,,} assumes an infinite number of values. Then the set of values will 
have a limit point x. Then if Cy is a neighborhood basis at x, each Cy will 
contain an infinite number of values. This allows us to select ny < ng <---, so 
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that s,, € Cy. If U is an open set about x, there exists N so that x € Cy CU. 
Ifk > N, then sp, € Cy C Cn CU so the subsequence converges to x. 


1.9.45. Suppose Y is a connected subset of Z, and Y C UUV, where YQUNV = 
0. Thus Y CUUV, YNUNV = 9. Since Y is connected, then Y C U or Y CV. 
Suppose Y C U. Then let 2 € Y. If x € V, then there is a point of Y in V, which 
contradicts Y CU and YNUNV =9. Then x € U and so Y is connected. 


1.9.49. If U is the open set and a € U, then there a ball B(z,r) C U. The ball is 
path connected since it is convex and straight line segments joining two points 
in the ball stay in the ball. 


1.9.53. (b) A point y is in the component C containing «x if there is a connected 
set Cy which contains both z,y. Then the set C, also is in the component 
containing x for the same reason. Thus C = U,<¢ Cy. But then C' is union of 
connected sets with the point x in common, so is connected. If two components 
have a point in common, then their union is connected and every point lies in 
each component. But this means the two components must be equal. Every point 
x € X is in the component of points equivalent to it. 


1.9.59. From the definition, choose an open set U and a compact set C’ with 
x2 €EU CC. Since X is Hausdorff, then C compact implies C is closed. Since C’ 
is a closed set containing U, then the closure U C C, since it is the intersection 
of all closed sets containing U. But U is then a closed subset of a compact set, 
so it is compact. 


1.9.63. (a) Define a homeomorphism from R to S!\{(0,—1)} as a composition 
of arctan x with e?. Alternatively, stereographic projection from (0,1) gives a 
homeomorphism from $'\{(0,1)} to R Cc R?. Then apply the last exercise. 


1.9.68. When we remove the crossing point of the X, the space separates into 
four components. When we remove any point in the Y, the space separates into 
at most three components. A homeomorphism from Y to T comes from sending 
the vertical parts to each other and then sending the upper prongs of the Y to 
the top of the T. 


1.9.73. (a) Connected, path connected; (d) connected, path connected, open. 


1.9.75. The subset A would have to be connected and compact and miss some 
point p. Since S'\{p} is homeomorphic to R, the set would be homeomorphic to 
a compact connected subset of R, which must be a closed interval. But the circle 
is not homeomorphic to a closed interval since removing a midpoint of an interval 
disconnects it but removing any point of the circle does not disconnect it. 


1.9.81. Each homeomorphism can come from vertical projection (11, 22,273) > 
(41,22). The map g is the identity since it is induced by taking the circle, sending 
it to the upper hemisphere and then projecting it back to the circle from the 
projection of the lower hemisphere. 


1.9.87. The inside of the circle is path connected, so it has to be sent to a path- 
connected set and so the image must lie entirely in the outside component if 
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there were such a homeomorphism. The homeomorphism would have to send 
the exterior component to the interior component then, or points in the interior 
component would not be in the image. But the image of the interior plus the 
circle would be a compact set in the exterior component and thus not all points 
in the exterior component would be in the image. 


1.9.94. The two sets represent the inside of the triangle and the exterior. The 
first is convex, so path connected via straight line paths. It is bounded. The 
exterior is path connected as well. To connect two points, go radially on a ray 
until hitting a point on the circle of radius 2 and then connect the two points on 
the circle by an arc of the circle. If the two points already lie on the same radial 
arc, we can just use the segment of the arc connecting them. We still have to show 
that there is no path connecting the exterior to the interior missing the triangle. 
But the complement of the triangle is the union of two disjoint nonempty open 
sets in the plane and, for open sets, the components and the path components 
are the same. Thus these must be the path components as well. 


2.1.1. (c) We use the restriction g : [0,1) — [0,00) of part (a). Define k : 
B(0, 1) — R” by 


ka) = aoe 240 


with inverse 


y) = oe : a 


2.1.6. The homeomorphism must send interior points to interior points and 
boundary points to boundary points. Thus it must restrict to a homeomorphism 
between 0M and ON (as well as one between the interiors of the two manifolds). 


2.1.11. Suppose that (2,y) € M x N and there are homeomorphisms hyy : 
U, — R™, hn : Vy — R”, where Uz, Vy are open sets in M,N, respectively. 
Then h : U, x Vy > R™ x R” = R™*” with h(u,v) = (Au(u),hw(v)) is a 
homeomorphism. The torus T = S$! x S' is then a 2-manifold since it is the 
product of the 1-manifold $1 with itself. It is compact and connected since S$! 
is and products of compact, connected sets are compact and connected. 


2.2.2. (a) Since f is continuous and S$? is compact and connected, so is P. For 
any point x € $?, the map f is a local homeomorphism near x. This means that 
there is a small open set U about x so that f sends U homeomorphically onto 
an open set U about f(x). We just have to choose U small enough so that it 
does not contain any pair of antipodal points. 


2.2.3. We start with R? and identify (x,y) with (x,y +2). After this identific- 
ation, the quotient space is the infinite cylinder. To form the Klein bottle, we 
identify (x,y) ~ (« + 2,—y). After making these identifications, each point will 
be identified with a point in the rectangle D! x D!, the upper and lower edges 
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will be identified via (a,—1) ~ (z,1), and the right and left edges will be iden- 
tified via (—1,y) ~ (1,—y). The map from the plane to the quotient space is a 
local homeomorphism, so the quotient K is a surface. 


2.3.1. Let x =t+n,t € [a,a+1). Then «+1 =t¢+(n+1) and f(#+1) = f’(t)+ 
(n+1) = f(x)+1, so f is periodic. The map f|[a+n,a+n+4 1] is just T,f’T_n 
and so is a homeomorphism since it is a composition of homeomorphisms. The 
piecing lemma then shows that f is a homeomorphism. 


2.3.5. By (b) fr is isotopic to the identity via an isotopy F;, so f = frr is 
isotopic to r via the isotopy G; = Fir. 


2.4.1. For the Mébius band, think of it as D! x D'/(—1,y) ~ (1,—-y). When 
we remove the center circle D' x {0}/(—1,0) ~ (1,0), the space can be divided 
into the equivalence classes of points M, with second coordinate > 0 or Mp2 with 
second coordinate < 0, each of which is path connected from D! x D!\D! x {0}. 
But the equivalence relation says that some points in M;, are in M2, so the 
whole complement is path connected. In fact, the complement can be shown to 
be homeomorphic to $1 x (0, 1]. For the annulus, the complement is just the 
disjoint union S' x [-1,0) US" x (0, 1], which is separated. 


2.4.4. (a) and (b) are orientable, but (c) is nonorientable. 


2.5.1. The first connected sum is formed from M\in¢(0)L|N\in(O) using 
the map 7 wRizy, and the second connected sum is formed similarly using 
iy R(ih,)~+. What is required for consistency is that hyin Riyp = ty R(ty,) thar 
on iy (int D?\{0}). Composing with i;¢ on both sides and using 74, = kim, 
both sides simplify to give the equivalent equation hyin R = i,R, which holds 
since hyin = ty. 

2.5.2. This can be constructed by a coning construction. We divide each region 
into six triangles and map the triangles to each other via affine linear homeo- 
morphisms determined by the maps on vertices. For each region, we choose the 
interior point v9 = (0, 4). For the larger rectangle we use the vertices vy = 
(1,0), v2 = (1,-1), v3 = (—1,-1), va = (—1,0), v5 = (—1,1), v6 = (1,1). For the 
smaller rectangle, we use vj = vj, i =0,...,4, but have v5 = (—5,0), vg = (, 0). 
The map then is determined from sending v; to vj; and extending affine linearly 
on the six triangles. See Figure A.1. 


ee) Le 


Figure A.1. Sending a big rectangle to a small one. 
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2.5.7. When we form MLID?, we are starting with M, adding a disjoint disk, and 
then adding a 1-handle to join the disk to M via the boundary sum. However, 
the disk is homeomorphic to a rectangle and the union of the disk and the 
rectangle used in forming the boundary sum is homeomorphic to the union of 
two rectangles along a common edge, which is a rectangle. Thus our operation 
of boundary sum is homeomorphic to adding a rectangle to M along an interval 
in the boundary. Then using an internal rectangle from either a collar on the 
boundary or just the local structure of a region near the boundary homeomorphic 
to HH? allows us to use the argument of Exercise 2.5.2 to absorb the external 
rectangle into M. 


2.6.1. First construct a rectangular strip (longer than wide) and cylinder out of 
fairly stiff cloth. Cut two holes in the strip and attach the cylinder on one side 
about one-fourth and three-fourths of the way across lengthwise. Now form the 
Mobius band connected sum the torus by making a half twist and gluing the 
ends. Then note that when we look at the disk that includes the two handles 
and the glued edge, the two ends of the handle are glued to opposite sides of this 
disk. 


2.6.5. We look at the 0-handle and the torus pair. This forms 7(,), which is a 
torus with a disk removed. As boundary this has an oriented circle to which the 
other handles are attached. We replace T(,) with a disk as 0-handle with the 
other handles attached to it in the same way they were attached to OT(1). This 
is an oriented surface which has two fewer l-handles and so by induction is of 
the form De We get our surface from it by removing the disk and gluing to 
the boundary of T(;) = T\D?. But this is the operation of connected sum, so we 


(g+1) 
get To) ‘ 


2.7.2. (a) We prove this by induction using the basic formula y(ALIB) = (A) + 
x(B) —1, which is the case n = 2. We suppose it is true for n — 1 > 2 and prove 
it for n: 


x(Aill--- An) = x((AiL---WA,_1)UWAn) = x(Ai---WAp_1) + x(An) - 1 
= (x(A1) + +++ + x(An-1) — (n — 2)) + x(An) - 1 


= Ay) sp er ea) eT, 
2.7.7. (a) The surface is nonorientable with one boundary circle and y = —1, so 
itis Po. 


2.9.3. Given x € U, let b= sup{y € U: y > a, [x,y] C U}. Since U is open, this 
set is nonempty. If it is not bounded, then [x,oo) C U. If it is bounded, then 
b will be its supremum or least upper bound. Given any y with x < y < 8, the 
definition of b shows that there exists c with y < c < 6b with [z,c] € U. This 
implies that [x,b) C U. We claim that b ¢ U. For if it were, then we would have 
some interval about 6 in U, and this would contradict the definition of b as the 
least upper bound. Thus we can find a maximal interval [x, b) C U. Analogously, 
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we can find a maximal interval (a,z] C U and so, given x € U, there is a largest 
interval I, C U. Any two such intervals are either equal or disjoint. These sets 
can be labeled by any point in them, and so we can choose a rational point in 
each set to label it. Since the rationals are countable, the labels are countable, 
so there will be a countable (possibly finite) number of these sets I,. 


2.9.9. An n-manifold, being locally homeomorphic to R”, is locally path connec- 
ted. The result follows from the fact that a locally path connected and connected 
space is path connected. See Exercise 1.9.51. 


2.9.15. Following the hint, let a denote the point on the right side, where three 
segments join. Take a connected neighborhood of it so that removing a discon- 
nects the neighborhood into three components. If this were 1-manifold, then this 
neighborhood would be a connected open set in R and so it is homeomorphic 
to an open interval, open ray or R. But this is a contradiction since removing a 
point from one of these only gives two components. 


2.9.19. We think of the torus as a quotient of a square D! x D1, where opposite 
edges are identified via translation and the sphere as the quotient of the the 
square where all boundary points are identified to the same point. This latter 
description uses a similar description using the standard disk together with the 
homeomorphism of the disk to a square. Now the identity map on D! x D! 
induces the desired map T' — S. 


2.9.20. We think of a Mébius band as a quotient of D! x D! where we identify 
(—1,y) with (1, —y). We remove the image of D! x (—e, €) in the quotient. What 
remains is the union D! x [e, 1]|_][—1, —e]. When the second piece is turned over 
vertically, translated by 2, and glued to the first according to identification of its 
left edge with the right edge of the first, then we can reexpress the complement 
as a strip [—1,3] x [e, 1], where the vertical edges are identified via translation 
by 4. This gives a description of the annulus. 


2.9.25. We apply the strong form of the Schénflies theorem to the embedded 
circle C = f(0D?). The ambient isotopy there will send C to S$! and f(D?) to 
D? since f(D?) must map to the closure of the component which is compact. 
Then g = G,f is ambient isotopic to f with g(D?) = D? and g(S') = S!. 


2.9.29. The formula is 


€S s € (0, 1], 
ce(s) = 4e€+(2—e6)(s—1) 8 € [0,2], 
S 8 € [2, 00). 
The isotopy is given by 
[((1 — t) + te]s s € [0,1], 
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2.9.37. Note first that if C is coming from the outer circle of our model, we are 
using the discussion preceding Theorem 2.6.5 and Figure 2.44 to identify with 
the model above. We first identify the upper annulus to a rectangle with a hole 
and then use the argument from Exercise 2.5.2 to pull the exterior rectangle with 
a hole in it into the surface. We then apply our construction of an orientation 
reversing isotopy of Mobius band to get a self-homeomorphism which is the 
reverses the orientation of the circle bounding the hole and is the identity on 
the boundary of this Mébius band. Going back to the original set W, this gives 
a homeomorphism of W which reverses the orientation on C' and is the identity 
on the rest of OW. We then can extend this by the identity outside of W to get 
a homeomorphism of the nonorientable handlebody that reverses orientation on 
C and preserves the other boundary circles. 


2.9.39. The proof of the classification theorem implies that if a handlebody is 
nonorientable as a handlebody, then it possesses an embedded Mo6bius band 
B. For the standard form with a single 0-handle and the twisted 1-handle 
attached to it will have a Mobius band inside the 1-handle and a collar about 
the 0-handle. There is an isotopy of B which connects f and fr. If the Mobius 
band is embedded in a surface M, then we can extend this isotopy by the 
identity outside the Mobius band to get that M is disk-nonorientable. From 
Chapter 6, any handle-oriented surface is disk-oriented. The contrapositive says 
that a disk-nonorientable handlebody is handle-nonorientable. 


2.9.44. We form a disk (the new 0-handle) with the three 0-handles and hj, h3. 
The 1-handles ht,h} are attached to the boundary of this 0-handle. 


2.9.50. We use the hint. This map is continuous and surjective. The only points 
which are sent to the same points are the points on the circle which are identified 
as indicated by the identifications of a. Since the domain is compact and the 
range is Hausdorff, this gives a homeomorphism of the quotient space with S. 


2.9.56. These are the standard ways to write P@), P#K, and P#T. The fun- 
damental lemma of surface theory says that the last two are homeomorphic and 
the fact K = P#P says that the first two are homeomorphic. 


2.9.61. The torus. Think of the handle as being the cylinder used to form T from 
S when two disks are removed. 


2.9.70. This is nonorientable, has three boundary circles, and has y = —3. Thus 


h=2+3-—3=2. The surface is rae 


2.9.75. Think of T as coming from revolving the circle in the yz-plane given by 
(y — 2)? + z? = 1 about the z-axis. Then remove a small disk near the point 
(0,3,0) by slicing by a plane parallel to the xz-plane. Then reflection through 
the yz-plane will reverse orientation on the boundary circle of T(1). 


2.9.80. The homotopy is given by Fy (a) = (1 —t)a — ta = (1— 2t)x. An isotopy 
has to be a homeomorphism at each stage and so must either always preserve 
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order or reverse it. In particular, if Fo(1) = 1, then F;(1) is either 1 or —1 and 
the only way the map can be continuous is for the F;(1) = 1 for all t. 


2.9.84. If there is a single 1-handle and M is nonorientable, then it must be 
attached to a single 0-handle. Otherwise, the union of two O0-handles and this 
1-handle would be a disk, and then M would be orientable since there are no more 
1-handles which would have to be oriented consistently. Note that the union of 
the 0-handle and 1-handle to which it is attached must give a Mobius band. Since 
there are no more 1-handles, the 2-handles do not change connectivity, and 
is connected, there can be no more 0-handles. Since the boundary of the Mébius 
band has only one boundary circle, then there must be exactly one 2-handle. 
Thus M has three handles and is homeomorphic to a Mobius band with a disk 
attached to its boundary, which then can be used to give a homeomorphism of 
M to P by extending the attaching map to a homeomorphism the 2-handle, as 
in the previous exercise. 


2.9.88. If the surface N is orientable and connected then the orientations of the 
disks that get embedded coming from 0(D? x S!) must not be consistent with the 
orientation of the rest of the surface, or the original surface would be orientable. 
Hence the result of removing those disks and replacing them with a cylinder 
will be forming a connected sum M ~ N#K. Now N is orientable with fewer 
1-handles, so it is homeomorphic to T“) with 2— 2k = y(N). Again, we have 
the relation y(M) = x(N) — 2. But M~ T #K ~ P™, where h = 2k 4 2. 
Thus y(M) = y(N) —-2=2-—2k-2=2-h. 


2.9.92. For the case of a surgery of index 1, we define the map by using Hy, : 
M\f({-1,1} x int D?) = M\f'({-1,1} x int D?) and using the identity on 
D' x §*. A similar homeomorphism is used for the surgery of index 2. 


2.9.96. (a) For (a) use the map f(x,y) = (y, 2). 


2.9.100. That the genus of S$ is 0 is just the Jordan curve theorem, which implies 
that any embedded simple closed curve separates S into two disjoint open sets. 
When we have an embedded circle in T that does not separate T, we can do 
surgery on T using the extended embedding and write T = T#M. From the 
classification theorem, we must have M ~ S. An embedded circle in the com- 
plement of the first embedded circle in T would give an embedded circle in 
$?\D? cM and so must separate it. 


2.9.104. Since M is nonorientable, there is an embedded M6bius band whose 
central curve C does not separate M or even a neighborhood of C’. Thus there is 
no extension of C to a neighborhood D! x S! since C would then separate this 
neighborhood. 


3.1.3. Suppose that b,c are inverses of the group element a. Then 


b = W(ac) = (ba)c = ¢. 


3.1.6. (a) An isomorphism f : S2 — Zp has f([12]) = 0, f[21] = 1, with inverse 
f-*(0) = [12], F"*() = [2]]. 
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(b) They are not isomorphic. For if f : (Z,+) — (Q,+) is a homomorphism 
and f(1) = q, then f(n) = ng. Thus the map is not surjective, as q/2 is not in 
the image, for example, unless g = 0 and then the whole image is just {0}. 


S10. Tt k= 213] and: g = g°? = [B21], them: ghg-) = [132|, i a = 
{[123], [213]}, then ghg—! ¢ H. 


3.2.3. We use the same basic formula as before, except reverse the roles of f, f: 


_ J f (2st) if0<s<i, 
ato.) = oP ay fl<s<l. 


3.3.4. We first check that this is well defined at 3, that f(1) = Gm(0). But this 


follows since m = f(1). Then continuity follows from the piecing lemma. We 
compute 


—~ pf (2t fost < % 
pf * g(t) = F( ) ae - 
PGm(2t-1) ifs <t<1 


3.3.8. As sets they are the same, so it suffices to show that for representative 
classes f;(s) = e?"** used in the isomorphism 7($1,1) ~ Z, we have fin © fn ~ 
fmin- But fm © fn(s) = p(ms + ns) = p((m+n)s) = fntn(s). 

3.4.2. We use the straight line homotopy G;(s) = (1 — t)go(s) + tgi(s). 


3.4.4. We just use the given homotopy on [a,b] and the constant homotopy on 
its complement in (0, 1]. 


3.4.8. First note that if we include D! x $1 into T = S'S! by sending D! > ot 
by vertical projection, then this induces a map D! x S'/(-1,w) ~ (1,@) - 
T/(z,w) ~ (—z,@) which is a homeomorphism. Then map D! x D! = D! x $1 
by mapping the second D! factor via e™” to wrap it once. Then this map induces 
a map of the quotient space D! x D!/(—1,y) ~ (1, —y), (@, -1) ~ (#,1) = K to 
D! x $1/(-1,w) ~ (1, @), which is a homeomorphism. The composition of these 
two homeomorphisms gives our homeomorphism between K and T/(z,w) ~ 
(—z,w). Alternatively, we could get the homeomorphism more directly by using 
the map D! x D! — §1 x $1 sending (x,y) — (e™”,e™) and check that: it 
induces an isomorphism of quotient spaces D! x D'/(—1,y) ~ (1, -y), (a, -1) ~ 
(z,1)=K — S! x S'/(z,w) ~ (—2, 0). 


3.5.2. We solve (x +tv,a+tv) =1, where v = x — f(x) £0, by the quadratic 
formula to get 


— (x, v) + va, v)? + jo? = |e?) 


t= 
||? 
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Since v depends continuously on a, so does t. 


3.5.5. (1) f homotopic to g implies f is homotopic to g and so deg f = deg f = 
deg g = deg g. 

(2) The map m, extends with the same definition to a homeomorphism from 
D? to rD?, so the extension F of f determines an extension F of f. Hence 
deg f = deg f = 0, by Lemma 3.5.7. 

(3) We let S$’ x [0,1] — A(ri,r2) be defined by M(z,t) = ((1 — t)ri + 
tro)z. Then Mp = m,,,M, = m,,. The map uf'M is a homotopy between 
u(F|r1S!)m,, and u(F|r2$1)m,,, so deg(F\r1 $1) = deg(F|r2S*). 

(4) The composition ufm, = f, so this follows by Lemma 3.5.8. 


3.6.1. When we take two different radii, then the annular region between the two 
circles allows us to find a homotopy between the two maps vMmz,r,,UMe,r,- This is 
part (3) of Proposition 3.5.10, together with the translation from a neighborhood 
of 0 to a neighborhood of a. The fact that v only vanishes at x means that 
v defines a map into R?\{0}, which is required in defining the homotopy. 


3.6.7. Following the hint, the composition F'G gives a homotopy between f and h 
where h(z) = F(0). By path connectivity of C\{0}, there is a path p : I — C\{0} 
connecting F'(0) and 1. Then H(z,t) = p(t) gives a homotopy between h(z) and 
the constant map g(z) = 1. Combining these two homotopies gives a homotopy 
between f and g. 


3.6.12. The point is that since there are no singularities in the annular type 
region A = B(a,r)\int B(z1,7r1), then v extends to a map from A to R?\{O}. 
Moreover, there is a parametrization P : S! x I + A which agrees with mz,,r, 
and mz,, as pictured in Figure 3.19. The composition of P with the extension 
gives the homotopy, which when further composed with u, shows the two degrees 
are the same. 


3.7.4. We can first homotope f by composing it with a rotation (which is homo- 
topic to the identity) so that f(1) = 1. Then we can compose f with p: I = S', 
p(t) = e2"'*, to get a representative of 7,(.$1,1). This map is homotopic to the 
map 2”p by our computation of 71 ($1, 1). Moreover, the homotopy preserves the 
base point 1 and thus induces a homotopy as maps of ($1, 1) to itself between 
our rotated f and z”. 


3.7.10. Let d,,d2 be the indices on the outer circles and dy1,..., diz, do1,..., daz 
be the indices of the vector fields on the inner circles. Then the way the corres- 
ponding circles are identified is the same locally as in the analysis of T, so there 
will again be a relationship d; + dz = 2, d,; +d2; = 2. But the sum of the indices 
of the singularities for each the two pieces is I; = d; — (dj, +--:+ dix). Thus the 
total index I = I, + Ip = dy +d2— Y¥_ (dij +d2j) = 2 — 2k, which is the Euler 
characteristic of T). 

3.8.3. (a), (b) The proof of (b) with the subspace the empty space gives 


(a). The identity map gives a homotopy equivalence of (X,A) to itself. If 
f : (X,A) — (Y,B) with homotopy inverse g : (Y,B) — (X,A), there 
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are homotopies F : (X,A) x I — (X,A), G: (Y,B) x I — (Y,B) with 
Fo = 1x,4a), Fi = gf,Go = liy,p),Gi = fg. These same maps then show 
that there is a homotopy equivalence from (Y,B) to (X,A). Thus the rela- 
tion is symmetric. Supposing that there is also a homotopy equivalence of pairs 
h: (Y,B) — (Z,C) with homotopy inverse & and homotopies H, K, then the 
map hf : (X, A) > (Z,C) will have homotopy inverse gk : (Z,C) — (X, A). The 
homotopy from (gk)(hf) = g(kh)f will be given by first using H; to homotope kh 
to the identity and thus homotoping g(kh)f to gf and then using F; to homotope 
gf to the identity. We similarly use G; and K; to homotope (hf)(gk) = h(fg)k 
to the identity. 


3.8.7. This just uses the same maps on (I U $1,0) to ($1, (1,0)) and homotopy 
inverse on each factor of $'. The deformation retractions used there fit together 
to give the result. 


3.9.3. (a) This space deformation-retracts onto the boundary circle union an arc 
from y to the circle, and its fundamental group is just the fundamental group of 
the circle, which is Z. 

(d) N\{a} deformation-retracts onto two circles with a segment joining them, 
so the fundamental group is again F». 


3.9.6. All are nonorientable. Part (a) has two boundary circles, and part (b) has 
one boundary circle. In part (a) the abelianized fundamental group is Z 9 Z, 
while in part (b) it is Z. The effect of adding the 2-handle in part (b) to add the 
relation a = b?. The space is Pig) in part (a) and is Pq) in part (b). 


3.11.1. (a) No, it does not contain an additive identity. 

(b) Yes. The identity is (1,0). The inverse of (21, 22) is (21, —-z2). We can 
check associativity. This group represents the unit quaternions. 

(c) This is a group. The identity is 1. It is isomorphic to (Z3,+) where a in 
this group corresponds to a— 1 € Zs. 


3.11.6. The subgroups are multiples nZ = {nk: k € Z}. 


3.11.11. (a) This follows since addition and taking the additive inverse are both 
continuous maps. 

(b) Note first that complex multiplication is a continuous map. This can be 
shown by the same formula that shows that real multiplication is continuous: 


|2122 = W1Wo| < |z1||Z2 = We| + |wo||z1 = wi. 


To see that inverses are continuous, we note that the inverse is just given by the 
conjugate z~! = Z and |Z— ®| = |z—w]. 

(c) Continuity comes from continuity of cosine and sine. That it is a group 
homomorphism just is the formula e?7'¢+™) = ¢?7'te?7i4 for the exponential (or 
equivalently, trigonometric formulas for the addition of angles). 
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3.11.13. (b) This deformation retraction comes from deformation-retracting the 
matrices R to the identity. Write R as (2°). Then 


(AH iore Ans 
= ( 0 Pee 


satisfies Ro = Rand R, = I. The map F(R,t) = R;, gives a deformation 
retraction of the upper triangular matrices with positive diagonal entries onto 
the identity matrix. Then F(QR,t) = QR, gives a deformation retraction of 
GL(2,R) onto O(2). 

3.11.21. fog~ (fx F)o(Exg)=f xg. 

3.11.23. (a) This just uses the deformation retraction of $}\{—1} to the point 
1 which can be written as F(e'®,t) = e!® for -t7<s <7,0<t<1. OnT we 
use G(x, y,t) = (x, F(y,t)). 

3.11.27. (a) If we think of M = D! x D'/(-1,y) ~ (1, —y), then we can take C = 
D'x{0}/ ~. This deformation-retracts onto the boundary circle by deformation- 
retracting D' x (D'\{0}) onto D! x {+1} by using the straight line homotopy in 
the second coordinate and noting that this is consistent with the identifications. 


3.11.31. Following the hint, we define F'(s,t) = f(ts). Then if f,g are two paths, 
let F be the free homotopy to f(0) and G the free homotopy to g(0). Let h(t) 
be a path connecting f(0) to g(0). Then the free homotopy H between f and g 
is given by 


F(s, 3t) O<t<§, 
H(s,t) = ¢ h(3t —1) 1/3<t< 2, 


G(s,3—3t) 2/3 <t<1. 


3.11.38. Since 7(R2\{0},1) is abelian, the map 7(R2\{0},1) > xf (R2\{0}) 
is bijective. Since the inclusion induces an isomorphism between 7($1,1) and 
7 (R?\{0}, 1), the map j is bijective. 


3.11.43. We compute 


Py = (Mao f)fufy + (Myo f) fale + (Neo f) fifo + (Ny fF 
Meo Ff t (OF ian 

Qu = (Mao f) fulo + (Myo f)FiFy + (Nao f)FaES + (Ny 0 AFL 
+(M © f) fay + (N° f) fiw: 


Comparing these using M, = N, gives P, = Qy. 


3.11.48. This calculation is equivalent to substituting « = r”cos2amnt, y = 
r” sin 2ant and integrating from 0 to 1. We get 


tr 
d(z”) | 2nndt =n. 
0 


~ On 
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3.11.55. If there were such a map, then h(g)h(z) = 1,(5n). But this is impossible 
since this map factors through a map of the trivial group. 


4.1.1. Let {U;} be a covering of B by path-connected open sets that are evenly 
covered. That is, p-'(U;) = Lies, U;; and p : Uj; — U; is a homeomorph- 
ism. Then B x C has a covering by the path-connected open sets {U; x C} 
since P-1(U; x C) = Leg, Uig x C and PIUiy x C Ug x Y > U;,xCisa 
homeomorphism, being a product of homeomorphisms. 


4.1.7. (a) The inverse image of the added cylinder is the disjoint union of two 
cylinders, so we can find evenly covered open sets for points in its interior. For 
points outside the added cylinder, we find the evenly covered open sets from the 
original cover. For points on the boundary of the added cylinder, we get our 
evenly covered open set by taking a disk (up to homeomorphism) which comes 
from a half disk in the cylinder and a half disk in the complement of the interior 
of the cylinder. 


4.1.13. If a surface © covers itself, we get y(X) = ky(H), k > 1 and so y(X) = 0. 
Hence © must be either T’ or K. 


4.1.18. Let f : I > B with f(0) = 6 bea given path. Cover B by path-connected 
open sets {U;} which are evenly covered. Then {f~1!(U;)} is an open cover of I. 
Choose a Lebesgue number for this cover and subdivide I into subintervals of 
equal length less than this Lebesgue number. Note that for a map from a path- 
connected set into some U;, there is a unique lift to the cover once we specify 
where one point lifts. We then write J = 1; UI2U---UI, as the union of adjacent 
subintervals in the subdivision. Starting with f|I,, we lift it to the unique map to 
the cover g; with g:(0) =a. Letting g(1/n) = a1, we next lift f|I2 to the unique 
map to the cover gg with go(1/n) = a,. Inductively, after we have defined lifts 
Jiy+++>Gk, we then lift f\In41 to geti : Ikga 2 A with gpi(k/n) = gx (k/n). We 
define f by f|Z; = g;. Continuity follows from the piecing lemma and uniqueness 
follows from uniqueness over each subinterval. 


4.2.1. Let eg,e, denote the constant maps at a,b, respectively. Following the 
hint, we start with a class [f] € 71(A,a) which maps to [ez], and so there is a 
homotopy F' between p f and ey. Use Theorem 4.1.3 to lift this to a homotopy 
F:IxI—Awith F(0, 0) =a. By unique path lifting, this must be a homotopy 
relative to the end points between f and e,. The map p, is a homomorphism, 
so it is 1-1 since its kernel consists of the identity element. Thus the image 
ps(m1(A, a)) is a subgroup of 7(B,b) which is isomorphic to 7(A, a). 


4.2.6. (a) To show that this is a covering space, we must show that it is evenly 
covered. Near the wedge point, we see an X-like neighborhood which is covered 
by homeomorphic open sets at each point (n,0),(0,m) in the cover. For each 
point on the circle labeled a away from this wedge point, take an arc that does 
not include the wedge point. Above it in the cover are homeomorphic intervals 
along the x-axis and homeomorphic arcs in the a circles which are attached to 
the y-axis. The argument is similar for the b circle with the roles of the axes 
reversed. 
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(b) If we start with the loop in p,(71(A, (1,0)) represented by the projection 
of the loop that runs around a in the counterclockwise direction (denoted 6 in 
the figure), then when it is lifted starting at (0,0), it lifts to the line segment 
from (0,0) to (0,1), which is not a loop. 

4.2.9. (a) We use pf = f to get f.(m1(X,2)) = px (f(t (X, 2))) C px (m1 (A, @)) 
since f,(m1(X,2)) C 7(A, a). 
(d) This follows from Theorem 4.1.3. 


4.2.13. By Theorem 4.2.2, there is a continuous lifting g : Ay — Ag of p; so that 
g(a1) = ag. Similarly, there is a lifting h : Ag — Aj so that h(a2) = ay. Then 
the composition hg is a lift of p; with hg(a,) = a1, and so, by Exercise 4.2.11, 
hg = 1a,. Similarly, we get gh = 1,4, and so g gives the equivalence we seek. 


4.2.18. his a lifting of po and the lifting is unique sending a to h(a). This lifting 
is an equivalence, by the proof of Theorem 4.2.2. 


4.3.1. Since T is a homeomorphism, it induces an isomorphism between 71 (A, a1) 
and 71(A, a2) and 


Gi = (p1)«(71(A, @1)) = (poT) «(71 (A, a1) = (po) «(Ts (71 (A, a1))) 


4.3.6. Suppose T(0) = n. Then T and T,, are covering transformations which 
agree at a point, and so they are equal, by Exercise 4.3.4. 


4.3.10. (a) If S is the homotopy between s and s’, then pS' gives the homotopy 
between ps and ps’. 

(d) Suppose r(T;) = r(T). This means that the loops representing r(T,) and 
r(T) lift to paths joining a and the same point T)(a) = T2(a). But two covering 
transformations which agree at a point are equal, by Exercise 4.3.4. 


4.3.14. From the hint, there is a 1-1 correspondence between 
{c € p ‘(b): there is a covering transformation T with T(a) = c} 


and Gy. Combining this with Theorem 4.3.2 gives the result. 
4.4.1. This is just a special case of Theorem 4.2.3. 


4.4.5. With this restriction on a, if [a1] 4 [a2] then Tea] a Ties] = 0). For if they 
had a point in common, they would be equal and then ag = a, * 3, where @ 
is a loop at c in U. But the construction of U implies that 6 is homotopic to a 
constant in B. This implies that a, ~ ag. 


4.4.11. (a) The map p: A — B factors as the composition of g: A > A/G, and 
the homeomorphism p : A/G — B, by Theorem 4.3.3. Now the factorization 
being alluded to just uses the factorization A — A/H — A/G. That A— A/H 
is a covering map just uses that G acts properly discontinuously on A and so 
does any subgroup H. Thus p; : A > A/H is also a regular covering space. That 
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po: A/H — B is a covering space uses the same evenly covered open sets U c B 
as for p, but now we identify in A/H all of the homeomomorphic copies of U 
in the inverse image in A which differ by the action of covering transformations 
in H. 


5.1.4 (a) As described above, X* can be identified with the circle by identifying 
e? to 1 and e§ to —1. Then the attaching maps of the 1-cells are consistent with 
sending e} to the upper half of the circle and e} to the lower half as depicted. 


5.1.8. The subcomplex is the image of a finite number of cells, so it is compact. 
It is closed since a compact set is closed in a Hausdorff space. 


5.1.13. We start with the CW decompositions S? = e? Ue?, i = 1,2. Then there 
are four cells 

EP =? x B= 82 er. Fe =e es: Ee Sees. 
The 2-cells are attached trivially and X? = S? V S3. The characteristic map 
for the 4-cell is the product of the characteristic maps for the two 2-cells. Its 
attaching map uses 0OE* = Oe? x e3 Ue? x Oe3. The first term is mapped first 
to e) x e3 and then mapped via the characteristic map to ef x $3. The second 


term is mapped similarly onto $? x e9. 


5.1.15. We prove the result by induction on n. The case n = 1 is established 
above. For the inductive step, we have to see that CP* is built from CP’! 
by attaching a 2k-cell as claimed. Any point in $?*+1 is equivalent to a point 
(wo,---;Wk-1,7) with r > 0. Write the last coordinate as z, = r¢, where r = 
|z,| > 0. When r > 0, we can take ¢ = z;,/|z;,|. Then multiplying each coordinate 
by (7! gets an equivalent representative of the required form. When r > 0, no 
two elements of this special form are equivalent. However, when r = 0, we could 
choose any unit complex number ¢. In this case, the point in the quotient space 
lies in CP*-1. Thus CP* = CP*-1uU,,_, S?* ~ CP*-1uU,,_, e?*. Here we are 
identifying the upper hemisphere to a 2k-cell via vertical projection. 


5.2.1. Let x = (1,0) ~ e° be our base point and y = (1/2,0). The Seifert- 
van Kampen theorem says that 71(X,y) ~ ™(A,y) *n,(anB,y) ™1(B,y). Here 
m1(B,y) is trivial since the open disk is contractible, so we get 7(X,y) = 
7™1(A, y)/N (im(771(A NB, y)). Here N(im(71(AN B, y)) denotes the normal sub- 
group generated by the image. But AM B is just D?\{0} and its fundamental 
group has a generator running around a circle at radius 4. When we take its 
image in 71(A,y), it is homotopic to the path 7 * a * 7, where a runs once 
around the unit circle and ¥ is the linear path running from (3,0) to (1,0). 
Its image in 71(A,y) is represented by y * fa * ¥. Using the isomorphism 
Yn 1 11(X,x) > 71 (X,y), this quotient is isomorphic to 7(X,x)/N(f.[a]). The 
term N(f,[a]) is the term f,(g) referred to in the statement of the exercise. 


5.2.7. We show that when we attach a cell of dimension >2, then the fundamental 
group does not change up to isomorphism. Let X = Y Ue"t!, n > 2. Let 
A= X\{0}, B = inte"t!. Then AN B is homeomorphic to D"+1\{0}, which 
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deformation retracts to S”. The Seifert-van Kampen theorem implies 71($”) is 
trivial for n > 2 since it can be written as the union of two sets homeomorphic to 
R” with path-connected intersection. Returning to our calculation, then 7(B) ~ 
7™1(A OM B) being trivial and the Seifert-van Kampen theorem imply 7(X) ~ 
m(Y). Inductively, this implies that attaching cells of dimension greater than 2 
does not change the fundamental group and so 7(X,e°) ~ ™(X?,e°). 


5.2.10. The 2-skeleton is S! x $1 Ue?, where the 2-cell is attached via the map 
f(z) = 2? running around the second S$! (from RP?). Thus its fundamental 
group is (a, blab = ba, b? = 1), which is Z Za. This agrees with the calculation 
as a product space since 71($') ~ Z and 7 (RP?) & Zz. 


5.2.16. S° is simply connected. It is a covering space of L(p,1) since the 
homeomorphisms which we are using to form the quotient act in a properly 
discontinuous manner. Thus the fundamental group is the cyclic group Z,. From 
the CW decomposition, the 2-skeleton is the pseudoprojective plane, whose 
fundamental group is Zp. 


5.3.1. (a) We follow the hint to define the map a : X¢ — Xf. It will be induced 
from G: X|_|D" — X Uy D”. The map G|X includes X C X Uy D”. To define 
G|D”, we first write D” = 0.5D"U(D"\int 0.5D”). Here 0.5D” denotes the disk 
of radius 0.5. We can identify D”\int 0.5D” with S”~! x [0, 1] by using the inverse 
of the homeomorphism H (x,t) = 0.5(1+t)a. We then define G|D”\int 0.5D” : 
D”\int 0.5D" — X C X Uf D” by using the composition FH—'. Note that 
this sends $"—! to X via f and 0.5S"7! to X via f’. Then map 0.5D” to D” 
via 2 — 2a and compose with the quotient map D” — X Uy D”. Note that 
on 0.5,5"—! this agrees with f’. We then apply Proposition 1.7.5 to get the map 
a@ induced by G to be continuous. We have the following diagram of continuous 
maps: 


q 
X||D" —> Xu; D* 


ae 


X Uy D” 


5.3.2. (a) Xy is a quotient space of X||D” and Ypy is a quotient space of 
Y||D". The map K : X||D" — Y||D” given by K|X = h,K|D" = id 
induces amap a: XUz¢D" — YUp¢D"” which is continuous by Proposition 1.7.5. 
We have the following diagram of continuous maps: 


X|Jp" —*+y jp" 


| | 


X Uf Dp” mE Y Unf pb” 
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(f) To use (e) here, we consider maps up to homotopy and note that it says 
that if a map has a left homotopy inverse and a right homotopy inverse, then 
it is invertible and the two partial inverses are equal up to homotopy and are 
each homotopy inverses of the map. Note that y = «@ and so «Ga ~ id. Since 
€ is a homotopy equivalence and Za is a right homotopy inverse, it is also a 
left homotopy inverse. Hence Gae ~ 1. Hence ( has a right homotopy inverse. 
However, the same argument which shows a: Xf — Xn, has a left homotopy 
inverse shows that @ : Ynrp — Ygny has a left homotopy inverse. Thus / is a 
homotopy equivalence, and so is y. Since a is a right homotopy inverse to 7, it 
must also be a left homotopy inverse and so a is also a homotopy equivalence. 


5.3.4. (a) Since X is connected, the 1-skeleton X' must also be connected since 
2-cells are attached along connected sets and cannot change a separated set to 
a connected set. If each 1-cell was attached to a single 0-cell, then the number 
of components would not change in going from X° to X!, which contradicts X° 
being separated and X! connected. 

5.3.8. By the previous exercise, the 0- and 1-handles are homotopy equivalent 
to a CW complex K with ho O-cells and hg 1-cells. Exercise 5.3.2 implies that 
the surface is homotopy equivalent to K with hg 2-cells attached, which is the 
required CW complex. 

5.3.13. If J: S*-1 x TU D* x {0} — Y is given by J(u,t) = H(f(u),t), u € 
Sk-1 J(v,0) = g(v), v € D*, then the lemma says that there is an extension 
J’: Dk x I+ Y. Then the map H’: K x I - Y defined by using H on L x I 
and J’ on D* x I gives a continuous extension of H. 


5.4.2. The inclusions induce a commutative diagram with vertical isomorphisms: 


m™1(A, Xo) ——[ ™1(AN B, x0) —S> 7™1(B, x0) 


| | 


m1(U, 29) <—— m(U NV, 20) ——~ m(V, 20) 


This implies that the inclusions fit together to induce an isomorphism between 
71 (A, @0) *24(ANB,x) T1(B, Lo) and 1 (U, £0) *ny(UAV,a0) T1(V, Zo). 
5.4.6. (a) Here we use that Ty) = T\D? is homotopy equivalent to a wedge of 
two circles and the 7;(07(;)) is mapped homotopically to the class aba~tb-! € 
Fy = 7(T(1), x). Using this on both factors, we get 


m1(T#T, x) ~ (a,b,c, dlaba~'b~1cde~1d7"). 


5.5.1. The subdivision of the rectangle on the right-hand side of Figure 5.15 
leads to the structure of a simplicial complex for the quotient space giving the 
projective plane. 

6.1.1. We have Ho(C) = ker(0o)/im(0,) = Z/0 ~ Z; Hy(C) = ker(0,)/im(02) = 
Z/pZL ~ Z,; and H2(C) = ker(02)/0 = 0. Since C; = 0, we have H;(C) = 0, 
i> 3. 
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6.1.5. (a) Ho(C) = ker(Oo)/im(01) = Z. For 0 < i = 2k +1 < n, then 
A,(C) = Bo i )/im(Oi41) = Z/2Z ~ Zo. For 0 < i = 2k < n, then 
H;(C) = ker(0;)/im(0;41) = 0. Since C; = 0 for i > n, we have H;(C’) = 0, 
t>n. 

6.2.1. (a) We have 0,02([v0, v1, va]) = O1([v1, v2] — [vo, ve] + [vo,71]) = [ve] -— 


[v1] — [v2] + [vo] + [v1] — [vo] = 0. 


6.2.4. We have 0;(4) = O(0) = Alc) = 0,0o([v1,v2,v3]) = a+b- 
C, 02([v1, v3, va]) =a — b+ c. Then 


O2(n1[v1, V2, v3] + ne[v1, v3, V4]) = (21 + ng)a + (ny — n2g)(b— Cc). 


Then 74[v1, v2, 03] + ne[v1, 3,04] € ker(02) implies ny = no = 0. Thus 
H5(K) =0. Since im(02) is generated by a + (b — c),a — (b—c), this intro- 
duces relations in the quotient ker(0,)/im(02), so [a] = [b — c] = —[b —c]. Then 


the quotient is generated by [a], [b] with 2[a] = 0. Hence HA(K) ~ Zo @Z. Since 
0, = 0, HA(K) = Z. All HA(K) = 0 for i > 2 since there are no i-simplices. 


6.3.2. If X is path connected, then im(0,) is the subgroup generated by the 
differences [x] —[y], where x,y € X. Thus the quotient Ho(X) is the free abelian 
group generated by [x], where x is any chosen point in X. 


6.3.7. The map h is defined on loops at x9. The previous exercise says that 
homotopic loops are mapped to cycles which differ by a boundary, hence [7] = 
[y] € 71(X, 0) implies [h(7)] = [h(y)] € Hi(X). Hence h induces a well defined 
map h([y]) = [h(7)]. 


6.3.12. For Fy * Fy * F, this holds, since A» contractible implies 11(Ag, eo) 
is trivial. The statement for Dz *« Do * D, follows since this represents 
D,.([F2 ok Fo * F\)). 


6.4.2. There is one cell in dimensions 0,1,2. We have 09 = 0; = 0 and 02 sends 
the generator to the generator. Thus H§(D) = Z; H{(D) =0= HS(D). 


6.4.7. (a) Here there is one 0-cell, three 1-cells with corresponding generators 
a,b,c, and one 2-cell, with 02 sending the generator to 2a+c. Then H§(X) = Z; 
Af (X) = 2Z; HS(X) = 0. 


6.5.3. Let e1,...,€n be generators of E. Then choose d1,...,d, so that g(d;) = 
e;. We define r(e;) = d;. Since E is free abelian, we can extend r uniquely to a 
homomorphism r : £ — D. Since any element e of FE is expressible uniquely as 
e =) nje;, then r(e) = >> nid; and g(r(e)) = e. Thus gr is the identity map. To 
show that J is an isomorphism, we show that it is 1-1 and onto. Let d € D. Look 
at d—r(g(d)). Then g(d — rg(d)) = g(d) — gr(g(d)) = g(d) — g(d) = 0. Hence 
there is an element c € C' with f(c) = d—r(g(d)), and so d= f(c) + r(g(d)) = 
I(c,g(d)). Thus I is onto. Next suppose that I(c,e) = f(c) + r(e) = 0. Then 
0 = g(f(c) + r(e)) = gr(e) = e and so e = 0. Then f(c) = 0. Since f is 1-1, 
this means c = 0 as well, so (c,e) = 0. Hence J is 1-1. To see that the diagram 
commutes, note that I(c,0) = f(c), and g(I(c,e)) = g(f(c) +r(e)) = gr(e) =e. 
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6.5.8. First suppose [e] € im(g,.). Then [e] = g.([d]) = [g(d)] with O(d) = 0. Since 
the definition of 0 does not depend on the representative of {e] chosen, we start 
with g(d) and apply the definition to get O([e]) = [c], where f(c) = O(d). But then 
fx ([e]) = [f(e)] = [0(d)] = 0. Thus [e] € wey Next suppose that [e] € ker(0). 
Then there are elements d,c, y with g(d) = e, f(c) = 0(d),c = O(y). We compute 

ald — f(7)) = Aa) — AF() = ald) — #(€(4)) = ald) — fle) = 0. Thus d— f(y) 
represents a homology class and g.({d — f(y)]) = [9(@) — gf(y)] = [g(d)] = [el]. 
Thus [e] € im(g.). 


6.5.12. Suppose c € Cy and O(c) = 0. Then Gx(c) — Fi.(c) = OP.,He(c) + 
Hy—10§ (¢) = Of, (He(c)), 80 Gs ([e]) = [Ga(e)] = [Fa (o)] = Fx({e)). 
6.6.2. It suffices to check this on a generator: Then SK (9) = 


f(oeo(-l'eR) = VEL (-DifeRh) = LE (-)i(fo)K = OY (fo) = 
BY (fy(o)) = OF yo). 
6.6.8. 


(gf) (lel) = [of)a(O] = loa Fa(©))] = 9 (OD) = 9+ fe (Ie]), 
(1¢x,a))«(Le]) = [(Acx,a))(©)] = el. 


6.7.2. (a) Define iy : S(AM B) — S(A) © S(B) by i4(c) = ((ta)y(C), —(¢B)¢(C)), 
where i4: AN B— A, ig: ANB-— B are the inclusions. Make S(A) © S(B) 
into a chain complex via the direct sum construction from the chain complexes 
(A), S(B). Then iy becomes a chain homomorphism since (¢,4)s, (¢@)4 are chain 
homomorphisms. $(A) + S(B) is the subchain complex of S(X) consisting of 
chains of the form c4+cg, where c, is a chain in S(A) and cg is a chain in S(B). 
It is a subchain complex since $(A),S(B) are. The map jj : S(A) 6 S(B) > 
S(A) + S(B) is jy(ca,cB) = (ja)y(ca) + Gp)y(cp). Here ja : A > X, jp: 
B-— X are the inclusions. By its definition, j4 is surjective. iy is injective since 
(ia)z, (@a)y are. Note that jyig(c) = Jy((ta)a(©), -(éa)e()) = Gade (ta)e(o) — 
(je)e(éB)e(e) = Gans)s(e) — Gans)y(c) = 0. Here janp : ANB — X is the 
inclusion. We are using j4t4 = janB = jpigp. Thus im(iy) C ker(j4). Suppose 
(ca,cp) € ker jy. Then (ja)y(ca) = —(jp)y (ep). But S(A)N S(B) = S(AN B) 
so ca = (ia)s(c), cB = —(tB)4(c), where c € S(ANMB). Hence (c4,cg) € im(ty) 
and so ker(jy) C im(74). Thus the sequence is exact. 


6.7.4. (b) Take a string of five terms with H}* a) (X), Hi BY (X) in the middle 
in the top and bottom rows. The outer tout vertical maps are isomorphisms by 
our hypotheses. The five lemma then implies that the middle map H er (Xx) + 
Hi ie }(x) is also an isomorphism. 

6.7.9. This follows from the hypothesis and Theorem 6.7.2, since A’, B’ now 
satisfy the hypotheses of that theorem. 


6.8.1. The disk deformation-retracts to a point, so Theorem 6.6.2 implies the 
homology of the disk is isomorphic to the homology of a point. The result follows 
from the dimension property. 
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6.8.6. (a) For the set U we take the points on the circle in the interior of the 
lower semicircle. For U’ we take the smaller set where the angle 0 € (50/4, 77/4). 
Then (S1\U’, A\U’) deformation-retracts to ($?\U, A\U) since $1\U = S1\U’U 
C,A\U = A\U' UC, where C is the collar specified by letting the angle 6 lie 
in the range [0,—7/4] or [7,52/4]. Identifying each to the intervals to [0, 1] 
linearly leads to the homeomorphism between C and $° x [0,1] needed for the 
deformation retraction. 


6.8.11. We use the long exact sequence of the pair (D?*!, 9”): 
Hy41(D?*")  Hpy1(D?™, S?) + Hy(S?) > Hy (D?**). 


For k > 0, the first and last terms are 0, so the middle map is an isomorphism. 
For k& = 0, the last map is an isomorphism so its kernel is 0. The first term is 0, 
so the long exact sequence implies that H,(D?*!, $?) = 0. 


6.8.17. ri = 1, implies r,(¢,(a)) = x for any x € H;,(A). 
6.9.2. Following the hint, we use the diagram 


a 
Ay4i(D"*1, S") — > H,,(S") 


| fe | (f[S™) 


o 
Hy41(D"*1, S") — > H,(S") 


For n > 0, we start with a generator G of H,,41;(D"t', S$”) and choose the 
generator g = OG of H,(S”). Then the commutative diagram and deg(f)G = 
f«(G) imply that 


deg(f)OG = A(deg(f)G) = Of.(G) = (f|S”)«(OG) = deg(f|S”)(0G), 
so deg(f) = deg(f|S”). For n = 0, the argument still works with our modified 


definition of degree and the isomorphism H;(D', 9°) ~ ker(i®), replacing Ho(S°) 
by ker(i2). 


6.9.5. (a) Any reflection r is of the form r,(a#) = x — 2(a-v)v for some unit 
vector v. Choose a path p(t) connecting p(0) = v and e;. Then let Ri(x) = 
x — 2(a- p(t))p(t). This gives a homotopy between r, and re, = 11. 


6.9.11. This follows from the commutative diagram 


fi 
H,(S") ———~ H,(S") 
|: [32 
fe 
,(S",S,) ——> H,(S", Sy) 


Note that j/f.(g) = fei2(9), defe(g) = J2(deg(f)g) = deg(f)gy, and 
f.52(g) = fe (Ge) = deg,.(f)(gy)- 
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6.9.15. Choose a point y € RP”/RP"—! ~ S$” away from the point coming from 
collapsing RP”—!. Then there are two points in the inverse image of the form 
x,T (x), where T is the antipodal map. In identifying the quotient to S”, we use 
the generator that corresponds under the local homeomorphism at T(x). Then 
the local degree at T(x) is, by definition, 1. The local degree at x is given by the 
last exercise as deg,(f) = deg(T) degr(,)(f) = (—1)"*!. Then Theorem 6.9.1 
gives the result. 


6.10.1. (a) We use a map r : (D*®, Lk-1) — (D*, S*—1) which maps L*~? radi- 
ally to S*-+ and maps D*\int L*~! onto D* along radial lines using [0.5, 1] > 
[0,1], r — 2(r — 0.5) on the radial parameter. The map ir : (D*, L*-1) = 
(D*, Lk~+) is homotopic to the identity via maps that use [0.5¢, 1] — [0,1]. Thus 
r provides a deformation retraction of (D*, L*~+) to (D*, S*-1),. 


6.10.7. The maps induce maps of the quotient spaces which are continuous and 
bijective. Since the domain space of the quotient is compact and the range is 
Hausdorff, the maps are homeomorphisms. 


6.10.11. O€OE,, includes the composition H,(X*) — H,(X*,X*!) = 
Hy-1(X*~), which is two steps in the long exact sequence of the pair 
(X*, X*-1) and so is 0. 


6.10.13. There is one cell in each dimension from 0 to 3. The 1-cell and 2-cell 
are attached trivially, so the boundary maps in dimensions 1 and 2 are both 0. 
To determine 03, we look at the attaching map of the 3-cell, again regarding 
the boundary 2-sphere as S° x D? U D! x S!. Then the argument we gave for 
S! x RP? again shows that the contributions from the two copies of D? cancel 
one another and so we look at the contribution from D! x $1. But this uses the 
trivial attaching map for the 2-sphere and so the image lies in the 1-skeleton 
which is being collapsed. Thus the degree is 0, and 03 = 0 as well. Hence 


Z O0<k <8, 
0 otherwise. 


His xo") = 


6.11.1. (a) This follows from 5;(X)/S;(A) being the quotient of (S;,(X)/ 
Si,(B)/(S;(A)/S,(B)) and all of the boundary maps being induced via quotient 
constructions from the consistent boundary maps in $(B),S(A), S(X). 


6.11.4. The last exercise says that H,(X*+1,xX*-?) ~ H,(X,X*-?) and the 
previous exercise says that H;,(X,X*~?) ~ H;,(X). 

6.11.10. (a) The sum is bo — (bo + 61) + (bi + b2) +--+ (-1)"(bn—1 + bn) = 
(—1)"b,. Because of the signs, all of the middle terms cancel and we are left 
with (—1)"b,, = 0 since c,41 = 0. 


6.11.12. (c) When we look at the long exact sequence of the pair and take the 
alternating sum of the ranks, we get y(H..(S)) = x(H.(H))+y(4.(S, H)). This 
uses the fact each term for S, H,(S,H), respectively, occurs every third term in 
the long exact sequence and so the signs alternate as in forming the individual 


378 Selected solutions 


Euler characteristics. However, y(H.(S,H)) = (—1)' by part (b) and the result 
follows. 


6.12.4. We can use a bicollar neighborhood of T; 9 T_ coming from (0.4, 0.6] U 
[(0,0.1] U [0.9,1]) x D1/ ~ to justify the application of the Mayer—Vietoris 
sequence. Since each of T7;,7_ deformation retract to circles and T,  T_ is 
a pair of circles, their kth homology is zero for k > 2. Then the Mayer—Vietoris 
sequence gives 


0= Agi (Ty ) ® Agar(T. ) = Ayii(T) => Ay (Ty NT_) =0 
for k > 2. Hence Ay41(T) = 0 for k > 2. 


6.12.10. In terms of the quotient description above, we can use o1(t) = [(0,2¢ — 
1)],o2(t) = [(2¢ — 1,0)]. In terms of thinking of T as S' x $1, we can use 
o1(t) = (1,e7), o9(t) = (e?", 1). 

6.12.15. (b) We showed 71 (a,b) = (a+ b,a — b). In particular, (1,1) and (1, —1) 
generate the image, so in the cokernel, we have [(1,0)] = [(0,1)] = [(—1,0)]. 


[ 
But this means the cokernel is generated by [(1,0)] and 2/1,0] = 0. Thus 
coker(t1) ~ Zz. 


6.12.19. (b) The Mayer—Vietoris sequence gives 
0 > H2(N) > Hi(S*) > Ai (Pay) ® Hi (Qiy). 


The map H,(S') — Hy, (Pa)) is the map shown above to be multiplication by 2, 
so is injective. Hence the map #; : H1($') > Ai (Pay) © Ai (Q,a)) is injective as 
well. Thus Ho(N) ~ ker(i1) ~ 0. 

6.13.1. The boundary map 0; has im(0,) C ker(e). Thus the short exact sequence 
induces map of the quotient spaces 


Ho(C) = ker(e)/im(01) =e Ho(C) = Co/im(0,) eee Z. The first map is 


still injective since it was originally and we factored out by the same subgroup. 
The last map is still surjective since we factored Co by its kernel. Thus we get 
the desired short exact sequence, which splits since Z is free. 


6.13.5. When we take the augmented complex, which we will call S* in each 
case, we again have a short exact sequence 


0-8") 61x) = 614 Al 0, 


which, in dimension —1, becomes 0 — Z — Z 0 0. This leads to a long 
exact sequence. Further, H_,(S*(A)) = H_,(S*(X)) = 0 since € is surjective, 
and H_,(S*(X,A)) = 0 since the chain group is 0. Hence the sequence ends as 
claimed. 

6.14.2. We note that $2\{h(c)} is homeomorphic to R? and Ho(S?\{h(c)}) = 
0 = H,(S?\{h(c)}). Then the end of the Mayer-Vietoris sequence is 


0 > Ho(S?\A) + Ho(S?\A1) ® Ho(S?\A2) — 0, 


which gives the isomorphism. 
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6.14.7. (b) Using (a) Ho(S?\C) ~ Z@Z, and so there are two path components. 
Since C is compact, hence closed, S?\C is an open subset of S?, and so is itself 
are surface. Since it is locally path connected, the path components are open. 


6.14.13. We subdivide the embedded sphere into the image of the upper and 
lower hemispheres. Applying Theorem 6.14.4, the exact sequence gives the 
isomorphism 


Hy+1(S"\n(S™**)) = Hp(S”\h(S™)), 
which gives the result. 


6.15.1. (c) This follows from the commutative diagram 


H,,(D", S"-!) ———> H,,(M, M\U) 


| | 


Hy(D", D"\{y}) ——> Hn(M, M\{a}) 


The horizontal maps are isomorphisms from above, and the left vertical map is 
an isomorphism, so the right vertical map is also one. This could also be shown 
from using the deformation retraction of (D", D”\{y}) onto (D”, S"~+) and the 
embedding h to get a deformation retraction of (M,M\{x}) onto (M, M\U). 


6.15.5. Since the manifold is assumed orientable, the homology orientation at 
a point determines the choice in an open set about the point. Suppose y € M 
is another point. Choose a path f : J — M connecting xg to y, using the fact 
that a connected n-manifold is path connected. Then the image of the path is 
compact and so is covered by a finite number of interiors of disks in Euclidean 
neighborhoods. By taking the inverse image of embedded disks about points of 
M, we get a covering of J. We can then take a finite subcovering and thus find 
a sequence D,,...,D x of embedded disks so that Dji1ND; #0 and x € Di, 
y € Dx. Since the homology orientation at one point in a disk determines the 
homology orientation at all other points, we inductively see that the homology 
orientation at xg determines it at y. 


6.15.10. (a) Since Gy and Gop = id are homotopic maps from (R”, R”\int B) to 
itself, they induce induce the same map on homology. 
(b) Here we use the diagram 


Gi)x 
Feet 2 ( ue AES 


| | 


- (Gi) Fe 
H® ey > He ,G1 (a) 


Here the vertical maps are induced by inclusion and are isomorphisms. The result 
follows from (a) and this commutative diagram. 
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6.15.14. (a) If , is a homology orientation, then the map s : M — M, given by 
s(Z) = lz is a nonzero section. Conversely, a nonzero section s gives the homo- 
logy orientation by fiz = s(x). We have constructed the basis for the topology 
on M, g 80 that this section is continuous—it is just a local homeomorphism using 
the disk neighborhood of the point. 


6.15.18. A simply connected covering space has no nontrivial connected double 
coverings since they correspond to equivalence classes of index-2 subgroups. 


6.15.23. We apply Theorem 6.15.3 with A = M. Note that H“4 = H,,(M). 
(a) This follows from Theorem 6.15.3(1). 
(b),(c) Here we look at the homomorphism Sy : H,,(M) — Ty which sends 
a € H,,(M) to s(x) = rz (a). Theorem 6.15.3(2) says this is injective. Since [yy = 
0 when M is nonorientable, this implies H,,(M/) = 0 then. Theorem 6.15.3(3) 
implies that Sy is an isomorphism onto [yy ~ Z when &M is orientable. 


6.15.25. (a) These deformation retractions just use the deformation retractions 
of [0, 1], (0, 1], [t, 1] to {1}, which leads to deformation retractions of the product 
of OM times each of these intervals to 0M x {1}. These extend to the claimed 
deformation retractions by using the identity map on Aj. 


6.15.30. (1) We use the exact sequence from the previous exercise. Suppose 7 > n. 
Then HM “AUB _ 9 since it is squeezed between two terms which are 0 in the 
exact sequence. 


6.15.33. This follows from the excision isomorphism He Aw HY aa 


when U is the coordinate neighborhood. 


= Ae A 


6.16.2. We compute 


02 Hi (oc) = O(B - a) = Ho(70) — Ho(71) + go a fo = —Hp01(c) + 94(c) = fi(o). 


6.16.7. We first compute 
0414; ([eo, seey ei]) = Oi41 S—(-1) (vo, rer » Uj, W5, woe wil. 
j=0 


When taking the boundary, there are three types of terms: (1) the ones where vz 
is deleted, k < j; (2) the two terms where v,;, w; are deleted; (3) the ones where 
wr is deleted, where k > 7. These three types of terms correspond to the three 
terms above. 


6.17.1 (b) Following the hint, we start with a path o : I — X, which connects y 
to x. Pulling the open cover {int A, int B} back to I via o gives an open cover of 
I. By using enough subdivisions of J we can find a subdivision of I so that each 
subinterval is sent to int A or int B by o. Then replace o by the chain which is 
the sum of the reparametrizations of restrictions of o to these subintervals. This 
gives a chain in S(A) + S(B), which has boundary x — y. 
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6.17.6. The extension is inductive, assuming the map is defined and shown to 
be a chain map in dimensions less than n. We first define it on the identity 
n-simplex [eo,...,€n] by letting v = (1/(n + 1)) 5) e; denote the barycenter and 
then defining Sd([eo,...,é€n]) = v-Sddleo,..., en]. Then check 


OSd([eo,...,€n]) = SdO([eo, ..., €n]) — v.0SdO([eo, ... ,en]) 
= SdO([eo,...,€n]) — v.SdO*([eo,..., €n]) = SdO([eo, ..- , en])- 
Now define Sd(a) = o(Sd([e1,...,€n]). We then compute 
OSd(a) = OoySd([e1,...,en]) = oyOSd (ler, ..., en]) = o4SdO([e1,..., en]) 
= Sdoy0([e1,..., €n]) = Sd do. 
Finally, extend Sd to a chain map in dimension n by linearity. 


6.17.10. The previous two exercises have shown that the map HY Px ja 
H,(X) is both surjective and injective. 
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